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Preface 


Unlike Newton’s mechanics, or Maxwell’s electrodynamics, or Einstein’s relativity, quantum theory was not 
created—or even definitively packaged—by one individual, and it retains to this day some of the scars of its 
exhilarating but traumatic youth. There is no general consensus as to what its fundamental principles are, how 
it should be taught, or what it really “means.” Every competent physicist can “do” quantum mechanics, but the 
stories we tell ourselves about what we are doing are as various as the tales of Scheherazade, and almost as 
implausible. Niels Bohr said, “If you are not confused by quantum physics then you haven't really understood 
it”; Richard Feynman remarked, “I think I can safely say that nobody understands quantum mechanics.” 

The purpose of this book is to teach you how to do quantum mechanics. Apart from some essential 
background in Chapter 1, the deeper quasi-philosophical questions are saved for the end. We do not believe 
one can intelligently discuss what quantum mechanics means until one has a firm sense of what quantum 
mechanics does. But if you absolutely cannot wait, by all means read the Afterword immediately after finishing 
Chapter 1. 

Not only is quantum theory conceptually rich, it is also technically difficult, and exact solutions to all but 
the most artificial textbook examples are few and far between. It is therefore essential to develop special 
techniques for attacking more realistic problems. Accordingly, this book is divided into two parts;- Part I 
covers the basic theory, and Part Il assembles an arsenal of approximation schemes, with illustrative 
applications. Although it is important to keep the two parts /ogically separate, it is not necessary to study the 
material in the order presented here. Some instructors, for example, may wish to treat time-independent 
perturbation theory right after Chapter 2. 

This book is intended for a one-semester or one-year course at the junior or senior level. A one-semester 
course will have to concentrate mainly on Part l; a full-year course should have room for supplementary 
material beyond Part II. The reader must be familiar with the rudiments of linear algebra (as summarized in 
the Appendix), complex numbers, and calculus up through partial derivatives; some acquaintance with Fourier 
analysis and the Dirac delta function would help. Elementary classical mechanics is essential, of course, and a 
little electrodynamics would be useful in places. As always, the more physics and math you know the easier it 
will be, and the more you will get out of your study. But quantum mechanics is not something that flows 
smoothly and naturally from earlier theories. On the contrary, it represents an abrupt and revolutionary 
departure from classical ideas, calling forth a wholly new and radically counterintuitive way of thinking about 
the world. That, indeed, is what makes it such a fascinating subject. 

At first glance, this book may strike you as forbiddingly mathematical. We encounter Legendre, 
Hermite, and Laguerre polynomials, spherical harmonics, Bessel, Neumann, and Hankel functions, Airy 
functions, and even the Riemann zeta function—not to mention Fourier transforms, Hilbert spaces, hermitian 
operators, and Clebsch—Gordan coefficients. Is all this baggage really necessary? Perhaps not, but physics is 
like carpentry: Using the right tool makes the job easier, not more difficult, and teaching quantum mechanics 
without the appropriate mathematical equipment is like having a tooth extracted with a pair of pliers—it’s 
possible, but painful. (On the other hand, it can be tedious and diverting if the instructor feels obliged to give 


elaborate lessons on the proper use of each tool. Our instinct is to hand the students shovels and tell them to 
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start digging. They may develop blisters at first, but we still think this is the most efficient and exciting way to 
learn.) At any rate, we can assure you that there is no deep mathematics in this book, and if you run into 
something unfamiliar, and you don’t find our explanation adequate, by all means ask someone about it, or look 
it up. There are many good books on mathematical methods—we particularly recommend Mary Boas, 
Mathematical Methods in the Physical Sciences, 3rd edn, Wiley, New York (2006), or George Arfken and Hans- 
Jurgen Weber, Mathematical Methods for Physicists, 7th edn, Academic Press, Orlando (2013). But whatever 
you do, don’t let the mathematics—which, for us, is only a ¢oo/—obscure the physics. 

Several readers have noted that there are fewer worked examples in this book than is customary, and that 
some important material is relegated to the problems. ‘This is no accident. We don’t believe you can learn 
quantum mechanics without doing many exercises for yourself. Instructors should of course go over as many 
problems in class as time allows, but students should be warned that this is not a subject about which anyone 
has natural intuitions—you're developing a whole new set of muscles here, and there is simply no substitute 
for calisthenics. Mark Semon suggested that we offer a “Michelin Guide” to the problems, with varying 
numbers of stars to indicate the level of difficulty and importance. This seemed like a good idea (though, like 
the quality of a restaurant, the significance of a problem is partly a matter of taste); we have adopted the 


following rating scheme: 


* an essential problem that every reader should study; 
** a somewhat more difficult or peripheral problem; 


* ** an unusually challenging problem, that may take over an hour. 


(No stars at all means fast food: OK if youre hungry, but not very nourishing.) Most of the one-star problems 
appear at the end of the relevant section; most of the three-star problems are at the end of the chapter. If a 
computer is required, we put a mouse in the margin. A solution manual is available (to instructors only) from 
the publisher. 

In preparing this third edition we have tried to retain as much as possible the spirit of the first and 
second. Although there are now two authors, we still use the singular (“I”) in addressing the reader—it feels 
more intimate, and after all only one of us can speak at a time (“we” in the text means you, the reader, and I, 
the author, working together). Schroeter brings the fresh perspective of a solid state theorist, and he is largely 
responsible for the new chapter on symmetries. We have added a number of problems, clarified many 
explanations, and revised the Afterword. But we were determined not to allow the book to grow fat, and for 
that reason we have eliminated the chapter on the adiabatic approximation (significant insights from that 
chapter have been incorporated into Chapter 11), and removed material from Chapter 5 on statistical 
mechanics (which properly belongs in a book on thermal physics). It goes without saying that instructors are 
welcome to cover such other topics as they see fit, but we want the textbook itself to represent the essential 
core of the subject. 

We have benefitted from the comments and advice of many colleagues, who read the original 
manuscript, pointed out weaknesses (or errors) in the first two editions, suggested improvements in the 
presentation, and supplied interesting problems. We especially thank P. K. Aravind (Worcester Polytech), 
Greg Benesh (Baylor), James Bernhard (Puget Sound), Burt Brody (Bard), Ash Carter (Drew), Edward 
Chang (Massachusetts), Peter Collings (Swarthmore), Richard Crandall (Reed), Jeff Dunham (Middlebury), 
Greg Elliott (Puget Sound), John Essick (Reed), Gregg Franklin (Carnegie Mellon), Joel Franklin (Reed), 
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Henry Greenside (Duke), Paul Haines (Dartmouth), J. R. Huddle (Navy), Larry Hunter (Amherst), David 
Kaplan (Washington), Don Koks (Adelaide), Peter Leung (Portland State), Tony Liss (Illinois), Jeffry 
Mallow (Chicago Loyola), James McTavish (Liverpool), James Nearing (Miami), Dick Palas, Johnny Powell 
(Reed), Krishna Rajagopal (MIT), Brian Raue (Florida International), Robert Reynolds (Reed), Keith Riles 
(Michigan), Klaus Schmidt-Rohr (Brandeis), Kenny Scott (London), Dan Schroeder (Weber State), Mark 
Semon (Bates), Herschel Snodgrass (Lewis and Clark), John ‘Taylor (Colorado), Stavros Theodorakis 
(Cyprus), A. S. Tremsin (Berkeley), Dan Velleman (Amherst), Nicholas Wheeler (Reed), Scott Willenbrock 
(Illinois), William Wootters (Williams), and Jens Zorn (Michigan). 





1 This structure was inspired by David Park’s classic text Introduction to the Quantum Theory, 3rd edn, McGraw-Hill, New York (1992). 
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Part I 
Theory 
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1 
The Wave Function 


© 
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1.1 The Schrödinger Equation 


Imagine a particle of mass m, constrained to move along the x axis, subject to some specified force F(x, t) 
(Figure 1.1). The program of classical mechanics is to determine the position of the particle at any given time: 
x(t). Once we know that, we can figure out the velocity {v = dxdt), the momentum {p = mv), the 
kinetic energy (T = (1/2)m vu ) or any other dynamical variable of interest. And how do we go about 
determining x(t)? We apply Newton’s second law: F = ma. (For conservative systems—the only kind we 
shall consider, and, fortunately, the only kind that occur at the microscopic level—the force can be expressed as 
the derivative of a potential energy function, F =—8ðV/ðx, and Newtons law reads 
ers jdt? —. 4 jax) This, together with appropriate initial conditions (typically the position and 


velocity at ¢ = 0), determines x(f). 





xtr) 





Figure 1.1: A “particle” constrained to move in one dimension under the influence of a specified force. 


Quantum mechanics approaches this same problem quite differently. In this case what we're looking for 


is the particle’s wave function, ‘V(x, t}, and we get it by solving the Schrodinger equation: 


(1.1) 


h? acy 


— -= VW. 
Im axe 





Here 7 is the square root of — | , and fj is Planck’s constant—or rather, his original constant (4) divided by 2yr: 


i 
P= a AST e l y 


AN 


(1.2) 


The Schrödinger equation plays a role logically analogous to Newton’s second law: Given suitable initial 
conditions (typically, ¥ {x, 0)), the Schrödinger equation determines W(x, t) for all future time, just as, in 


classical mechanics, Newton’s law determines x (t) for all future time. 
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1.2 The Statistical Interpretation 


But what exactly is this “wave function,” and what does it do for you once you've goz it? After all, a particle, by 
its nature, is localized at a point, whereas the wave function (as its name suggests) is spread out in space (it’s a 
function of x, for any given 4). How can such an object represent the state of a particle? ‘The answer is provided 
by Born’s statistical interpretation, which says that |W (x, r)| 2 gives the probability of finding the particle at 


point x, at time #—or, more precisely,” 
(1.3) 


between a and D, at time f. 


f iii D F probability of finding the particle 


d 





Probability is the area under the graph of |y |2. For the wave function in Figure 1.2, you would be quite likely 
to find the particle in the vicinity of point 4, where || 2 is large, and relatively unlikely to find it near point B. 


ly? 





Figure 1.2: A typical wave function. The shaded area represents the probability of finding the particle between 
a and b. The particle would be relatively likely to be found near 4, and unlikely to be found near B. 


The statistical interpretation introduces a kind of indeterminacy into quantum mechanics, for even if you 
know everything the theory has to tell you about the particle (to wit: its wave function), still you cannot 
predict with certainty the outcome of a simple experiment to measure its position—all quantum mechanics 
has to offer is statistical information about the possible results. This indeterminacy has been profoundly 
disturbing to physicists and philosophers alike, and it is natural to wonder whether it is a fact of nature, or a 
defect in the theory. 

Suppose I do measure the position of the particle, and I find it to be at point C.4 Question: Where was the 
particle just Jefore I made the measurement? There are three plausible answers to this question, and they serve 


to characterize the main schools of thought regarding quantum indeterminacy: 


1. The realist position: The particle was at C. This certainly seems reasonable, and it is the response Einstein advocated. Note, however, 
that if this is true then quantum mechanics is an incomplete theory, since the particle really was at C, and yet quantum mechanics was unable 
to tell us so. To the realist, indeterminacy is not a fact of nature, but a reflection of our ignorance. As d’Espagnat put it, “the position of the 


»5 


particle was never indeterminate, but was merely unknown to the experimenter.”? Evidently WẸ is not the whole story—some additional 


information (known as a hidden variable) is needed to provide a complete description of the particle. 


2. The orthodox position: The particle wasn’t really anywhere. It was the act of measurement that forced it to “take a stand” (though how 
and why it decided on the point C we dare not ask). Jordan said it most starkly: “Observations not only disturb what is to be measured, they 


produce it ...We compel [the particle] to assume a definite position.” 


This view (the so-called Copenhagen interpretation), is associated 
with Bohr and his followers. Among physicists it has always been the most widely accepted position. Note, however, that if it is correct 
there is something very peculiar about the act of measurement—something that almost a century of debate has done precious little to 


illuminate. 
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3. The agnostic position: Refuse to answer. This is not quite as silly as it sounds—after all, what sense can there be in making assertions 
about the status of a particle before a measurement, when the only way of knowing whether you were right is precisely to make a 
measurement, in which case what you get is no longer “before the measurement”? It is metaphysics (in the pejorative sense of the word) to 
worry about something that cannot, by its nature, be tested. Pauli said: “One should no more rack one’s brain about the problem of 


whether something one cannot know anything about exists all the same, than about the ancient question of how many angels are able to sit 


»7 


on the point of a needle.”* For decades this was the “fall-back” position of most physicists: they'd try to sell you the orthodox answer, but if 


you were persistent they'd retreat to the agnostic response, and terminate the conversation. 

Until fairly recently, all three positions (realist, orthodox, and agnostic) had their partisans. But in 1964 
John Bell astonished the physics community by showing that it makes an observable difference whether the 
particle had a precise (though unknown) position prior to the measurement, or not. Bell’s discovery effectively 
eliminated agnosticism as a viable option, and made it an experimental question whether 1 or 2 is the correct 
choice. Pll return to this story at the end of the book, when you will be in a better position to appreciate Bell’s 
argument; for now, suffice it to say that the experiments have decisively confirmed the orthodox 
interpretation:® a particle simply does not have a precise position prior to measurement, any more than the 
ripples on a pond do; it is the measurement process that insists on one particular number, and thereby in a 
sense creates the specific result, limited only by the statistical weighting imposed by the wave function. 

What if I made a second measurement, immediately after the first? Would I get C again, or does the act 
of measurement cough up some completely new number each time? On this question everyone is in 
agreement: A repeated measurement (on the same particle) must return the same value. Indeed, it would be 
tough to prove that the particle was really found at C in the first instance, if this could not be confirmed by 
immediate repetition of the measurement. How does the orthodox interpretation account for the fact that the 
second measurement is bound to yield the value C? It must be that the first measurement radically alters the 
wave function, so that it is now sharply peaked about C (Figure 1.3). We say that the wave function collapses, 
upon measurement, to a spike at the point C (it soon spreads out again, in accordance with the Schrédinger 
equation, so the second measurement must be made quickly). ‘There are, then, two entirely distinct kinds of 
physical processes: “ordinary” ones, in which the wave function evolves in a leisurely fashion under the 


Schrödinger equation, and “measurements,” in which W suddenly and discontinuously collapses. 





Figure 1.3: Collapse of the wave function: graph of |w |? immediately after a measurement has found the 
particle at point C. 


Example 1.1 
Electron Interference. I have asserted that particles (electrons, for example) have a wave nature, 
encoded in W. How might we check this, in the laboratory? 

The classic signature of a wave phenomenon is interference: two waves in phase interfere 


constructively, and out of phase they interfere destructively. The wave nature of light was confirmed in 
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1801 by Young’s famous double-slit experiment, showing interference “fringes” on a distant screen 
when a monochromatic beam passes through two slits. If essentially the same experiment is done with 
electrons, the same pattern develops,” confirming the wave nature of electrons. 

Now suppose we decrease the intensity of the electron beam, until only one electron is present in 
the apparatus at any particular time. According to the statistical interpretation each electron will 
produce a spot on the screen. Quantum mechanics cannot predict the precise /ocation of that spot—all 
it can tell us is the probability of a given electron landing at a particular place. But if we are patient, 


and wait for a hundred thousand electrons—one at a time—to make the trip, the accumulating spots 


reveal the classic two-slit interference pattern (Figure 1.4). 4 





: Ree i SES A CANE 
Figure 1.4: Build-up of the electron interference pattern. (a) Eight electrons, (b) 270 electrons, (c) 
2000 electrons, (d) 160,000 electrons. Reprinted courtesy of the Central Research Laboratory, 
Hitachi, Ltd., Japan. 


Of course, if you close off one slit, or somehow contrive to detect which slit each electron passes 
through, the interference pattern disappears; the wave function of the emerging particle is now entirely 
different (in the first case because the boundary conditions for the Schrödinger equation have been 
changed, and in the second because of the collapse of the wave function upon measurement). But with 
both slits open, and no interruption of the electron in flight, each electron interferes with itself; it 
didn’t pass through one slit or the other, but through both at once, just as a water wave, impinging on 
a jetty with two openings, interferes with itself. There is nothing mysterious about this, once you have 
accepted the notion that particles obey a wave equation. The truly astonishing thing is the blip-by-blip 
assembly of the pattern. In any classical wave theory the pattern would develop smoothly and 
continuously, simply getting more intense as time goes on. The quantum process is more like the 
pointillist painting of Seurat: The picture emerges from the cumulative contributions of all the 


individual dots.22 
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1.3 Probability 
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1.3.1 Discrete Variables 


Because of the statistical interpretation, probability plays a central role in quantum mechanics, so I digress 
now for a brief discussion of probability theory. It is mainly a question of introducing some notation and 
terminology, and I shall do it in the context of a simple example. 


Imagine a room containing fourteen people, whose ages are as follows: 


one person aged 14, 
one person aged 15, 
three people aged 16, 
two people aged 22, 
two people aged 24, 
five people aged 25. 


If we let N {j} represent the number of people of age j, then 


N(14) 
N(1S) 
N(16) 
N(22) 
N(24) 
N(25) 


win 
WD bo = = 


while N(17), for instance, is zero. The żożal number of people in the room is 
00 (1.4) 
N=)" NC). 
j=0 


(In the example, of course, N = |4.) Figure 1.5 is a histogram of the data. The following are some questions 
one might ask about this distribution. 


Nj) A 





10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 j 


Figure 1.5: Histogram showing the number of people, N (j), with age j, for the example in Section 1.3.1. 


Question 1 If you selected one individual at random from this group, what is the probability that this 
person’s age would be 15? 

Answer One chance in 14, since there are 14 possible choices, all equally likely, of whom only one has that 
particular age. If P{j) is the probability of getting age j, then 
P(14) = 1/14, P(15) = 1/14, P(16) = 3/14, and so on. In general, 
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za NAP) (1.5) 
P(j) = wo 





Notice that the probability of getting either 14 or 15 is the sum of the individual probabilities (in this case, 


1/7). In particular, the sum of a// the probabilities is 1—the person you select must have some age: 


2 PU) =1. 


a =0 


(1.6) 


Question2 What is the most probable age? 
Answer 25, obviously; five people share this age, whereas at most three have any other age. The most 
probable 7 is the 7 for which P {j} is a maximum. 
Question 3 What is the median age? 
Answer 23, for 7 people are younger than 23, and 7 are older. (The median is that value of 7 such that the 
probability of getting a larger result is the same as the probability of getting a smaller result.) 
Question 4 What is the average (or mean) age? 
Answer 

(14) + (15) + 3(16) + 2(22) + 2(24) +5(25) 2% 


14 14 


=, 





In general, the average value of 7 (which we shall write thus: { j }) is 


, LING) ip; (1.7) 
A PUH). 
Ci) 5 > JPJ) 


Notice that there need not be anyone with the average age or the median age—in this example nobody 
happens to be 21 or 23. In quantum mechanics the average is usually the quantity of interest; in that context it 
has come to be called the expectation value. It’s a misleading term, since it suggests that this is the outcome 
you would be most likely to get if you made a single measurement (that would be the most probable value, not 


the average value)—but I’m afraid we’re stuck with it. 


Question 5 What is the average of the squares of the ages? 
Answer You could get 142 — 196, with probability 1/14, or 152 — 225, with probability 1/14, or 
162 = 256, with probability 3/14, and so on. The average, then, is 


(1.8) 


In general, the average value of some function of j is given by 


(1.9) 


(FD) =o FDP. 


j=0 





(Equations 1.6, 1.7, and 1.8 are, if you like, special cases of this formula.) Beware: The average of the squares, 
A, is not equal, in general, to the square of the average, { je For instance, if the room contains just two 


babies, aged 1 and 3, then (#7) =, but (ji)? — A. 
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Now, there is a conspicuous difference between the two histograms in Figure 1.6, even though they have 
the same median, the same average, the same most probable value, and the same number of elements: The 
first is sharply peaked about the average value, whereas the second is broad and flat. (The first might represent 
the age profile for students in a big-city classroom, the second, perhaps, a rural one-room schoolhouse.) We 
need a numerical measure of the amount of “spread” in a distribution, with respect to the average. The most 


obvious way to do this would be to find out how far each individual is from the average, 
Aj=j-(i). (1.10) 


and compute the average of Aj. Trouble is, of course, that you get zero: 


(Aj) = y g- PWD =) Jr > PW 
= (f)— (jf) =0. 


(Note that { j} is constant—it does not change as you go from one member of the sample to another—so it can 
be taken outside the summation.) To avoid this irritating problem you might decide to average the absolute 
value of ^ j. But absolute values are nasty to work with; instead, we get around the sign problem by squaring 


before averaging: 


o* = ((Aj)’). (1.11) 
This quantity is known as the variance of the distribution; O itself (the square root of the average of the square 
of the deviation from the average—gulp!) is called the standard deviation. ‘The latter is the customary measure 
of the spread about { j }. 


NG) 4 Nij) 








Figure 1.6: Two histograms with the same median, same average, and same most probable value, but different 


standard deviations. 


There is a useful little theorem on variances: 
a? = ((Aj)*) = ) (AJP PG) = > UG — GY PU) 
=F (77? — 25 G+ GY?) PD) 
= 77 PG) -2/) PUJA > PU) 
= (7-24) 4+ GP = U7) - GY. 


Taking the square root, the standard deviation itself can be written as 
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EAE JU?) = Ghar (1.12) 


In practice, this is a much faster way to get O than by direct application of Equation 1.11: simply calculate (j a 
and £ Jg subtract, and take the square root. Incidentally, I warned you a moment ago that | hg is not, in 


general, equal to ( jir. Since pł is plainly non-negative (from its definition 1.11), Equation 1.12 implies that 


(ays GE; (1.13) 


and the two are equal only when g = 0, which is to say, for distributions with no spread at all (every member 


having the same value). 
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1.3.2 Continuous Variables 


So far, I have assumed that we are dealing with a discrete variable—that is, one that can take on only certain 
isolated values (in the example, 7 had to be an integer, since I gave ages only in years). But it is simple enough 
to generalize to continuous distributions. If I select a random person off the street, the probability that her age 
is precisely 16 years, 4 hours, 27 minutes, and 3.333... seconds is zero. The only sensible thing to speak about 
is the probability that her age lies in some interva/—say, between 16 and 17. If the interval is sufficiently 
short, this probability is proportional to the length of the interval. For example, the chance that her age is 
between 16 and 16 plus zwo days is presumably twice the probability that it is between 16 and 16 plus one day. 
(Unless, I suppose, there was some extraordinary baby boom 16 years ago, on exactly that day—in which case 
we have simply chosen an interval too long for the rule to apply. If the baby boom lasted six hours, we'll take 


intervals of a second or less, to be on the safe side. Technically, we’re talking about infinitesimal intervals.) 


Thus 


| probability that an individual (chosen (1.14) 


at random) lies between x and (x + dx) = p(x) dx. 


The proportionality factor, a(x}, is often loosely called “the probability of getting x,” but this is sloppy 
language; a better term is probability density. The probability that x lies between a and 4 (a finite interval) is 


given by the integral of p(x): 


: (1.15) 
Pab = | Ox) dx. 


and the rules we deduced for discrete distributions translate in the obvious way: 


= (1.16) 
/ o(x)dx — l, 
wv — D0 
-a (1.17) 
(x) = i xp(x) dx, 
w — D 
s poe (1.18) 
fix} = F(x) p(x) dx, 
— 00 
g= ((Ax)) = (x?) — (x)?. (1.19) 
Example 1.2 


Suppose someone drops a rock off a cliff of height 4. As it falls, I snap a million photographs, at 
random intervals. On each picture I measure the distance the rock has fallen. Question: What is the 
average of all these distances? That is to say, what is the time average of the distance traveled?“ 

Solution: The rock starts out at rest, and picks up speed as it falls; it spends more time near the top, so 


the average distance will surely be less than h /2. Ignoring air resistance, the distance x at time ż is 


| 
x(t} = = gt 
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The velocity is dxdt = gt, and the total flight time is T = „/2h/g. The probability that a 
particular photograph was taken between ¢ and ¢ + dt is dt/T, so the probability that it shows a 


distance in the corresponding range x to x + dx is 


dt dx [g l 


= n dx. 
24/hx 


Thus the probability density (Equation 1.14) is 


T  gtV 2h 


(0 =x £h) 


pa =, 
24 hx 


(outside this range, of course, the probability density is zero). 
We can check this result, using Equation 1.16: 


ei | | mE 
| ——— qx = (3x) 
0 2Vhx 2a/h 


The average distance (Equation 1.17) is 


f 
=. 





0 


h h 
| l 2 3/7 | h 
(x) = | te dx = (539) = Tim 
o 2Whx 27h \3 ie 8 


which is somewhat /ess than /i/2, as anticipated. 
Figure 1.7 shows the graph of a(x). Notice that a probability density can be infinite, though 
probability itself (the inegra/ of p) must of course be finite (indeed, less than or equal to 1). 


pix) 





h A 


Figure 1.7: The probability density in Example 1.2: p{x) = 1/ (2 h x): 


x Problem 1.1 For the distribution of ages in the example in Section 1.3.1: 
(a) Compute aA and (jA 
(b) Determine A j for each j, and use Equation 1.11 to compute the standard 
deviation. 


(c) Use your results in (a) and (b) to check Equation 1.12. 
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Problem 1.2 
(a) Find the standard deviation of the distribution in Example 1.2. 
(b) What is the probability that a photograph, selected at random, would 
show a distance x more than one standard deviation away from the 


average? 


Problem 1.3 Consider the gaussian distribution 


p(x) = Ae*e-aP 


where A, a, and } are positive real constants. (The necessary integrals are 
inside the back cover.) 

(a) Use Equation 1.16 to determine 4. 

(b) Find ix} (x7, and O. 

(c) Sketch the graph of p(x). 
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1.4 Normalization 


We return now to the statistical interpretation of the wave function (Equation 1.3), which says that 


|W (x, r)|7 is the probability density for finding the particle at point x, at time Z. It follows (Equation 1.16) 


that the integral of | w| 2 over all x must be 1 (the particle’s got to be somewhere): 


"+09 - 
| IWix, D? dx = 1. 


(1.20) 


oO 





Without this, the statistical interpretation would be nonsense. 

However, this requirement should disturb you: After all, the wave function is supposed to be determined 
by the Schrodinger equation—we can’t go imposing an extraneous condition on W without checking that the 
two are consistent. Well, a glance at Equation 1.1 reveals that if W(x, f} is a solution, so too is AW(x, t), 
where Æ is any (complex) constant. What we must do, then, is pick this undetermined multiplicative factor so 
as to ensure that Equation 1.20 is satisfied. This process is called normalizing the wave function. For some 
solutions to the Schrödinger equation the integral is infinite, in that case no multiplicative factor is going to 
make it 1. The same goes for the trivial solution w = (). Such non-normalizable solutions cannot represent 
particles, and must be rejected. Physically realizable states correspond to the square-integrable solutions to 
Schrédinger’s equation.“ 

But wait a minute! Suppose I have normalized the wave function at time ¢ = Q. How do I know that it 
will stay normalized, as time goes on, and W evolves? (You can’t keep renormalizing the wave function, for 
then 4 becomes a function of ¢, and you no longer have a solution to the Schrödinger equation.) Fortunately, 
the Schrodinger equation has the remarkable property that it automatically preserves the normalization of the 
wave function—without this crucial feature the Schrodinger equation would be incompatible with the 
statistical interpretation, and the whole theory would crumble. 


This is important, so we'd better pause for a careful proof. To begin with, 
— [F (x, r)|? dx = | — |W (x, t)? dx. 
dt Jia -œo di 
(Note that the in¢egra/ is a function only of ¢, so I use a fota/ derivative {d /dt) on the left, but the integrand is 


a function of x as well as ¢, so it’s a partial derivative (d/ dt) on the right.) By the product rule, 


d 5 CE wis 
= ey = — (v* Y) = W 
dt dt 


oF ow (1.22) 
— + —— Y. 
dt dt 
Now the Schrodinger equation says that 
av ihoew i (1.23) 


— = ———VwW, 
dt 2m ax- h 





and hence also (taking the complex conjugate of Equation 1.23) 


aw* ih ow _— (1.24) 
ðt = 2m Jx? i h ! 
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SO 


a, ihf PE gyt ə [iñ f ðY awe y (1.25) 
= Ape ape Oe ap ee ee ep 
dt 2m \ gx“ dx- dx | 2m ax ax | 


The integral in Equation 1.21 can now be evaluated explicitly: 


TOKT pr (x, 0l“ dx = — | Ų — — — W 
HT Jog 2m ax ax 











+00 (1.26) 








— fh) 


But W(x,f) must go to zero as x goes to (+) infinity—otherwise the wave function would not be 


normalizable.2 It follows that 


=| E (x, fl dx = 0, 
HE J ca 


and hence that the integral is constant (independent of time); if W is normalized at ¢ — Q, it stays normalized 


for all future time. QED 


Problem 1.4 At time ¢ = Q a particle is represented by the wave function 


A(x /a), Q<=x <= a, 
W(x,0) = į A(b—x)/(b-a), axx=hb, 
, 0, otherwise, 


where A, a, and & are (positive) constants. 

(a) Normalize W (that is, find Æ, in terms of a and 3). 

(b) Sketch W (x, 0), as a function of x. 

(c) Where is the particle most likely to be found, at ¢ = 0? 

(d) What is the probability of finding the particle to the left of a? Check your 
result in the limiting cases þh = q and þ = 2a- 


(e) What is the expectation value of x? 


*k Problem 1.5 Consider the wave function 
W (x,t) = Ae Fle, 


where A, }, and W are positive real constants. (We'll see in Chapter 2 for what 

potential (V) this wave function satisfies the Schrödinger equation.) 

(a) Normalize W. 

(b) Determine the expectation values of x and y2. 

(c) Find the standard deviation of x. Sketch the graph of | wy is as a function 
of x, and mark the points ({«} + a) and ((x«} — a), to illustrate the sense 
in which O represents the “spread” in x. What is the probability that the 


particle would be found outside this range? 
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1.5 Momentum 
For a particle in state W, the expectation value of x is 


(1.28) 


+ ox 
x)= | x IW DI? dx. 


OO 





What exactly does this mean? It emphatically does no¢ mean that if you measure the position of one particle 
over and over again, | f. x [P |2 dx is the average of the results youll get. On the contrary: The first 
measurement (whose outcome is indeterminate) will collapse the wave function to a spike at the value actually 
obtained, and the subsequent measurements (if they're performed quickly) will simply repeat that same result. 
Rather, {x} is the average of measurements performed on particles a// in the state \U, which means that either 
you must find some way of returning the particle to its original state after each measurement, or else you have 
to prepare a whole ensemble of particles, each in the same state W, and measure the positions of all of them: 
(x} is the average of these results. I like to picture a row of bottles on a shelf, each containing a particle in the 
state W (relative to the center of the bottle). A graduate student with a ruler is assigned to each bottle, and at a 
signal they all measure the positions of their respective particles. We then construct a histogram of the results, 
which should match | p 2, and compute the average, which should agree with {x}. (Of course, since we’re only 
using a finite sample, we can’t expect perfect agreement, but the more bottles we use, the closer we ought to 
come.) In short, the expectation value is the average of measurements on an ensemble of identically-prepared systems, 
not the average of repeated measurements on one and the same system. 

Now, as time goes on, {x} will change (because of the time dependence of W), and we might be 


interested in knowing how fast it moves. Referring to Equations 1.25 and 1.28, we see that!® 














d(x a ih 3 fosar aw (1.29) 
a) = fof ax == — | x (v v) dx. 
dt at 2m ax ax ax 
This expression can be simplified using integration-by-parts:“ 
d(x ih ff ,aw awe (1.30) 
en (vZ v) dx. 
dt 2m y ax ax 


(I used the fact that dx /dx = I, and threw away the boundary term, on the ground that W goes to zero at 


(+) infinity.) Performing another integration-by-parts, on the second term, we conclude: 


d(x) ih aw Maal 
d(x} a ai jr ( ) 
dt m ax 





What are we to make of this result? Note that we're talking about the “velocity” of the expectation value of 
x, which is not the same thing as the velocity of the particle. Nothing we have seen so far would enable us to 
calculate the velocity of a particle. It’s not even clear what velocity means in quantum mechanics: If the particle 
doesn’t have a determinate position (prior to measurement), neither does it have a well-defined velocity. All 
we could reasonably ask for is the probability of getting a particular value. We'll see in Chapter 3 how to 
construct the probability density for velocity, given W; for the moment it will suffice to postulate that the 


expectation value of the velocity is equal to the time derivative of the expectation value of position: 
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dix) (1.32) 
dt 





(v) = 


Equation 1.31 tells us, then, how to calculate {v} directly from W. 


Actually, it is customary to work with momentum {p = mv), rather than velocity: 





dix) K (1.33) 
(p) =m = in | ( 
Let me write the expressions for (x) and { p} in a more suggestive way: 
(y= | p* [x] dx, (1.34) 
(1.35) 


(p) = | y* |—ih (a/ax)| W dx. 
We say that the operator“ x “represents” position, and the operator — ihi (d/dx) “represents” momentum; to 
calculate expectation values we “sandwich” the appropriate operator between \* and W, and integrate. 

That’s cute, but what about other quantities? The fact is, a// classical dynamical variables can be expressed 


in terms of position and momentum. Kinetic energy, for example, is 


I 


4 Po 
T = -mu = —., 
2 2m 


and angular momentum is 
L=rxmv=rxp 


(the latter, of course, does not occur for motion in one dimension). To calculate the expectation value of any 
such quantity, Q (x, p), we simply replace every p by — 1fi(d/dx), insert the resulting operator between w* 
and W, and integrate: 








| (1.36) 
(O(x, p) = | y* [ Oc, —iha/ax)| W dx. 
For example, the expectation value of the kinetic energy is 
| he 3 y (1.37) 
T) =—— | W* — dx. 
we 2m axe“ 


Equation 1.36 is a recipe for computing the expectation value of any dynamical quantity, for a particle in 
state WW; it subsumes Equations 1.34 and 1.35 as special cases. I have tried to make Equation 1.36 seem 
plausible, given Born’s statistical interpretation, but in truth this represents such a radically new way of doing 
business (as compared with classical mechanics) that it’s a good idea to get some practice using it before we 
come back (in Chapter 3) and put it on a firmer theoretical foundation. In the mean time, if you prefer to 


think of it as an axiom, that’s fine with me. 
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Problem 1.6 Why cant you do integration-by-parts directly on the middle 
expression in Equation 1.29—pull the time derivative over onto x, note that 


dx /dt = Ü, and conclude that d {x} /dt = 0? 


Problem 1.7 Calculate d{ p} /dt. Answer: 








dip) J av (1.38) 
dt ax |. 


This is an instance of Ehrenfest’s theorem, which asserts that expectation values 


obey the classical laws. 


Problem 1.8 Suppose you add a constant Vo to the potential energy (by “constant” 
I mean independent of x as well as ż). In classical mechanics this doesn’t change 
anything, but what about guantum mechanics? Show that the wave function picks 
up a time-dependent phase factor: exp (—i Vor //i). What effect does this have on 


the expectation value of a dynamical variable? 
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1.6 The Uncertainty Principle 


Imagine that you're holding one end of a very long rope, and you generate a wave by shaking it up and down 
rhythmically (Figure 1.8). If someone asked you “Precisely where is that wave?” you'd probably think he was a 
little bit nutty: The wave isn’t precisely anywhere—it’s spread out over 50 feet or so. On the other hand, if he 
asked you what its wavelength is, you could give him a reasonable answer: it looks like about 6 feet. By 
contrast, if you gave the rope a sudden jerk (Figure 1.9), youd get a relatively narrow bump traveling down 
the line. This time the first question (Where precisely is the wave?) is a sensible one, and the second (What is 
its wavelength?) seems nutty—it isn’t even vaguely periodic, so how can you assign a wavelength to it? Of 
course, you can draw intermediate cases, in which the wave is fair/y well localized and the wavelength is fairly 
well defined, but there is an inescapable trade-off here: the more precise a wave’s position is, the less precise is 
its wavelength, and vice versa.2” A theorem in Fourier analysis makes all this rigorous, but for the moment I 


am only concerned with the qualitative argument. 





50 x (feet) 


Figure 1.8: A wave with a (fairly) well-defined wavelength, but an ill-defined position. 





10 20 30 40 50 x (feet) 
Figure 1.9: A wave with a (fairly) well-defined position, but an ill-defined wavelength. 


This applies, of course, to any wave phenomenon, and hence in particular to the quantum mechanical 


wave function. But the wavelength of W is related to the momentum of the particle by the de Broglie 





formula:# 
— h p om hh (1.39) 
a i i 


Thus a spread in wavelength corresponds to a spread in momentum, and our general observation now says that 


the more precisely determined a particle’s position is, the less precisely is its momentum. Quantitatively, 


(1.40) 





where Gx is the standard deviation in x, and fp is the standard deviation in p. This is Heisenberg’s famous 
uncertainty principle. (We'll prove it in Chapter 3, but I wanted to mention it right away, so you can test it 
out on the examples in Chapter 2.) 

Please understand what the uncertainty principle means: Like position measurements, momentum 
measurements yield precise answers—the “spread” here refers to the fact that measurements made on 


identically prepared systems do not yield identical results. You can, if you want, construct a state such that 
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position measurements will be very close together (by making W a localized “spike”), but you will pay a price: 
Momentum measurements on this state will be widely scattered. Or you can prepare a state with a definite 
momentum (by making W a long sinusoidal wave), but in that case position measurements will be widely 
scattered. And, of course, if you're in a really bad mood you can create a state for which neither position nor 
momentum is well defined: Equation 1.40 is an inequality, and there’s no limit on how dig 0, and Tp can be— 


just make W some long wiggly line with lots of bumps and potholes and no periodic structure. 


x Problem 1.9 A particle of mass m has the wave function 
y.p) = Aenellme?/) 4). 


where 4 and a are positive real constants. 

(a) Find Z. 

(b) For what potential energy function, V(x), is this a solution to the 
Schrodinger equation? 

(c) Calculate the expectation values of x, x7. p, and p> 

(d) Find a, and Fp. Is their product consistent with the uncertainty 


principle? 
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Further Problems on Chapter 1 


Problem 1.10 Consider the first 25 digits in the decimal expansion of z (3, 1, 

i [eae eee 

(a) If you selected one number at random, from this set, what are the 
probabilities of getting each of the 10 digits? 

(b) What is the most probable digit? What is the median digit? What is the 
average value? 


(c) Find the standard deviation for this distribution. 


Problem 1.11 [This problem generalizes Example 1.2.] Imagine a particle of mass 
m and energy E in a potential well V (x), sliding frictionlessly back and forth 
between the classical turning points (a and 4 in Figure 1.10). Classically, the 
probability of finding the particle in the range dx (if, for example, you took a 
snapshot at a random time ż) is equal to the fraction of the time T it takes to 
get from a to 4 that it spends in the interval dx: 

dt (dt/dx) dx | (1.41) 


aese Ee a  _ 
BREE = T iar 


where v {x} is the speed, and 


T b ] (1.42) 
T = | dt = | — dx. 
0 a V(x) 


Thus 





| (1.43) 





This is perhaps the closest classical analog” to | |?. 

(a) Use conservation of energy to express u(x) in terms of E and V(x). 

(b) As an example, find p(x} for the simple harmonic oscillator, 
V(x) = kr? J2. Plot p(x), and check that it is correctly normalized. 


(c) For the classical harmonic oscillator in part (b), find {x}, la, and y. 


pi w ) 





KK 
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Figure 1.10: Classical particle in a potential well. 


Problem 1.12 What if we were interested in the distribution of momenta 

{p = mv), for the classical harmonic oscillator (Problem 1.11(b)). 

(a) Find the classical probability distribution (jp) (note that p ranges from 
— mE to + ./Im E)- 

(b) Calculate { p} | p°), and Fp. 

(c) Whars the classical uncertainty product, xap, for this system? Notice 
that this product can be as small as you like, classically, simply by sending 
E — 0. But in quantum mechanics, as we shall see in Chapter 2, the 
energy of a simple harmonic oscillator cannot be less than fic» /2, where 
w = ,/k/m is the classical frequency. In that case what can you say about 


the product 97 p? 


Problem 1.13 Check your results in Problem 1.11(b) with the following 


“numerical experiment.” The position of the oscillator at time ¢ is 
x (tf) = Acos(wr). (1.44) 


You might as well take ¢œ = | (that sets the scale for time) and 4 = | (that 
sets the scale for length). Make a plot of x at 10,000 random times, and 
compare it with p(x). 


Hint: In Mathematica, first define 
x[t_] := Cos[t] 

then construct a table of positions: 
snapshots = Table[x[7 RandomReal|[j]], {j, 10000} | 

and finally, make a histogram of the data: 
Histogram[snapshots, 100, “PDF”, PlotRange — {0,2}] 


Meanwhile, make a plot of the density function, p(x), and, using Show, 


superimpose the two. 


Problem 1.14 Let P,,;,(t) be the probability of finding the particle in the range 
(a <x < b), at times. 
(a) Show that 





d Pat 
= Jia,t) — J(b, t), 
dt 
where 
. ih jf. aw _,oW 
J(x, ft) = — | Y—— — v*— |. 
2m ax ax 
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What are the units of J (x,t)? Comment: J is called the probability 
current, because it tells you the rate at which probability is “flowing” past 
the point x. If P „p (f) is increasing, then more probability is flowing into 
the region at one end than flows out at the other. 

(b) Find the probability current for the wave function in Problem 1.9. (This 
is not a very pithy example, I’m afraid; we'll encounter more substantial 


ones in due course.) 


Problem 1.15 Show that 


a ie 
=| Wr Ws dx =0 
get Meer 


for any two (normalizable) solutions to the Schrödinger equation (with the 


same V(x )), Wi and Wo. 


Problem 1.16 A particle is represented (at time ¢ = 0) by the wave function 


| A (a — x h, —4d =x = +a, 


W(x, 0) = 





0, otherwise. 


(a) Determine the normalization constant A. 

(b) What is the expectation value of x? 

(c) What is the expectation value of p? (Note that you cannot get it from 
(p) =md {x} /dt. Why not?) 

(d) Find the expectation value of ,2. 

(e) Find the expectation value of p> 

(f) Find the uncertainty in x (ax). 

(g) Find the uncertainty in p (op). 


(h) Check that your results are consistent with the uncertainty principle. 


** Problem 1.17 Suppose you wanted to describe an unstable particle, that 
spontaneously disintegrates with a “lifetime” T. In that case the total 
probability of finding the particle somewhere should not be constant, but 


should decrease at (say) an exponential rate: 
+00 P i 
Pit) = | Mikel dr =e ™ F. 
— i 


A crude way of achieving this result is as follows. In Equation 1.24 we tacitly 
assumed that V (the potential energy) is real. That is certainly reasonable, but 
it leads to the “conservation of probability” enshrined in Equation 1.27. What 


if we assign to V an imaginary part: 
Y¥Y=V,-il, 


where Vo is the true potential energy and [ is a positive real constant? 


(a) Show that (in place of Equation 1.27) we now get 
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(b) Solve for P(t), and find the lifetime of the particle in terms of I’. 


Problem 1.18 Very roughly speaking, quantum mechanics is relevant when the de 


Magnetic forces are an exception, but let’s not worry about them just yet. By the way, we shall assume throughout this book that the motion 


is nonrelativistic {V < c). 


Broglie wavelength of the particle in question {h;/ p} is greater than the 
characteristic size of the system {d}. In thermal equilibrium at (Kelvin) 


temperature T, the average kinetic energy of a particle is 


ae 


= per 
im aF 


(where kp is Boltzmann’s constant), so the typical de Broglie wavelength is 


h (1.45) 
/3mkaT 


The purpose of this problem is to determine which systems will have to be 


ba | 


treated quantum mechanically, and which can safely be described classically. 

(a) Solids. The lattice spacing in a typical solid is around q = 0.3 nm. Find 

the temperature below which the unbound electrons in a solid are 
quantum mechanical. Below what temperature are the nuclei in a solid 
quantum mechanical? (Use silicon as an example.) 
Moral: The free electrons in a solid are always quantum mechanical; the 
nuclei are generally not quantum mechanical. The same goes for liquids 
(for which the interatomic spacing is roughly the same), with the 
exception of helium below 4 K. 

(b) Gases. For what temperatures are the atoms in an ideal gas at pressure P 
quantum mechanical? Hint: Use the ideal gas law (PV = NkpT) to 
deduce the interatomic spacing. 

Answer: T < (1/kg) (h? (3m)? p2/5. Obviously (for the gas to show 
quantum behavior) we want m to be as small as possible, and P as /arge as 
possible. Put in the numbers for helium at atmospheric pressure. Is 
hydrogen in outer space (where the interatomic spacing is about 1 cm and 
the temperature is 3 K) quantum mechanical? (Assume it’s monatomic 


hydrogen, not H2.) 





For a delightful first-hand account of the origins of the Schrödinger equation see the article by Felix Bloch in Physics Today, December 


1976. 


1 


The wave function itself is complex, but Pj = pty (where y * is the complex conjugate of W) is real and non-negative—as a 


probability, of course, must be. 


Of course, no measuring instrument is perfectly precise; what I mean is that the particle was found in the vicinity of C, as defined by the 


precision of the equipment. 


Bernard d’Espagnat, “The Quantum Theory and Reality” (Scientific American, November 1979, p. 165). 
Quoted in a lovely article by N. David Mermin, “Is the moon there when nobody looks?” (Physics Today, April 1985, p. 38). 
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Ibid., p. 40. 

This statement is a little too strong: there exist viable nonlocal hidden variable theories (notably David Bohm’s), and other formulations 
(such as the many worlds interpretation) that do not fit cleanly into any of my three categories. But I think it is wise, at least from a 
pedagogical point of view, to adopt a clear and coherent platform at this stage, and worry about the alternatives later. 

The role of measurement in quantum mechanics is so critical and so bizarre that you may well be wondering what precisely constitutes a 
measurement. PI return to this thorny issue in the Afterword; for the moment let’s take the naive view: a measurement is the kind of thing 
that a scientist in a white coat does in the laboratory, with rulers, stopwatches, Geiger counters, and so on. 

Because the wavelength of electrons is typically very small, the slits have to be extremely close together. Historically, this was first achieved 
by Davisson and Germer, in 1925, using the atomic layers in a crystal as “slits.” For an interesting account, see R. K. Gehrenbeck, Physics 
Today, January 1978, page 34. 

See Tonomura et al., American Journal of Physics, Volume 57, Issue 2, pp. 117—120 (1989), and the amazing associated video at 

www. hitachi.com/rd/portal/highlight/quantum/doubleslit/. This experiment can now be done with much more massive particles, including 
“Bucky-balls”; see M. Arndt, et al., Nature 40, 680 (1999). Incidentally, the same thing can be done with light: turn the intensity so low that 
only one “photon” is present at a time and you get an identical point-by-point assembly of the interference pattern. See R. S. Aspden, 

M. J. Padgett, and G. C. Spalding, Am. J. Phys. 84, 671 (2016). 

I think it is important to distinguish things like interference and diffraction that would hold for any wave theory from the uniquely quantum 
mechanical features of the measurement process, which derive from the statistical interpretation. 

A statistician will complain that I am confusing the average of a finite sample (a million, in this case) with the “true” average (over the whole 
continuum). This can be an awkward problem for the experimentalist, especially when the sample size is small, but here I am only concerned 
with the ¢rue average, to which the sample average is presumably a good approximation. 

Evidently (x, f} must go to zero faster than | /' J Ix], as |x| — oo. Incidentally, normalization only fixes the modulus of A; the phase 
remains undetermined. However, as we shall see, the latter carries no physical significance anyway. 

A competent mathematician can supply you with pathological counterexamples, but they do not arise in physics; for us the wave function 
and all its derivatives go to zero at infinity. 

To keep things from getting too cluttered, I'll suppress the limits of integration (Er). 

The product rule says that 


ore = r” + ay 
dx dx 


from which it follows that 


b dg ap al f 
‘a= hingst: eae oe a |P 
ji J dx BR J dr” dx + falq- 


Under the integral sign, then, you can peel a derivative off one factor in a product, and slap it onto the other one—it'll cost you a minus sign, 





and you'll pick up a boundary term. 

An “operator” is an instruction to do something to the function that follows; it takes in one function, and spits out some other function. The 
position operator tells you to multiply by x; the momentum operator tells you to differentiate with respect to x (and multiply the result by 

— ih: 

Some authors limit the term to the pair of equations { p} =m d(x) jdt and{—4 Viox) = d(p)}/dt. 

That’s why a piccolo player must be right on pitch, whereas a double-bass player can afford to wear garden gloves. For the piccolo, a sixty- 
fourth note contains many full cycles, and the frequency (we’re working in the time domain now, instead of space) is well defined, whereas 
for the bass, at a much lower register, the sixty-fourth note contains only a few cycles, and all you hear is a general sort of “oomph,” with no 
very clear pitch. 

Pll explain this in due course. Many authors take the de Broglie formula as an axiom, from which they then deduce the association of 
momentum with the operator — i fi {973x ). Although this is a conceptually cleaner approach, it involves diverting mathematical 
complications that I would rather save for later. 

If you like, instead of photos of one system at random times, picture an ensemble of such systems, all with the same energy but with random 
starting positions, and photograph them all at the same time. The analysis is identical, but this interpretation is closer to the quantum notion 
of indeterminacy. 

In a solid the inner electrons are attached to a particular nucleus, and for them the relevant size would be the radius of the atom. But the 


outer-most electrons are not attached, and for them the relevant distance is the lattice spacing. This problem pertains to the oużer electrons. 
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2 
Time-Independent Schrodinger Equation 


© 
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2.1 Stationary States 


In Chapter 1 we talked a lot about the wave function, and how you use it to calculate various quantities of 
interest. The time has come to stop procrastinating, and confront what is, logically, the prior question: How 
do you get V(x, t) in the first place? We need to solve the Schrodinger equation, 

aw he a y | (2.1) 
= — + VY, 

for a specified potential’ V(x, t). In this chapter (and most of this book) I shall assume that V is independent 


of t. In that case the Schrödinger equation can be solved by the method of separation of variables (the 
physicist’s first line of attack on any partial differential equation): We look for solutions that are products, 


Vix, t) = Y(x)p(t), (2.2) 


where W (/ower-case) is a function of x alone, and # is a function of ¢ alone. On its face, this is an absurd 
restriction, and we cannot hope to obtain more than a tiny subset of all solutions in this way. But hang on, 
because the solutions we do get turn out to be of great interest. Moreover (as is typically the case with 
separation of variables) we will be able at the end to patch together the separable solutions in such a way as to 
construct the most general solution. 


For separable solutions we have 





(ordinary derivatives, now), and the Schrödinger equation reads 


h? d7 Wr 


ieee 


do 
AW — = 
me dt 
Or, dividing through by 4p: 


j | dọ h 1 Êy (2.3) 
bi — E ae 

y dt 2m We dx? 

Now, the left side is a function of ¢ alone, and the right side is a function of x alone.2 The only way this can 
possibly be true is if both sides are in fact constant—otherwise, by varying 4, I could change the left side 
without touching the right side, and the two would no longer be equal. (That’s a subtle but crucial argument, 


so if it’s new to you, be sure to pause and think it through.) For reasons that will appear in a moment, we shall 


call the separation constant E. Then 


l dọ 
ih = 
wo dt 
or 
dọ _ iE (2.4) 
de È 
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and 


he 1d? 
2m we dx? 


Y= EB; 


or 


(2.5) 





Separation of variables has turned a partial differential equation into two ordinary differential equations 
(Equations 2.4 and 2.5). The first of these is easy to solve (just multiply through by dż and integrate); the 
general solution is C exp (—i Er/ hh), but we might as well absorb the constant C into y (since the quantity of 
interest is the product ww). Then? 


y(t) — e Eth (2.6) 


The second (Equation 2.5) is called the time-independent Schrédinger equation; we can go no further with it 
until the potential V (x) is specified. 

The rest of this chapter will be devoted to solving the time-independent Schrödinger equation, for a 
variety of simple potentials. But before I get to that you have every right to ask: What’s so great about separable 
solutions? After all, most solutions to the (time dependent) Schrödinger equation do nor take the form 
ur (x) p(t). I offer three answers—two of them physical, and one mathematical: 

1. They are stationary states. Although the wave function itself, 


Wx, D = Yade Eth, (2.7) 
does(obviously) depend on ¢, the probability density, 
W(x, t)? — wry — Ut ett Et [Pip gi Et/h a lur(x)|- (2.8) 


does not—the time-dependence cancels out. The same thing happens in calculating the expectation 


value of any dynamical variable; Equation 1.36 reduces to 


(Q(x, p} = | W” E (x. -in £) Wdx. (2.9) 


Every expectation value is constant in time; we might as well drop the factor w(t) altogether, and simply 
use W in place of WW. (Indeed, it is common to refer to yy as “the wave function,” but this is sloppy 
language that can be dangerous, and it is important to remember that the ¢rue wave function always 
carries that time-dependent wiggle factor.) In particular, {x} is constant, and hence (Equation 1.33) 


{p} = 0. Nothing ever happens in a stationary state. 


2. They are states of definite total energy. In classical mechanics, the total energy (kinetic plus potential) is 


called the Hamiltonian: 


p? (2.10) 
H (x, p) = Sm + Vix). 
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The corresponding Hamiltonian operator, obtained by the canonical substitution p — —ihi(d/ dx), is 





therefore? 
7 he g? (2.11) 
H = —— —- + Via 
2m ax d 
Thus the time-independent Schrödinger equation (Equation 2.5) can be written 
Hw — Ew. (2.12) 


and the expectation value of the total energy is 


(H) = | v'Âydx = E | yax — E | Y|? dx = E. ar) 
(Notice that the normalization of W entails the normalization of W.) Moreover, 

Hew = A( Ay) = H(EW) = E( Ay) = E wy, 
and hence 

(H*) = | W*H-wWdx = E? | WwPas = EF’. 
So the variance of H is 

of, = (H°) —(H)* = E°- E? =0. (2.14) 


But remember, if ¢ = 0, then every member of the sample must share the same value (the distribution 
has zero spread). Conclusion: A separable solution has the property that every measurement of the total 


energy is certain to return the value E. (Thats why I chose that letter for the separation constant.) 


3. The general solution is a linear combination of separable solutions. As we’re about to discover, the 
time-independent Schrödinger equation (Equation 2.5) yields an infinite collection of solutions 
(Wiid, wlx), Wal), ..., which we write as {yn (x)}), each with its associated separation constant 


(Ei, Ex, E3, ... = [En j; thus there is a different wave function for each allowed energy: 
Wi(x,f) = yije iEn, P(x, t) = hje EE g 


Now (as you can easily check for yourself) the (time-dependent) Schrödinger equation (Equation 2.1) 
has the property that any linear combination of solutions is itself a solution. Once we have found the 


separable solutions, then, we can immediately construct a much more general solution, of the form 


oo ee (2.15) 
P(x, t) = > & Wr (xje Eat! i 


n=] 
It so happens that every solution to the (time-dependent) Schrödinger equation can be written in this 
form—it is simply a matter of finding the right constants (cj, €2, ...} so as to fit the initial 
conditions for the problem at hand. You'll see in the following sections how all this works out in 
practice, and in Chapter 3 we'll put it into more elegant language, but the main point is this: Once 


youve solved the time-independent Schrodinger equation, you're essentially done; getting from there 
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to the general solution of the time-dependent Schrödinger equation is, in principle, simple and 


straightforward. 


A lot has happened in the past four pages, so let me recapitulate, from a somewhat different perspective. 
Here’s the generic problem: You're given a (time-independent) potential V (x), and the starting wave function 
W(x, 0); your job is to find the wave function, W(x, t), for any subsequent time z. To do this you must solve 
the (time-dependent) Schrödinger equation (Equation 2.1). The strategy is first to solve the time- 


independent Schrödinger equation (Equation 2.5); this yields, in general, an infinite set of solutions, {Wa (x )}, 





each with its own associated energy, {E,, }. To fit W(x, 0) you write down the general linear combination of 
these solutions: 
at (2.16) 
W(x, 0) = $ Cn Wn (x); 
n=] 
the miracle is that you can a/ways match the specified initial state by appropriate choice of the constants {¢,,}. 
To construct {x,t} you simply tack onto each term its characteristic time dependence (its “wiggle factor”), 


exp (—i Ent / h): 





(2.17) 
oo o oo 
W(x, 1) = Y Cnn e = Y cn Val, t). 
n=| n=! 
The separable solutions themselves, 
DAs) = tales Pte (2.18) 


are stationary states, in the sense that all probabilities and expectation values are independent of time, but this 
property is emphatically not shared by the general solution (Equation 2.17): the energies are different, for 


different stationary states, and the exponentials do not cancel, when you construct |y 2. 


Example 2.1 


Suppose a particle starts out in a linear combination of just ¢wo stationary states: 
W(x, 0) = ci Wy (x) + cr Yra(x). 


(To keep things simple I'll assume that the constants €n and the states W, (x) are real.) What is the 
wave function W(x, t} at subsequent times? Find the probability density, and describe its motion. 


Solution: The first part is easy: 


Y (x, 1) = p HEH” + enya (x) eH, 


where Ej and E» are the energies associated with yr and W2. It follows that 


| Ly (x 5 f) |2 == (c Wry et Ein + C? ya el a) (ci Wy ets h op C> Wr sot Est in) 


cw; + cayi + 2c] cour W cos | (E> — Fj) tih] 


The probability density oscillates sinusoidally, at an angular frequency & = (E> — E1) /h; this is 


certainly nof a stationary state. But notice that it took a /inear combination of stationary states (with 
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different energies) to produce motion.2 


You may be wondering what the coefficients {c,,} represent physically. Vl tell you the answer, though the 


explanation will have to await Chapter 3: 


(2.19) 


is the probability that a measurement of the 


F 
Cpl? 
len energy would return the value Ey. 





A competent measurement will always yield one of the “allowed” values (hence the name), and len |? is the 


probability of getting the particular value E nee Of course, the sum of these probabilities should be 1: 


(2.20) 





and the expectation value of the energy must be 


co (2.21) 
(H) = a len? En- 


n=l 





We'll soon see how this works out in some concrete examples. Notice, finally, that becausethe constants {c,, } 
are independent of time, so too is the probability of getting a particular energy, and, a fortiori, the expectation 


value of H. These are manifestations of energy conservation in quantum mechanics. 


x Problem 2.1 Prove the following three theorems: 

(a) For normalizable solutions, the separation constant E must be real. Hint: 
Write E (in Equation 2.7) as Ey +i (with Eg and F real), and show 
that if Equation 1.20 is to hold for all ¢, F must be zero. 

(b) ‘The time-independent wave function yf {x} can always be taken to be real 
(unlike W {x,t}, which is necessarily complex). This doesn’t mean that 
every solution to the time-independent Schrodinger equation is real; what 
it says is that if you've got one that is noz, it can always be expressed as a 
linear combination of solutions (with the same energy) that are. So you 
might as well stick to ys that are real. Hint: If ẹ (x) satisfies Equation 
2.5, for a given E, so too does its complex conjugate, and hence also the 
real linear combinations {W + W")and i (ve — wr"). 

(c) If V (x) is an even function (that is, V (—x) = V (x)) then W (x) can 
always be taken to be either even or odd. Hint: If yr (x) satisfies Equation 
2.5, for a given FE, so too does yr (—x), and hence also the even and odd 


linear combinations W (x) + fF (—x). 
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Problem 2.2 Show that E must exceed the minimum value of V (x), for every 
normalizable solution to the time-independent Schrodinger equation. What is the 


classical analog to this statement? Hint: Rewrite Equation 2.5 in the form 


d’êy 2m 
= — [F (x) Elw: 
ap = DO 





if E < Vipin, then yy and its second derivative always have the same sign—argue 


that such a function cannot be normalized. 
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2.2 The Infinite Square Well 


Suppose 


0 O0zx=za, (2.22) 


V(x) = 
oo, otherwise 
(Figure 2.1). A particle in this potential is completely free, except at the two ends {x = 0 and x = a), where 
an infinite force prevents it from escaping. A classical model would be a cart on a frictionless horizontal air 
track, with perfectly elastic bumpers—it just keeps bouncing back and forth forever. (This potential is 
artificial, of course, but I urge you to treat it with respect. Despite its simplicity—or rather, precisely because of 
its simplicity—it serves as a wonderfully accessible test case for all the fancy machinery that comes later. We'll 


refer back to it frequently.) 


Vix) 





Figure 2.1: The infinite square well potential (Equation 2.22). 


Outside the well, yy (x) = 0 (the probability of finding the particle there is zero). Inside the well, where 
V = 0, the time-independent Schrödinger equation (Equation 2.5) reads 








h2 d7 Wr Sey (2.23) 
Im dx? 
or 
dW š vV HE (2.24) 
Ja —k-w, where k = m` 
dx“ 1 


(By writing it in this way, I have tacitly assumed that E => 0; we know from Problem 2.2 that E =< () won't 


work.) Equation 2.24 is the classical simple harmonic oscillator equation; the general solution is 
w(x) = A sin kx + B cos kx, (2.25) 


where 4 and B are arbitrary constants. Typically, these constants are fixed by the boundary conditions of the 
problem. What are the appropriate boundary conditions for (x)? Ordinarily, doth yw and dọ jdx are 
continuous, but where the potential goes to infinity only the first of these applies. (P1 justify these boundary 
conditions, and account for the exception when Y = oo, in Section 2.5; for now I hope you will trust me.) 


Continuity of yr {x} requires that 


y (0) = W (a) = 0, (2.26) 
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so as to join onto the solution outside the well. What does this tell us about 4 and B? Well, 
yw (0) = AsinO+ B cos = B, 
so B — 0, and hence 
w(x) = Asinkx. (2.27) 


Then W (a) = A sin ka, so either 4 — ( (in which case we're left with the trivial—non-normalizable— 


solution W (x) = 0), or else sin ka = 0, which means that 


ka = 0 Eme a EAN. caa (2.28) 


But k = Q is no good (again, that would imply (x) = 0), and the negative solutions give nothing new, 


since sin (—@) = — sin (f) and we can absorb the minus sign into 4. So the distinct solutions are 
nI | ey 
tj Se WIA SH 2 8) s ee 
a 


Curiously, the boundary condition at x = a does not determine the constant 4, but rather the constant 


k, and hence the possible values of £: 


(2.30) 


eee Oe r} T F 
hick A n n he 


n = = > * 
2m Ima 





In radical contrast to the classical case, a quantum particle in the infinite square well cannot have just any old 


energy—it has to be one of these special (“allowed”) values.“ To find 4, we normalize yw: 


5 a 


i "J 
| LA|? sin? (kx)dx =|A/7>—-=1, so JAP =-. 
0 2 a 


This only determines the magnitude of A, but it is simplest to pick the positive real root: A = ,/2/a (the 


phase of A carries no physical significance anyway). Inside the well, then, the solutions are 


(2.31) 





As promised, the time-independent Schrödinger equation has delivered an infinite set of solutions (one 
for each positive integer n). The first few of these are plotted in Figure 2.2. They look just like the standing 
waves on a string of length a; W1, which carries the lowest energy, is called the ground state, the others, whose 
energies increase in proportion to »,2, are called excited states. As a collection, the functions Wy (x) have some 
interesting and important properties: 

1. They are alternately even and odd, with respect to the center of the well: yr] is even, i> is odd, y3 is 
even, and so on. 

2. As you go up in energy, each successive state has one more node (zero-crossing): Wy has none (the end 
points don’t count), Wa has one, W3 has two, and so on. 


3. They are mutually orthogonal, in the sense that? 


| Win a Wa (x) dx = 0, (m sa n}. (2.32) 
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Figure 2.2: The first three stationary states of the infinite square well (Equation 2.31). 


Proof: 


2 [f . -mx _ nr 
fina Wn dx = — sin (—x] sin (—x) dx 
ad Jo . a a 
I f” m — nr m+n 
= — | |cos mx | — cos wx || dx 
ad Jo tl dl 
RR | (m+n i 
= į; ———— sin wx | — —— sin TX 
(m-n) a (m + A) a 0 


_ | te ln —na)ar)] snim + mmr] E 
a: (m —n) (m+n) 7 














Note that this argument does not work if m = n. (Can you spot the point at which it fails?) In that case 
normalization tells us that the integral is 1. In fact, we can combine orthogonality and normalization into a 


single statement: 





(2.33) 
/ Win (xX) W(X) AX = mn, 
where ôn (the so-called Kronecker delta) is defined by 
0, men, (2.34) 
Ön = 7 
l, m=n. 


We say that the ys are orthonormal. 
4. They are complete, in the sense that any offer function, f (x), can be expressed as a linear 


combination of them: 


nO y œ% = (2.35) 
“x)= Ca Wn (œ) = fa Cp Sin (=x) 
f (x) 2 x) =y 2 > 
Pm not about to prove the completeness of the functions ,/2/a sin(nmx/a), but if youve studied 
advanced calculus you will recognize that Equation 2.35 is nothing but the Fourier series for f (x), and 
the fact that “any” function can be expanded in this way is sometimes called Dirichlet’s theorem.*° 
The coefficients Cy can be evaluated—for a given f (x)}—by a method I call Fourier’s trick, which 
beautifully exploits the orthonormality of {W}: Multiply both sides of Equation 2.35 by W (x)", and 


integrate. 


[om xy" Jí (x)dx = m Sa | Win ( (x)" Wh (x) dx = Law Ön = Cm» 


n=l 


(2.36) 
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(Notice how the Kronecker delta kills every term in the sum except the one for which n = m.) Thus the 


nth coefficient in the expansion of f (x) ist 





(2.37) 


Cy = | nay f(x) dx. 





These four properties are extremely powerful, and they are not peculiar to the infinite square well. The 
first is true whenever the potential itself is a symmetric function; the second is universal, regardless of the 


148 Orthogonality is also quite general—T’ll show you the proof in Chapter 3. 


shape of the potentia 
Completeness holds for all the potentials you are likely to encounter, but the proofs tend to be nasty and 
laborious; I’m afraid most physicists simply assume completeness, and hope for the best. 


The stationary states (Equation 2.18) of the infinite square well are 


i> nT (2.38) 


Paix, i) = | Z sin (—x 
Va € 


) etn 2h 2ma)t l 
fi 


I claimed (Equation 2.17) that the most general solution to the (time-dependent) Schrödinger equation is a 


linear combination of stationary states: 


(2.39) 


0o TJ 

cate : Bre ; ANE ` EE r raea a EES 

Y (x,t) = > Caf — sin (—x) a iin m ima ue 
\ d a 


n=] 
(If you doubt that this is a solution, by all means check it!) It remains only for me to demonstrate that I can fit 


any prescribed initial wave function, W (x, 0) by appropriate choice of the coefficients Cy: 


CK 


Y (x, 0) = yep Wr (x). 


n=l 


The completeness of the Ws (confirmed in this case by Dirichlets theorem) guarantees that I can always 
express W {x, 0) in this way, and their orthonormality licenses the use of Fourier’s trick to determine the 


actual coefficients: 


la tl 7 (2.40) 
Cp = Vif sin (—x) Y (x, 0) dx. 


That does it: Given the initial wave function, Y (x, 0), we first compute the expansion coefficients Cy, 
using Equation 2.40, and then plug these into Equation 2.39 to obtain W(x, rf). Armed with the wave 
function, we are in a position to compute any dynamical quantities of interest, using the procedures in 
Chapter 1. And this same ritual applies to any potential—the only things that change are the functional form 


of the yrs and the equation for the allowed energies. 


Example 2.2 


A particle in the infinite square well has the initial wave function 
W(x, 0) = Ax (a— x), (OH x =a), 


for some constant A (see Figure 2.3). Outside the well, of course, p = (). Find ¥ (x, £). 
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Figure 2.3: The starting wave function in Example 2.2. 


Solution: First we need to determine 4, by normalizing W (x, 0): 


a a 5 
| =f we arar | r aar de lar =. 

a j 30 
SO 


30 
ak Fk 


The ath coefficient is (Equation 2.40) 








(2 J sin nm \ aX o fnn y] 

EUr Sond 

2 1 JJa —2 i i 

i pe rsin (Zx) - rE cos (Er) | 

na a (nz fa) a lo 

(nx)? —2 3 2 | 

= 5 J-E cos (nm) + a? cos (nz) +. z COs (0) 
nr (nry (nry 


FLT 
4/15 


= —,, [cos (0) — cos (nx )] 














(nT) 
=! 0, n even, 
84/15/(nm)?, nodd. 


Thus (Equation 2.39): 


ary 3 
p (x, f) SERRI, 30 a, Es sin (— x)e jin? n hit} Ima? 
y ado IT ras a 
MSL, A, Aaa 


Example 2.3 
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Check that Equation 2.20 is satisfied, for the wave function in Example 2.2. If you measured the 
energy of a particle in this state, what is the most probable result? What is the expectation value of the 
energy? 

Solution: The starting wave function (Figure 2.3) closely resembles the ground state W} (Figure 2.2). 
This suggests that |c} | should dominate,” and in fact 


, faery | 
ar =( 5 = 0.998555 .... 
Ya i 
20 


The rest of the coefficients make up the difference: 


2 [8715 
F len! = m? 


n=l 








) à 

ga 
a i) i 

n=1.3.5 n 


| RE RPEN 


The most likely outcome of an energy measurement is E] = wh /2ma*—more than 99.8% of all 


measurements will yield this value. The expectation value of the energy (Equation 2.21) is 





— 3 8/15 \° nr? 48087 3 i 5h? 
7 z n?n’ Ima?  ntma? = nÊ ma? 
n=1,3,5,... ia eA ie BS PA 


As one would expect, it is very close to Eq (5 in place of z+ (2% 4.935)—slightly /arger, because of 


the admixture of excited states. 


Of course, it’s no accident that Equation 2.20 came out right in Example 2.3. Indeed, this follows from 
the normalization of W (the ns are independent of time, so Pm going to do the proof for ¢ = Q; if this 


bothers you, you can easily generalize the argument to arbitrary fr). 


| = | | (x, 0)|7 dx = | (È Cm Wr o) (È Ch Wy o) dx 


m= | n=l 


=9 Don’ | Win (X)" Wy (x) dx 


m=] n=l 


Ce EKI CRI 
N | 4 
= ) | : Cm En fom ; Abal s 


n=] m=l n=] 


(Again, the Kronecker delta picks out the term m = n in the summation over m.) Similarly, the expectation 
value of the energy (Equation 2.21) can be checked explicitly: The time-independent Schrödinger equation 


(Equation 2.12) says 


AW, = Faas (2.41) 


SO 
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= i ae 
(H) a | WY" AWVdx = | ee Cm Vm) H (E En Vn) dx 
=D Leaks f ihk- len? En 


Problem 2.3 Show that there is no acceptable solution to the (time-independent) 
Schrödinger equation for the infinite square well with F = (jor E = (). (This isa 
special case of the general theorem in Problem 2.2, but this time do it by explicitly 
solving the Schrödinger equation, and showing that you cannot satisfy the 


boundary conditions.) 


x Problem 2.4 Calculate {x} , la) , {p}, p°) ,@,, and Fp, for the nth stationary 
state of the infinite square well. Check that the uncertainty principle is satisfied. 


Which state comes closest to the uncertainty limit? 


x Problem 2.5 A particle in the infinite square well has as its initial wave function an 


even mixture of the first two stationary states: 


V(x, 0 = A [Y] (x) + Ya (x)]. 


(a) Normalize ¥ (x, 0). (That is, find 4. This is very easy, if you exploit the 
orthonormality of y4 and yo. Recall that, having normalized W at ¢ = 0, 
you can rest assured that it stays normalized—if you doubt this, check it 
explicitly after doing part (b).) 

(b) Find W (x,t) and |W (x,t) I>. Express the latter as a sinusoidal function 
of time, as in Example 2.1. To simplify the result, let æ = 47h / Ima. 

(c) Compute {x}. Notice that it oscillates in time. What is the angular 
frequency of the oscillation? What is the amplitude of the oscillation? (If 
your amplitude is greater than a /2, go directly to jail.) 

(d) Compute {p}. (As Peter Lorre would say, “Do it ze kveek vay, Johnny!”) 

(e) If you measured the energy of this particle, what values might you get, 
and what is the probability of getting each of them? Find the expectation 
value of H. How does it compare with E] and En? 


Problem 2.6 Although the overall phase constant of the wave function is of no 
physical significance (it cancels out whenever you calculate a measurable quantity), 
the relative phase of the coefficients in Equation 2.17 does matter. For example, 


suppose we change the relative phase of W] and W2 in Problem 2.5: 


Yix,0) = A vi (x) + ey 2 (x)| . 
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where is some constant. Find W (x,t), |P (x,t) 2, and {x}, and compare your 
results with what you got before. Study the special cases @ = m /2 and @ =m. 
(For a graphical exploration of this problem see the applet in footnote 9 of this 
chapter.) 


Problem 2.7 A particle in the infinite square well has the initial wave function 


Ax: Ox = a/2, 
Y (x, 0) = ; SxSa/ 


aa A(a—x), aflax=a. 


(a) Sketch ¥ (x, 0), and determine the constant A. 

(b) Find © (x, t). 

(c) What is the probability that a measurement of the energy would yield the 
value E}? 


(d) Find the expectation value of the energy, using Equation 2.21.74 


Problem 2.8 A particle of mass m in the infinite square well (of width a} starts out 


in the state 


A, O= xe <a/sZ, 
Y (x, 0) = ‘ 
0 aff x =a, 


for some constant Á, so it is (at t = 0) equally likely to be found at any point in 
the left half of the well. What is the probability that a measurement of the energy 


(at some later time f) would yield the value 72 fi" /2ma*? 

Problem 2.9 For the wave function in Example 2.2, find the expectation value of 
H, at time ¢ — (), the “old fashioned” way: 

(H) — | Y (x, 0)* AW (x, 0) dx. 


Compare the result we got in Example 2.3. Note: Because {H} is independent of 


time, there is no loss of generality in using ¢ = Q. 
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2.3 The Harmonic Oscillator 


The paradigm for a classical harmonic oscillator is a mass m attached to a spring of force constant k. The 


motion is governed by Hooke’s law, 


5 


dx 


ai 





F =—kx=m 
(ignoring friction), and the solution is 

x(t) = Asin (wr) + Boos (wr), 
where 


T (2.42) 
o> y 


m 
is the (angular) frequency of oscillation. The potential energy is 


ea a 2.43 
V (x) = kx"; 


y= 5 


its graph is a parabola. 

Of course, there’s no such thing as a perfect harmonic oscillator—if you stretch it too far the spring is 
going to break, and typically Hooke’s law fails long before that point is reached. But practically any potential 
is approximately parabolic, in the neighborhood of a local minimum (Figure 2.4). Formally, if we expand 


V (x) ina Taylor series about the minimum: 


f ; | my 
V (x) = V (x0) + V’ (xo) (x — x0) + SV" (x0) œ — x0)" + >, 


subtract V (xp) (you can add a constant to ¥V (x) with impunity, since that doesn’t change the force), 
recognize that V“ (xq) = Ü (since 0 is a minimum), and drop the higher-order terms (which are negligible as 


long as (x — xq) stays small), we get 


V" (xo) (x — x0)", 


J| = 


V (x) = 


which describes simple harmonic oscillation (about the point xg), with an effective spring constant 
k = V” (xp). That’s why the simple harmonic oscillator is so important: Virtually any oscillatory motion is 


approximately simple harmonic, as long as the amplitude is small.?2 
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Vix) 





Ñ 


Figure 2.4: Parabolic approximation (dashed curve) to an arbitrary potential, in the neighborhood of a local 


minimum. 


The guantum problem is to solve the Schrödinger equation for the potential 


| (2.44) 
V (x) = zmo x” 


(it is customary to eliminate the spring constant in favor of the classical frequency, using Equation 2.42). As 


we have seen, it suffices to solve the time-independent Schrodinger equation: 


he d7 ur | 7 4 (2.45) 
a ee fT oe ae a 
2m dx- ii 2 + 4 


In the literature you will find two entirely different approaches to this problem. The first is a straightforward 
“brute force” solution to the differential equation, using the power series method; it has the virtue that the 
same strategy can be applied to many other potentials (in fact, we'll use it in Chapter 4 to treat the hydrogen 
atom). The second is a diabolically clever algebraic technique, using so-called ladder operators. [ll show you 
the algebraic method first, because it is quicker and simpler (and a lot more fun);2° if you want to skip the 


power series method for now, that’s fine, but you should certainly plan to study it at some stage. 
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2.3.1 Algebraic Method 


To begin with, let’s rewrite Equation 2.45 in a more suggestive form: 


| : (2.46) 
— | ee (max a we = Ey, 
2m 
where p = —iħd /dx is the momentum operator.” The basic idea is to factor the Hamiltonian, 
A, l be 7 (2.47) 
H = "A G + (mx) | , 
2m 


If these were numbers, it would be easy: 


un --- v“ = (iu +v) (~iu + v). 


Here, however, its not quite so simple, because p and x are operators, and operators do not, in general, 
commute {x p is not the same as px, as we'll see in a moment—though you might want to stop right now and 
think it through for yourself). Still, this does motivate us to examine the quantities 

z l on (2.48) 

== eea E (Fip aie mx ) 

v 2hmæ — 
(the factor in front is just there to make the final results look nicer). 
Well, what is the product a_a4? 

| 


a—ay = > — (ip + mox) (—ip + mex) 








| =F ; 4% n j A m 
= e mx) — Imax p — Px : 
2himea li TA ) ( Pod ) 


As anticipated, there’s an extra term, involving (x p— px). We call this the commutator of x and p; it is a 
measure of how badly they fai/ to commute. In general, the commutator of operators 4 and p (written with 


square brackets) is 





|â, 8| = AB — BA. (2.49) 
In this notation, 
a o | [P 4 | | I 5] (2.50) 
ad—d = 7 max) | — |x, pl. 
i hmo l Qh i 


We need to figure out the commutator of x and p. Warning: Operators are notoriously slippery to work 
with in the abstract, and you are bound to make mistakes unless you give them a “test function,” f (x), to act 
on. At the end you can throw away the test function, and you'll be left with an equation involving the 


operators alone. In the present case we have: 


df df ) (2.51) 
Z ly m i 


= jhf (x). 
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Dropping the test function, which has served its purpose, 





(2.52) 
This lovely and ubiquitous formula is known as the canonical commutation relation. 
With this, Equation 2.50 becomes 
z # Ë z | (2.53) 
La = — — 
a eave 
or 
n E | (2.54) 
H = hw (aa, — 5) f 


Evidently the Hamiltonian does not factor perfectly—there’s that extra — 1/2 on the right. Notice that the 


ordering of a4 and g_ is important here; the same argument, with @ on the left, yields 


2 ae | Fy | (2.55) 
a pä = —H— —. 
al ho 2 
In particular, 
[a_, a4 | = l. (2.56) 
Meanwhile, the Hamiltonian can equally well be written 
. Res Hop | (2.57) 
H = hw (aa + 5) 
In terms of 4, then, the Schrodinger equation”? for the harmonic oscillator takes the form 
(2.58) 


| ry 
ju (asa + z) w= Ew 


(in equations like this you read the upper signs all the way across, or else the lower signs). 


Now, here comes the crucial step: I claim that: 


If yr satisfies the Schrödinger equation with energy E (that is: Hw — Fy), then a, satisfies the 
Schrödinger equation with energy (E + fe): H (ay ur) = (E + he) (a4. Wr). 


Proof: 
milage A ee EY a os w a bes 
H (a. Y) = ho| apa_ + A (a W) = hw | apa_ay + 72+ ur 


1 x bo g l’ 
— hady (a2. + 5) W = ay ro (4.2 + | + z) v 


= ae (A + he) Ww =â (E + ho) = (E + he) (å+). QED 


60 


www.urdukutabkhanapk.blogspot.com 


(I used Equation 2.56 to replace a_a, by (a4. a_— + 1) in the second line. Notice that whereas the 
ordering of a, and q_ does matter, the ordering of A, and any constants—such as fi, w, and E—does not; 
an operator commutes with any constant.) 


By the same token, a@_w is a solution with energy (E — fiw): 


HE tje (aa, 7 5) E T (4.4 2 ;) Y 


š P l 2 a y 
=i. ro (aa, —|- z) J a: ae (4 — hw) We = a_(E — hw)w 
= (E — hw) (a_y). 
Here, then, is a wonderful machine for generating new solutions, with higher and lower energies—if we 
could just find one solution, to get started! We call a ladder operators, because they allow us to climb up and 


down in energy; a is the raising operator, and q_ the lowering operator. The “ladder” of states is illustrated 


in Figure 2.5. 





Figure 2.5: The “ladder” of states for the harmonic oscillator. 


But wait! What if I apply the lowering operator repeatedly? Eventually Pm going to reach a state with 


energy less than zero, which (according to the general theorem in Problem 2.3) does not exist! At some point 


the machine must fail. How can that happen? We know that a_yr is a new solution to the Schrödinger 
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equation, but there is no guarantee that it will be normalizable—it might be zero, or its square-integral might be 


infinite. In practice it is the former: There occurs a “lowest rung” (call it Wg) such that 
a_ Wo = 0. (2.59) 
We can use this to determine Wo (x) 


| d | 
— | fh— + mox ) Wo =O 
v 2himew ( dx 


or 


dur me j 
— = —— xr Yo. 
dx h 0 


This differential equation is easy to solve: 


dyo mo mo 
A i vdx > ro = — — x? + constant. 
| Wo EJ nO 2h 


SO 


Py ed 


Wo (x) = Ae HT, 


We might as well normalize it right away: 


2 xh 
ba IAL [ some pia — — Fik |= 


mo 
4 oe 
so A“ = ,/mw)/sh, and hence 


(2.60) 


fice 1/4 _ ine 2 
Yo(xX) = (=) se | ale 


mihi 





To determine the energy of this state we plug it into the Schrödinger equation (in the form of Equation 2.58), 





hen (a4 at] /2) Wo = Ego, and exploit the fact that a_ wo = Q: 


| (2.61) 
Fo = 5 fun. 


With our foot now securely planted on the bottom rung (the ground state of the quantum oscillator), we 


27 


simply apply the raising operator (repeatedly) to generate the excited states,“ increasing the energy by fin 


with each step: 


(2.62) 


H = | l 
Wal) = Ay (44) Wolx), with E, = (» + ;) hw, 





where A,, is the normalization constant. By applying the raising operator (repeatedly) to Wp, then, we can (in 
principle) construct all the stationary states of the harmonic oscillator. Meanwhile, without ever doing that 


explicitly, we have determined the allowed energies! 
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Example 2.4 
Find the first excited state of the harmonic oscillator. 


Solution: Using Equation 2.62, 





Hiab = Aj h d dm 1) (ZR) ege (2.63) 
u ai alas J/2hme ax ns Iah i 


mætt [Imo  _ me 2 
l ( ) xe Th" , 
h 





We can normalize it “by hand”: 


3 > ;|mo f2mw 2 mw 2 aa 
| mPa =a (72 (= PETA] 
Vrhi \ A ‘ae 


so, as it happens, A, = 1. 





I wouldn’t want to calculate Wsp this way (applying the raising operator fifty times!), but never 
mind: In principle Equation 2.62 does the job—except for the normalization. 


You can even get the normalization algebraically, but it takes some fancy footwork, so watch closely. We 


know that a4 W,, is proportional to Wry +1, 


a4 Un eba Vrti a_Wry = dy Wn—| (2.64) 
but what are the proportionality factors, Cy and d,,? First note that for “any” functions f(x) and g (x), 


(2.65) 


[ . f* (dtg) dx = [ | (az fy gdx. 


In the language of linear algebra, ax is the hermitian conjugate (or adjoint) of a1. 


Proof: 


m | d 
* (a ess ——| 5 (mi -= mox ) adx, 
la f” (4x8) y 2hmw dx ° 


and integration by parts takes- | f* (dg/dx) dx to— | (df/dx)* gdx (the boundary terms vanish, for 


the reason indicated in footnote 29), so 


‘i f" (ace) dx = Fam | ‘| (29% -+ max ) f| eas 
I-00 Ww 
= [- (a4. y adx. QED 


In particular, 


p (G.%,)* (Git) dx = | ” (cdi Vn)" Vad. 


EKI — 0 


But (invoking Equations 2.58 and 2.62) 
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aya Yn = AW, aay Yn = (n+ l) Yr (2.66) 


SO 


ii ; A 3 SF 4 i I 
| (a4 Wn) (ai Wn) dx = Ta] IWa+1l" dx = (n EP D (Wal dx, 
—00 





— i 
ae * 3 J üi 3 
I (a tn)” Gya | aidr =n | Wal? dx. 
But since Yp and y,+41 are normalized, it follows that |e, |? = n + 1 and |d, | = m and hence’ 
F R (2.67) 
UyWn =A F l Yanpi Gn = Jn Vn-1- 
Thus 
yi =â yo Y E E 
= aL wi, ws = ——aL L W] = — (4 Wi. 
LAO, aim atv fi? 0. 
l A l ‘a A | á | reese | 
3 = —=a,. Yi = ——— (a) Wo. Wa = Sai Y = — (a) Yo. 
A aa +) ie aa | +) 
and so on. Clearly 
(2.68) 





which is to say that the normalization factor in Equation 2.62 is 4, = | f~in! (in particular, A; = l, 
confirming our result in Example 2.4). 


As in the case of the infinite square well, the stationary states of the harmonic oscillator are orthogonal: 


ET (2.69) 
| ve ur nak = Onn 
— A 





This can be proved using Equation 2.66, and Equation 2.65 twice—first moving a, and then moving g_: 


[oh Gd) nar =n [vi dnds 
m 


— K 


= | | (a_ Wn)” (a_ Wn) dx = | i (a + a Wn)” Wadx 


mo — fo 
on) 
m | We Wndx. 
— 00 


Unless m = n, then, | yr* Wyadx must be zero. Orthonormality means that we can again use Fourier’s trick 


(Equation 2.37) to evaluate the coefficients €n, when we expand ¥ (x, 0) as a linear combination of stationary 
states (Equation 2.16). As always, |e, | is the probability that a measurement of the energy would yield the 


value Ep 
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Example 2.5 
Find the expectation value of the potential energy in the mth stationary state of the harmonic 
oscillator. 


Solution: 


| | ‘ae 
(V} = (gmo 5) = zmo | Wx Wr, dx. 


There’s a beautiful device for evaluating integrals of this kind (involving powers of x or p): Use the 


definition (Equation 2.48) to express x and p in terms of the raising and lowering operators: 


oe h £ 28 Biv fume ,.. p 
= (â +â-); p=i,/ J (â, —d_). 


(2.70) 





In this example we are interested in yë: 


7 h = wa a ere, es minniy igs 4 7 
x = =e | (4+) + (á å) ae (a_a+) A (a_) | | 





Aes Pe ee = g Swe 4 ga 
V} = val | yr | (a4) TA (a,a_) rA (a_ay) + (a_ ) | Wadx. 


But (a4 j w,, is (apart from normalization) y,,42, which is orthogonal to y,, and the same goes for 
(a_)’ Wn Which is proportional to yf, _2. So those terms drop out, and we can use Equation 2.66 to 
evaluate the remaining two: 

y he i wath : | 
A |= Ea p= o eT 5 
As it happens, the expectation value of the potential energy is exactly Aa/f the total (the other half, of 


course, is kinetic). This is a peculiarity of the harmonic oscillator, as we'll see later on (Problem 3.37). 


x Problem 2.10 
(a) Construct yf (x). 
(b) Sketch Wo, Wi, and yrs. 
(c) Check the orthogonality of Wo, y1, and Wa, by explicit integration. Hinz: 
If you exploit the even-ness and odd-ness of the functions, there is really 


only one integral left to do. 


x Problem 2.11 
(a) Compute {x}. {p}, (x71, and | p°), for the states ro (Equation 2.60) and 
yr, (Equation 2.63), by explicit integration. Comment: In this and other 





problems involving the harmonic oscillator it simplifies matters if you 
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introduce the variable =,/mm/hx and the constant 
a = (mæ hi) fA. 

(b) Check the uncertainty principle for these states. 

(c) Compute {T } and {WV} for these states. (No new integration allowed!) Is 


their sum what you would expect? 


Problem 2.12 Find {x}, {p}, (x?\ | p°), and {T}, for the nth stationary state of 
the harmonic oscillator, using the method of Example 2.5. Check that the 


uncertainty principle is satisfied. 


Problem 2.13 A particle in the harmonic oscillator potential starts out in the state 


W (x, 0) = A[3Wo (x) + 41 œ). 

(a) Find 4. 

(b) Construct W (x, t} and |W (x, t)|?- Don’t get too excited if |Y (x, t)|- 
oscillates at exactly the classical frequency; what would it have been had I 
specified yr» (x), instead of wry (x)?! 

(c) Find (x} and {p}. Check that Ehrenfest’s theorem (Equation 1.38) holds, 
for this wave function. 


(d) If you measured the energy of this particle, what values might you get, 
and with what probabilities? 
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2.3.2 Analytic Method 


We return now to the Schrödinger equation for the harmonic oscillator, 


2 dy (2.71) 





and solve it directly, by the power series method. Things look a little cleaner if we introduce the dimensionless 


variable 


- [me (2.72) 
aes 


in terms of § the Schrödinger equation reads 


d? d'y (2.73) 
E =(-K)y, 
where K is the energy, in units of (1/2) few: 
2E (2.74) 


kK = : 
hin 


Our problem is to solve Equation 2.73, and in the process obtain the “allowed” values of K (and hence of E}. 





To begin with, note that at very large & (which is to say, at very large x), z completely dominates over 


the constant K, so in this regime 


d? š (2.75) 





which has the approximate solution (check it!) 


Ww (é) = Ae /? — Bet® 2, (2.76) 


The B term is clearly not normalizable (it blows up as |x| —+ 90); the physically acceptable solutions, then, 


have the asymptotic form 


W (E) > (Je 2, at large £. (2.77) 
This suggests that we “peel off” the exponential part, 

WE) = hEei, (2.78) 
in hopes that what remains, h (£), has a simpler functional form than W (E) itself.* Differentiating Equation 
2.78, 

d “dl F 

dy — (= afi h a {2 

dg \dé 
and 
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d > dh 219 


+ (E? — Dh) eo, 


— 9 
dE? 5 


dg? dé 








so the Schrédinger equation (Equation 2.73) becomes 











d*} di (2.79) 
“E AED. 
dE+ dé 
I propose to look for solutions to Equation 2.79 in the form of power series in &:33 
: i : (2.80) 
h(€é)=ao+ aii + mé" +- > ajl. 
j=0 
Differentiating the series term by term, 
dh = 
T 2a + 3a38° +- = 2da”, 
and 
d°h 3 =E wee i 
gez = 22 t2- 3a3 +3 dag +. - = YG FED G+ Dajpe!. 
| j=0 
Putting these into Equation 2.80, we find 
oo | (2.81) 
XO [G+D Gi +2) aj42 —2jaj + (K — I) aj] é/ =0. 
J=0 


It follows (from the uniqueness of power series expansions ) that the coefficient of each power of & must 


vanish, 
(G+ DG +2)aj42 —2jaj + (K — Iba; =9, 
and hence that 


GEI- (2.82) 


This recursion formula is entirely equivalent to the Schrödinger equation. Starting with ag, it generates 


all the even-numbered coefficients: 


(1 — K) (5 — K) (a. Re) 
gS a, AS ae aS OCS 


7 p Sn 74 iia 


and starting with a], it generates the odd coefficients: 


(3— K) (7 — K) (7 — K) (B3 -— K) 
—— aj, a5 = ay = ——_——__@.. 


20° 120 


We write the complete solution as 


h (E) = heven (E) + Noda (E). (2.83) 
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where 


heven (ÉE) = ap +tmé? tagt te. 


is an even function of €, built on aù, and 


hoad (E) = aë + a3&° + as& +- 


is an odd function, built on 4]. Thus Equation 2.82 determines h (£) in terms of two arbitrary constants {ap 
and a, )—which is just what we would expect, for a second-order differential equation. 
However, not all the solutions so obtained are normalizable. For at very large j, the recursion formula 


becomes (approximately) 


all 


Ti 


with the (approximate) solution 


= C 


for some constant C, and this yields (at large &, where the higher powers dominate) 





A b a ae ia an 
h Gwe ga EELT ee Oa 


Now, if 4 goes like exp (ë Py then yy (remember y?—that’s what were trying to calculate) goes like 
exp (é a 2) (Equation 2.78), which is precisely the asymptotic behavior we didn’t want. There is only one 





way to wiggle out of this: For normalizable solutions the power series must terminate. There must occur some 
“highest” 7 (call it m), such that the recursion formula spits out a,43 = 0 (this will truncate either the series 
heyen or the series Modd; the other one must be zero from the start: a; = Oif n is even, and ay = Oif 7 is odd). 


For physically acceptable solutions, then, Equation 2.82 requires that 


K =2n-+ 1, 
for some positive integer n, which is to say (referring to Equation 2.74) that the energy must be 


| | | (2.84) 
ES in ats he, form =—0,1,2,.... 


Thus we recover, by a completely different method, the fundamental quantization condition we found 
algebraically in Equation 2.62. 

It seems at first rather surprising that the quantization of energy should emerge from a technical detail in 
the power series solution to the Schrödinger equation, but lets look at it from a different perspective. 
Equation 2.71 has solutions, of course, for any value of E (in fact, it has zwo linearly independent solutions for 
every E}. But almost all of these solutions blow up exponentially at large x, and hence are not normalizable. 
Imagine, for example, using an E that is slightly /ess than one of the allowed values (say, 0.49/w), and 
plotting the solution: Figure 2.6(a). Now try an E slightly /arger (say, 0.51 he); the “tail” now blows up in the 
other direction (Figure 2.6(b)). As you tweak the parameter in tiny increments from 0.49 to 0.51, the graph 
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“flips over” at precisely the value 0.5—only here does the solution escape the exponential asymptotic growth 


that renders it physically unacceptable. 





Figure 2.6: Solutions to the Schrödinger equation for (a) E = 0.49ħw, and (b) F = 0.51 hw. 


For the allowed values of K, the recursion formula reads 


—2(n— j) (2.85) 


MEL S= ape, a f- 
i (fj +1) (7 +2) °° 


If n = Q, there is only one term in the series (we must pick aj = 0 to kill hoda, and j = 0 in Equation 2.85 
yields ay = 0): 


ho (€) = ao, 


and hence 


Wo (E) = age * /? 


(which, apart from the normalization, reproduces Equation 2.60). For n = | we take ag = 0,24 and Equation 


2.85 with j = | yields az = 0, so 


hy (E) = ağ, 
and hence 


fi 


wi (E) = ajte! Ā 
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(confirming Equation 2.63). For n = 2, j = Oyields a7 = —2ag, and j = 2 gives a4 = 0, so 


ha (E) = ao (1 — 267), 


and 


Wo (E) = ag (1 = 2%?) are, 


and so on. (Compare Problem 2.10, where this last result was obtained by algebraic means). 





In general, htp (E) will be a polynomial of degree n in & involving even powers only, if n is an even 
integer, and odd powers only, if n is an odd integer. Apart from the overall factor («pg or a) they are the so- 
called Hermite polynomials, H„ (&).°° The first few of them are listed in Table 2.1. By tradition, the arbitrary 
multiplicative factor is chosen so that the coefficient of the highest power of € is 2". With this convention, the 


normalized=2 stationary states for the harmonic oscillator are 


mælst ] 2 9 (2.86) 
Re Woes ee | jE? /2 
Wn (x) = a aaa (E) é 


They are identical (of course) to the ones we obtained algebraically in Equation 2.68. 


Table 2.1: The first few Hermite polynomials, H, (E). 


Hy = l, 
Hy = 2E, 
Hy = 47-2, 


H = BEF — 13, 
Hy = 1684 — 4882 + 12, 
Hs = 32&° — 1608 + 1208. 





In Figure 2.7(a) I have plotted w,, (x) for the first few ns. The quantum oscillator is strikingly different 
from its classical counterpart—not only are the energies quantized, but the position distributions have some 
bizarre features. For instance, the probability of finding the particle outside the classically allowed range (that 


is, with x greater than the classical amplitude for the energy in question) is noż zero (see Problem 2.14), and in 





all odd states the probability of finding the particle at the center is zero. Only at large n do we begin to see 
some resemblance to the classical case. In Figure 2.7(b) I have superimposed the classical position distribution 
(Problem 1.11) on the quantum one (for n = 60); if you smoothed out the bumps, the two would fit pretty 


well. 
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(a) 





(b) 


Pal? 0.24, 


0.20 | 





0.16. 


Mi MA (i 
| | | | i il Hi | 


Figure 2.7: (a) The first four stationary states of the harmonic oscillator. (b) Graph of luren|*) with the 


0.04 | 





0.0) 
x 


classical distribution (dashed curve) superimposed. 


Problem 2.14 In the ground state of the harmonic oscillator, what is the 
probability (correct to three significant digits) of finding the particle outside the 
classically allowed region? Hint: Classically, the energy of an oscillator is 
E = (1/2) ka? = (1/2) mw*a?, where a is the amplitude. So the “classically 
allowed region” for an oscillator of energy E extends from — J2E/mor to 
4 J2E/mor . Look in a math table under “Normal Distribution” or “Error 


Function” for the numerical value of the integral, or evaluate it by computer. 
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Problem 2.15 Use the recursion formula (Equation 2.85) to work out Hs (€) and 
Hg (£). Invoke the convention that the coefficient of the highest power of § is 3” 


to fix the overall constant. 


KK Problem 2.16 In this problem we explore some of the more useful theorems 
(stated without proof) involving Hermite polynomials. 


(a) The Rodrigues formula says that 


-2 d i ? 
Ween ace H $ LE 


Use it to derive H; and H4. 


(2.87) 


(b) The following recursion relation gives you H,+| in terms of the two 


preceding Hermite polynomials: 


Ay +1 (&) = 2§ Hy (&) — 2n Hy) (&). (2.88) 


Use it, together with your answer in (a), to obtain Hs and Hg. 
(c) If you differentiate an mth-order polynomial, you get a polynomial of 
order {n — l). For the Hermite polynomials, in fact, 
dH l 
TE = 2nH,_) (É). 
Check this, by differentiating H5 and Hg. 
(d) H, (&) is the mth z-derivative, at z = 0, of the generating function 


(2.89) 


exp (— z“ 4 22k ); or, to put it another way, it is the coefficient of z” /n! 


in the Taylor series expansion for this function: 


MEG ue af | (2.90) 
pros _ La (Ej. 
H= 


Use this to obtain Hj, H>, and H3. 
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2.4 The Free Particle 


We turn next to what should have been the simplest case of all: the free particle (V (x) = 0 everywhere). 
Classically this would just be motion at constant velocity, but in quantum mechanics the problem is 


surprisingly subtle. The time-independent Schrédinger equation reads 











h2 d7 Wr = (2.91) 
ee = E 
2m dx? ? 
or 
d7 ur $ v 2mE (2.92) 
ie k“, where k= a” 
dx- ‘i 


So far, it’s the same as inside the infinite square well (Equation 2.24), where the potential is also zero; this 





time, however, I prefer to write the general solution in exponential form (instead of sines and cosines), for 


reasons that will appear in due course: 


yr (x) = Ae + Be, (2.93) 


Unlike the infinite square well, there are no boundary conditions to restrict the possible values of & (and hence 
of E); the free particle can carry any (positive) energy. Tacking on the standard time dependence, 
exp (—iEtr/h), 


hk, hk 


wig) = pie ) n na Bieri) (2.94) 


Now, any function of x and ¢ that depends on these variables in the special combination (x + ur) (for 
some constant v) represents a wave of unchanging shape, traveling in the + X-direction at speed v: A fixed 
point on the waveform (for example, a maximum or a minimum) corresponds to a fixed value of the argument, 


and hence to x and ¢ such that 
x +vt=constant, or x = Fut + constant. 


Since every point on the waveform moves with the same velocity, its shape doesn’t change as it propagates. 
Thus the first term in Equation 2.94 represents a wave traveling to the right, and the second represents a wave 
(of the same energy) going to the /eft. By the way, since they only differ by the sign in front of k, we might as 
well write 


wile.) geile Se") (2.95) 
k(x, t) = Ae : 


and let £ run negative to cover the case of waves traveling to the left: 


V2mE with k>0= traveling to the right, (2.96) 
x ri 
2 k <0 = traveling to the left. 





Evidently the “stationary states” of the free particle are propagating waves; their wavelength is 4, = 2yr / |k], 


and, according to the de Broglie formula (Equation 1.39), they carry momentum 
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p =hik. (2.97) 


The speed of these waves (the coefficient of ¢ over the coefficient of x } is 


hi \k| TE (2.98) 


Uguantum = a~ — . 
q 2m V 2m 


On the other hand, the classical speed of a free particle with energy E is given by F = (] /2)m y= (pure 
kinetic, since ¥ = Q), so 


DE (2.99) 


Uclassical = y — = 2Uguantum - 
Fit 


Apparently the quantum mechanical wave function travels at a/f the speed of the particle it is supposed to 
represent! We'll return to this paradox in a moment—there is an even more serious problem we need to 


confront first: This wave function is not normalizable: 


+o p+ l (2.100) 
| Wi Wpdx = AP | dx = |A|? (co). 
L$ — oo 


Cx 


In the case of the free particle, then, the separable solutions do not represent physically realizable states. A free 
particle cannot exist in a stationary state; or, to put it another way, there is no such thing as a free particle with a 
definite energy. 

But that doesn’t mean the separable solutions are of no use to us. For they play a mathematical role that is 
entirely independent of their physical interpretation: The general solution to the time-dependent Schrödinger 
equation is still a linear combination of separable solutions (only this time it’s an integral over the continuous 


variable Å, instead of a sum over the discrete index n}: 


(2.101) 


a ikr- k= 1 
Wx, j= == | (ke "m aK, 
wt J—oo 





(The quantity | / ,/ 2m is factored out for convenience; what plays the role of the coefficient €n in Equation 


2.17 is the combination (1/ r ) p(k )\dk.) Now this wave function can be normalized (for appropriate 
@(k)). But it necessarily carries a range of ks, and hence a range of energies and speeds. We call it a wave 
packet. 

In the generic quantum problem, we are given Y (x, 0), and we are asked to find P {x,t}. For a free 


particle the solution takes the form of Equation 2.101; the only question is how to determine @(k) so as to 





match the initial wave function: 


1 pto a 
y (xX. 0) zan al ikje’ * dk. 
Paes i — 5 


This is a classic problem in Fourier analysis; the answer is provided by Plancherel’s theorem (see Problem 


2.19): 


(2.102) 


y (2.103) 


oo 
Fike dk e F(k) 


l l 
I= SF J. 
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F {k} is called the Fourier transform of f (x); f (x) is the inverse Fourier transform of F(k) (the only 
difference is the sign in the exponent). There is, of course, some restriction on the allowable functions: The 
integrals have to exist.* For our purposes this is guaranteed by the physical requirement that W (x, 0) itself be 


normalized. So the solution to the generic quantum problem, for the free particle, is Equation 2.101, with 























: = ' (2.104) 
dik) = =] Wix, 0) e™™ dx. 
af 20 J—oo 
Example 2.6 
A free particle, which is initially localized in the range — a < x < a, is released at time ¢ = Q: 
A, —aq<Nx<a, 
WY (x,0) E Si | 
0, otherwise, 
where 4 and a are positive real constants. Find W (x, t). 
Solution: First we need to normalize W (x, 0): 
t= fe. Par=laP [dv = 201A? > A= 
= x, O)| dx = |A|“ x = 2a |A| > A =. 

—oo —t ' 2a 

Next we calculate @(k), using Equation 2.104: 
| | ra TS | ea ikx a 
P(K) = — | ek dy = = 
af 2 /2a dea 2/ma ik |a 

4 eika — e—a 1 sin(ka) 

— kdna 2i = ana k ` 
Finally, we plug this back into Equation 2.101: 

(2.105) 











l oo SiE k ilkr— RE ; 
TEDE = | sin ( my (x. ce t) ak. 
my 2a 


Unfortunately, this integral cannot be solved in terms of elementary functions, though it can of course 


ee W 


be evaluated numerically (Figure 2.8). (There are, in fact, precious few cases in which the integral for 
W (x,t) (Equation 2.101) can be carried out explicitly; see Problem 2.21 for a particularly beautiful 


example.) 


Ll | ix, t) | z 
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Figure 2.8: Graph of |w (x, r)| 2 (Equation 2.105) at ¢ — O (the rectangle) and at ¢ = ma? ih (the 


curve). 


In Figure 2.9 I have plotted ¥ (x, 0) and @(k). Note that for small a, W (x, 0) is narrow (in x), while 
@(k) is broad (in k}, and vice versa for large a. But & is related to momentum, by Equation 2.97, so 
this is a manifestation of the uncertainty principle: the position can be well defined (small a), or the 


momentum (large a}, but not both. 


(a) ih) 


@(k) 





=C | df x 


Figure 2.9: (a) Graph of ¥ (x, 0). (b) Graph of (k). 


I return now to the paradox noted earlier: the fact that the separable solution Y;(x,f) travels at the 
“wrong” speed for the particle it ostensibly represents. Strictly speaking, the problem evaporated when we 
discovered that Wy is not a physically realizable state. Nevertheless, it is of interest to figure out how 
information about the particle velocity is contained in the wave function (Equation 2.101). The essential idea 
is this: A wave packet is a superposition of sinusoidal functions whose amplitude is modulated by Ọ 
(Figure 2.10); it consists of “ripples” contained within an “envelope.” What corresponds to the particle velocity 
is not the speed of the individual ripples (the so-called phase velocity), but rather the speed of the envelope 
(the group velocity)—which, depending on the nature of the waves, can be greater than, less than, or equal to, 
the velocity of the ripples that go to make it up. For waves on a string, the group velocity is the same as the 
phase velocity. For water waves it is one-half the phase velocity, as you may have noticed when you toss a rock 
into a pond (if you concentrate on a particular ripple, you will see it build up from the rear, move forward 
through the group, and fade away at the front, while the group as a whole propagates out at half that speed). 
What I need to show is that for the wave function of a free particle in quantum mechanics the group velocity 


is wice the phase velocity—just right to match the classical particle speed. 
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Figure 2.10: A wave packet. The “envelope” travels at the group velocity; the “ripples” travel at the phase 


velocity. 


The problem, then, is to determine the group velocity of a wave packet with the generic form 


oi a (2.106) 
p(kye dk. 


| +00 
W(x, t} = =| 
at l — 5 


In our case @ = (hk? /2m), but what I have to say now applies to any kind of wave packet, regardless of its 
dispersion relation (the formula for @ as a function of k}. Let us assume that @(k) is narrowly peaked about 
some particular value ky. (There is nothing i//ega/ about a broad spread in 4, but such wave packets change 
shape rapidly—different components travel at different speeds, so the whole notion of a “group,” with a well- 
defined velocity, loses its meaning.) Since the integrand is negligible except in the vicinity of kg, we may as 


well T'aylor-expand the function «(k) about that point, and keep only the leading terms: 


w(k) = wo +wp (k — ko). 


where wp is the derivative of W with respect to 4, at the point ko. 
Changing variables from £ to s = k — ky (to center the integral at ky), we have 
ging 0 8 0 
l Ei Peas acri (2.107) 
Wix.t) = —— bí ko +5) pi lko+s \X—(ay +e, 8 )t ds 


fim J—oo 


l siea lO iea 
= ———g' ox—ant) | pliko + s) e2) ds. 
af AN J —00 


The term in front is a sinusoidal wave (the “ripples”), traveling at speed ég / kg. It is modulated by the integral 
(the “envelope”), which is a function of x — wt, and therefore propagates at the speed wyp Thus the phase 
velocity is 


a, (2.108) 
Uphase = T’ 


while the group velocity is 


daw (2.109) 
Vsroup = ab 


(both of them evaluated at k = ko). 


In our case, @ = (hk? /2m), so w/k = (hk/2m), whereas dw/dk = (hk /m), which is twice as great. 


This confirms that the group velocity of the wave packet matches the classical particle velocity: 


Uclassical = Ugroup = 2Uphase - (2.110) 


x Problem 2.17 Show that [Aet -— Bet] and [C cos kx + D sin kx] are 
equivalent ways of writing the same function of x, and determine the constants C 
and D in terms of 4 and B, and vice versa. Comment: In quantum mechanics, 
when ¥ = Q, the exponentials represent zraveling waves, and are most convenient 
in discussing the free particle, whereas sines and cosines correspond to standing 


waves, which arise naturally in the case of the infinite square well. 
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Problem 2.18 Find the probability current, J (Problem 1.14) for the free particle 
wave function Equation 2.95. Which direction does the probability flow? 


ok Problem 2.19 This problem is designed to guide you through a “proof” of 
Plancherel’s theorem, by starting with the theory of ordinary Fourier series on a 

finite interval, and allowing that interval to expand to infinity. 
(a) Dirichlets theorem says that “any” function f (x) on the interval 


|—a, +a] can be expanded as a Fourier series: 


B= y fan a (a RG ig] | 


tl a 
n=O 








Show that this can be written equivalently as 


f (x) = cs Cn giNtx/a 
n= 00 
What is En, in terms of Gy and bp? 
(b) Show (by appropriate modification of Fourier’s trick) that 


| pte 


y PNK 
Cn = > fi(xje Max. 


—él 


(c) Eliminate n and €n in favor of the new variables k = (nma) and 


F(k) = y 2/3 acy. Show that (a) and (b) now become 


| Go £ 
da Vv 2m Z, s af LI J-a 


where Ak is the increment in Å from one 7 to the next. 


| | +a 








f(x) edx, 


(d) Take the limit a —> © to obtain Plancherel’s theorem. Comment: In view 
of their quite different origins, it is surprising (and delightful) that the 
two formulas—one for F(k) in terms of f (x), the other for f (x) in 


terms of F (k)}—have such a similar structure in the limit a — œa. 


Problem 2.20 A free particle has the initial wave function 


Y (x, 0) = Ae 7, 
where 4 and a are positive real constants. 
(a) Normalize ¥ (x, 0). 
(b) Find @(k). 
(c) Construct W (x, £), in the form of an integral. 


(d) Discuss the limiting cases {a very large, and a very small). 
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Problem 2.21 The gaussian wave packet. A free particle has the initial wave 


function 


W (x,0) = Aew™, 


where 4 and a are (real and positive) constants. 
(a) Normalize ¥ (x, 0). 
(b) Find ¥ (x, t). Hint: Integrals of the form 


+00 p i 
| = (ax EEK | dx 


CKI 


can be handled by “completing the square”: Let y = ./a [x + (b /2a)|, 
and note that (a x? 4+ bx) = y“ — (b*/ 4a). Answer: 


: | 4 
la THIS ——— SSE 
W (x,t) = (=) —e@ "IY where y =Ẹy 1+ (Qihat/m). 
T y 


(2.111) 
(c) Find|w (x,t) 2. Express your answer in terms of the quantity 


w= ya / [1 + (Qhat /m y] $ 


Sketch | w| (as a function of x) at ¢ = 0, and again for some very large ż. 
Qualitatively, what happens to|w |?, as time goes on? 

(d) Find (x), {p}. (x7\ ; | p“) ,a,, and Fp. Partial answer: p“) = aħ*, but 
it may take some algebra to reduce it to this simple form. 

(e) Does the uncertainty principle hold? At what time ¢ does the system come 


closest to the uncertainty limit? 
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2.5 The Delta-Function Potential 


81 


www.urdukutabkhanapk.blogspot.com 


2.5.1 Bound States and Scattering States 


We have encountered two very different kinds of solutions to the time-independent Schrodinger equation: 
For the infinite square well and the harmonic oscillator they are normalizable, and labeled by a discrete index n; 
for the free particle they are non-normalizable, and labeled by a continuous variable k. The former represent 
physically realizable states in their own right, the latter do not; but in both cases the general solution to the 
time-dependent Schrodinger equation is a linear combination of stationary states—for the first type this 
combination takes the form of a sum (over n}, whereas for the second it is an integral (over k}. What is the 
physical significance of this distinction? 

In classical mechanics a one-dimensional time-independent potential can give rise to two rather different 
kinds of motion. If V (x) rises higher than the particle’s total energy {E} on either side (Figure 2.11(a)), then 
the particle is “stuck” in the potential well—it rocks back and forth between the turning points, but it cannot 
escape (unless, of course, you provide it with a source of extra energy, such as a motor, but we’re not talking 
about that). We call this a bound state. If, on the other hand, £ exceeds V (x) on one side (or both), then the 
particle comes in from “infinity,” slows down or speeds up under the influence of the potential, and returns to 
infinity (Figure 2.11(b)). (It can’t get trapped in the potential unless there is some mechanism, such as 
friction, to dissipate energy, but again, we’re not talking about that.) We call this a scattering state. Some 
potentials admit only bound states (for instance, the harmonic oscillator); some allow only scattering states (a 
potential hill with no dips in it, for example); some permit both kinds, depending on the energy of the 


particle. 
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Figure 2.11: (a) A bound state. (b) Scattering states. (c) A classical bound state, but a quantum scattering state. 


The two kinds of solutions to the Schrödinger equation correspond precisely to bound and scattering 
states. The distinction is even cleaner in the quantum domain, because the phenomenon of tunneling (which 
we'll come to shortly) allows the particle to “leak” through any finite potential barrier, so the only thing that 
matters is the potential at infinity (Figure 2.11(c)): 


E < V (—oo) and V (+00) = bound state, (2.112) 
E > V(—oo) or V (+0) = scattering state. 


In real life most potentials go to zero at infinity, in which case the criterion simplifies even further: 


E <0 = bound state, (2.113) 
E >0 => scattering state. 


Because the infinite square well and harmonic oscillator potentials go to infinity as x — +o, they admit 


bound states only; because the free particle potential is zero everywhere, it only allows scattering states.* In 
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this section (and the following one) we shall explore potentials that support both kinds of states. 
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2.5.2 The Delta-Function Well 


The Dirac delta function is an infinitely high, infinitesimally narrow spike at the origin, whose area is 1 


(Figure 2.12): 


anew. | BER SED a oe (2.114) 
50) = | a a l. with h ô (x}dx = 1. 


Technically, it isn’t a function at all, since it is not finite at y = Q (mathematicians call it a generalized 
function, or distribution)“ Nevertheless, it is an extremely useful construct in theoretical physics. (For 
example, in electrodynamics the charge density of a point charge is a delta function.) Notice that å{x — a) 
would be a spike of area 1 at the point a. If you multiply (2 — a) by an ordinary function f(X), it’s the same 
as multiplying by f (a), 


f (x) d(x — a) = f (a) d(x — a), (2.115) 


because the product is zero anyway except at the point a. In particular, 


+00 » +90 (2.116) 
f (x) d(x — adx = f w f d(x — adx = f (a). 


=o ORD 


That’s the most important property of the delta function: Under the integral sign it serves to “pick out” the 
value of f (x) at the point a. (Of course, the integral need not go from — © to + ög; all that matters is that 


the domain of integration include the point a, so a — € to a + € would do, for any e = ().) 


ox) 





X 


Figure 2.12: The Dirac delta function (Equation 2.114). 
Let’s consider a potential of the form 
V (x) = —a@d (x), (2.117) 


where A is some positive constant. This is an artificial potential, to be sure (so was the infinite square well), 
but it’s delightfully simple to work with, and illuminates the basic theory with a minimum of analytical clutter. 


The Schrédinger equation for the delta-function well reads 


h2 de ur (2.118) 





it yields both bound states (E = ()) and scattering states (E = 0). 
We'll look first at the bound states. In the region x = 0, V (x) = Ü, so 
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daw mE 3 (2.119) 
y ; 


y —2mE (2.120) 


(E is negative, by assumption, so K is real and positive.) The general solution to Equation 2.119 is 

w(x) = Ae “* + Be™, (2.121) 
but the first term blows up as x —> —0©, so we must choose 4 = Q: 

W (x)= Be*, (xD). (2:122) 


In the region x > 0, V (x) is again zero, and the general solution is of the form F exp {—xx) + G exp (kx) 


; this time it’s the second term that blows up (as x — +00), so 


Wizh=— Fe", @ =D). (2.123) 


It remains only to stitch these two functions together, using the appropriate boundary conditions at 


x = 0. I quoted earlier the standard boundary conditions for yr: 


(2.124) 


| l. is always continuous; 


2.dw/dx is continuous except at points where the potential is infinite. 





In this case the first boundary condition tells us that F = B , so 


| Be**, (x < 0) l (2.125) 


W (x) is plotted in Figure 2.13. The second boundary condition tells us nothing; this is (like the walls of the 
infinite square well) the exceptional case where V is infinite at the join, and it’s clear from the graph that this 
function has a kink at + = 0. Moreover, up to this point the delta function has not come into the story at all. 
It turns out that the delta function determines the discontinuity in the derivative of yr, at y — 0. Pll show you 


now how this works, and as a byproduct we'll see why dr /dx is ordinarily continuous. 


ox) 





Figure 2.13: Bound state wave function for the delta-function potential (Equation 2.125). 


The idea is to integrate the Schrödinger equation, from — € to + €, and then take the limit as e + Q: 
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—zdx + Vix)W(x)dx=—E , w(x) dx 


2m d-e dx“ wf ae 


K +e d? P tE (2.126) 


The first integral is nothing but dy /dx, evaluated at the two end points; the last integral is zero, in the limit 


€ — (), since it’s the area of a sliver with vanishing width and finite height. ‘Thus 


diy ` = fay au = 2M. OoOo 7 (2.127) 
A (——) = lim ( le — le )= dim FV) Wade. 
(a im (£ He- gy * F2 im | (x) Y (x)da 


Ordinarily, the limit on the right is again zero, and that’s why dyr/dx is ordinarily continuous. But when 
V(x) is infinite at the boundary, this argument fails. In particular, if V (x) = —a‘d (x), Equation 2.116 yields 


‘dw 2ma (2.128) 
es ae w 


For the case at hand (Equation 2.125), 





dy/dx = —Bre“*, for (x > 0), sodw/dx|, = —Bk, 
dy/dx = +Bee™, for (x <0), weddr/dx|. =+Bx, 
and hence A (dw /dx) =—2Bvr. And w (0) = B. So Equation 2.128 says 


ma (2.129) 


and the allowed energy (Equation 2.120) is 








hrr? mor (2.130) 


Finally, we normalize yr: 


DE cyl i [tie JB 
| lar (x)| dx = 2 BP f e «dy = — |. 
a () 


Oo K 





so (choosing the positive real root): 


(2.131) 


(2.132) 
yix) = 


y Ne —mea|x|/ he, 
——-¢ 
hi 





What about scattering states, with E > Q? For y = 0 the Schrödinger equation reads 


d7w 2m E 
2 On eee See — i | ; 
where 
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VIME (2.133) 
fi 





is real and positive. The general solution is 

iG) = Ad 4 Be. (2.134) 
and this time we cannot rule out either term, since neither of them blows up. Similarly, for x = 0, 

w(x) = Fei 4 Get, (2.135) 
The continuity of yy (x) at x = Q requires that 


F+G=—A+B. (2.136) 


The derivatives are 


dy/dx =ik(Fe* —Ge"""), for (x > 0), sodwW/dx|, =ik(F—G), 
dy/dx = ik (Ae’** — Be) ; for (x < 0), sodw/dx|_=ik(A—B), 


and hence A (dw/dx) =ik(F —G— A+B). Meanwhile, y (0) = (A + B), so the second boundary 
condition (Equation 2.128) says 


Ima (2.137) 


k= G-A i= A, 
z 





or, more compactly, 


ma (2.138) 
hk 





F-—G=A(14+2if)—B(1—2ip), where f = 


Having imposed both boundary conditions, we are left with two equations (Equations 2.136 and 2.138) 





in four unknowns (A, B, F, and G)—/ive, if you count &. Normalization won't help—this isn’t a normalizable 
state. Perhaps we'd better pause, then, and examine the physical significance of these various constants. Recall 
that exp(ikx) gives rise (when coupled with the wiggle factor exp(—iEt/h)) to a wave function 
propagating to the right, and exp (—ikx) leads to a wave propagating to the /eft. It follows that 4 (in 
Equation 2.134) is the amplitude of a wave coming in from the left, B is the amplitude of a wave returning to 
the left; F (Equation 2.135) is the amplitude of a wave traveling off to the right, and G is the amplitude of a 
wave coming in from the right (see Figure 2.14). In a typical scattering experiment particles are fired in from 
one direction—let’s say, from the left. In that case the amplitude of the wave coming in from the right will be 


Zero: 


G=0 (for scattering from the left); (2.139) 


A is the amplitude of the incident wave, B is the amplitude of the reflected wave, and F is the amplitude of 
the transmitted wave. Solving Equations 2.136 and 2.138 for B and F, we find 


ip oe (2.140) 
Lage n Tag 


(If you want to study scattering from the right, set 4 = (); then G is the incident amplitude, F is the reflected 








B= 


amplitude, and B is the transmitted amplitude.) 


88 


www.urdukutabkhanapk.blogspot.com 





Figure 2.14: Scattering from a delta function well. 


Now, the probability of finding the particle at a specified location is given by wl, so the relative“ 
probability that an incident particle will be reflected back is 


OIB B (2.141) 
JAP 1+ 62 





R is called the reflection coefficient. (If you have a beam of particles, it tells you the fraction of the incoming 
number that will bounce back.) Meanwhile, the probability that a particle will continue right on through is the 


transmission coefficient 


iy |F]? 7 | (2.142) 
JAF 148? 








Of course, the sum of these probabilities should be 1—and it is: 


R+4T=l. (2.143) 


Notice that R and T are functions of B, and hence (Equations 2.133 and 2.138) of E: 


i | (2.144) 
ka—an ifn 


| + (2 E/ma?) | + (mar /2hF E) 





The higher the energy, the greater the probability of transmission (which makes sense). 

This is all very tidy, but there is a sticky matter of principle that we cannot altogether ignore: These 
scattering wave functions are not normalizable, so they don’t actually represent possible particle states. We 
know the resolution to this problem: form normalizable linear combinations of the stationary states, just as we 
did for the free particle—true physical particles are represented by the resulting wave packets. Though 
straightforward in principle, this is a messy business in practice, and at this point it is best to turn the problem 
over to a computer. Meanwhile, since it is impossible to create a normalizable free-particle wave function 
without involving a range of energies, R and T should be interpreted as the approximate reflection and 
transmission probabilities for particles with energies in the vicinity of E. 

Incidentally, it might strike you as peculiar that we were able to analyze a quintessentially time- 
dependent problem (particle comes in, scatters off a potential, and flies off to infinity) using stationary states. 
After all, yy (in Equations 2.134 and 2.135) is simply a complex, time-independent, sinusoidal function, 
extending (with constant amplitude) to infinity in both directions. And yet, by imposing appropriate boundary 


conditions on this function we were able to determine the probability that a particle (represented by a /ocalized 
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wave packet) would bounce off, or pass through, the potential. The mathematical miracle behind this is, I 
suppose, the fact that by taking linear combinations of states spread over all space, and with essentially trivial 
time dependence, we can construct wave functions that are concentrated about a (moving) point, with quite 
elaborate behavior in time (see Problem 2.42). 

As long as we've got the relevant equations on the table, lets look briefly at the case of a delta-function 
barrier (Figure 2.15). Formally, all we have to do is change the sign of a. This kills the bound state, of course 
(Problem 2.2). On the other hand, the reflection and transmission coefficients, which depend only on g2, are 
unchanged. Strange to say, the particle is just as likely to pass through the barrier as to cross over the well! 
Classically, of course, a particle cannot make it over an infinitely high barrier, regardless of its energy. In fact, 
classical scattering problems are pretty dull: If E > Vmax, then T = | and R —(} the particle certainly 
makes it over; if E < Way then T = 0 and R = |—it rides up the hill until it runs out of steam, and then 
returns the same way it came. Quantum scattering problems are much richer: The particle has some nonzero 
probability of passing through the potential even if E < Vmax. We call this phenomenon tunneling; it is the 
mechanism that makes possible much of modern electronics—not to mention spectacular advances in 
microscopy. Conversely, even if E > Vmax there is a possibility that the particle will bounce back—though I 


wouldn’t advise driving off a cliff in the hope that quantum mechanics will save you (see Problem 2.35). 


i Vin = ohr) 





| 
—— 


Figure 2.15: The delta-function barrier. 


x Problem 2.22 Evaluate the following integrals: 
(a) E: (x> — 3x? at — 1) d(x + 2)dx. 
(b) i [cos (3x) + 2] d(x —am)dx. 
(c) ft! exp (|x| +3)d(x — 2)dx- 


x Problem 2.23 Delta functions live under integral signs, and two expressions 
(Dı (x) and D> (x)) involving delta functions are said to be equal if 
+00 +00 
f(x) Dı (x)dx = f (x) Do (x) dx, 
-00 -00 
for every (ordinary) function f (x). 
(a) Show that 
| (2.145) 
d(cx) = — å {x}, 
lel 
where c is a real constant. (Be sure to check the case where c is negative.) 


(b) Let # (x) be the step function: 
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x >, (2.146) 


(In the rare case where it actually matters, we define 6(()) to be 1/2.) 
Show that d@/dx = å (x). 


Problem 2.24 Check the uncertainty principle for the wave function in Equation 
2.132. Hint: Calculating | p“) can be tricky, because the derivative of yy has a step 
discontinuity at y = (). You may want to use the result in Problem 2.23(b). Partial 


I 


answer: | p“) = (ma /hy’. 


Problem 2.25 Check that the bound state of the delta-function well (Equation 
2.132) is orthogonal to the scattering states (Equations 2.134 and 2.135). 


Problem 2.26 What is the Fourier transform of {x}? Using Plancherel’s 


theorem, show that 


=. (2.147) 


Comment: This formula gives any respectable mathematician apoplexy. Although 
the integral is clearly infinite when x = Q, it doesn’t converge (to zero or anything 
else) when x + Q), since the integrand oscillates forever. ‘There are ways to patch it 
up (for instance, you can integrate from — L to + L, and interpret Equation 
2.147 to mean the average value of the finite integral, as L —> 00). The source of 
the problem is that the delta function doesn’t meet the requirement (square- 
integrability) for Plancherel’s theorem (see footnote 42). In spite of this, Equation 
2.147 can be extremely useful, if handled with care. 


Problem 2.27 Consider the double delta-function potential 


V (x) = —a@ [d(x +a) + 4(« — a)], 


where A and 4 are positive constants. 
(a) Sketch this potential. 
(b) How many bound states does it possess? Find the allowed energies, for 
g = h? /ma and for œ = fiz /4ma and sketch the wave functions. 
(c) What are the bound state energies in the limiting cases (i) g —+ ()and (ii) 
a —> 00 (holding a fixed)? Explain why your answers are reasonable, by 


comparison with the single delta-function well. 
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kK Problem 2.28 Find the transmission coefficient, for the potential in Problem 2.27. 
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2.6 The Finite Square Well 


As a last example, consider the finite square well 
(2.148) 


where Vo is a (positive) constant (Figure 2.16). Like the delta-function well, this potential admits both bound 


states (with E = 0) and scattering states (with E = 0). We'll look first at the bound states. 


Vix) 





Figure 2.16: The finite square well (Equation 2.148). 


In the region x < —a the potential is zero, so the Schrodinger equation reads 





mary = Ey, or ki =K", 
y 


2m dx? 





(2.149) 


where 


y —2mE 
h 
is real and positive. The general solution is yy (x) = A exp (—«x) + B exp (xx), but the first term blows up 


x 
IIl 


(as x —* —oo), so the physically admissible solution is 
(2.150) 


X =< —a). 


W(x) = Be", (x< 
Vp, and the Schrödinger equation reads 


In the region—a < x < a, V (x) 





h? d” d 
: : — Wow = Ew, or = = l W, 
dx“ 


ME Ea 
2m adx- 


where 
T ie (2.151) 
= - 
Although F is negative, for bound states, it must be greater than — Vp, by the old theorem E > Vmin 
(Problem 2.2); so Zis also real and positive. The general solution is” 
(2.152) 





W (x)= Csin (ix) + Dcos (ix), (~a <x <a), 
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where C and D are arbitrary constants. Finally, in the region x > a the potential is again zero; the general 
solution is Wf (x) = F exp (—«x) + G exp (xx), but the second term blows up (as x —> oo), so we are left 
with 


Ņ(x)= Fe™, (x ea): (2.153) 


The next step is to impose boundary conditions: yy and d dx continuous at — a and + a. But we can 
save a little time by noting that this potential is an even function, so we can assume with no loss of generality 
that the solutions are either even or odd (Problem 2.1(c)). The advantage of this is that we need only impose 
the boundary conditions on one side (say, at + a); the other side is then automatic, since W (—x) = +4 (x). 
Pll work out the even solutions; you get to do the odd ones in Problem 2.29. The cosine is even (and the sine 


is odd), so I’m looking for solutions of the form 


fe =, (x > a), (2.154) 
W (x)= { Dcos (ix), Wax ea. 
W (=x), (x < 0). 


The continuity of y (x), at x = a, says 
Fe™" = Dcos (la), (2.155) 
and the continuity of dw ‘dx says 


—« Fe ** = —IDsin (la). (2.156) 





Dividing Equation 2.156 by Equation 2.155, we find that 
K = / tan (la). (2.157) 


This is a formula for the allowed energies, since K and / are both functions of £. To solve for E, we first 


adopt some nicer notation: Let 


a -_ 
z=la, and 7 = avon Vo. (2.158) 
; 








According to Equations 2.149 and 2.151, (x —- i) = 2m Vo/ ht, so ka = ja — z*, and Equation 2.157 


reads 


j 5 2.159 
tan z = y (zo/z —1. 


This is a transcendental equation for z (and hence for E} as a function of Zo (which is a measure of the 
“size” of the well). It can be solved numerically, using a computer, or graphically, by plotting tan z and 
Vo {zy — | on the same grid, and looking for points of intersection (see Figure 2.17). Two limiting cases 
are of special interest: 

1. Wide, deep well. If 20 is very large (pushing the curve ff zy /z)* — 1 upward on the graph, and 


sliding the zero crossing, Z0, to the right) the intersections occur just slightly below z, = ny /2, with 
n odd; it follows (Equations 2.158 and 2.151) that 
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4% V9 
n n he 


Er + Vo = mGa)? 


fa 133: a}. 


(2.160) 


But E + Vo is the energy above the bottom of the well, and on the right side we have precisely the 


infinite square well energies, for a well of width 2g (see Equation 2.30)—or rather, half of them, since 


this n is odd. (The other ones, of course, come from the odd wave functions, as you'll discover in 


Problem 2.29.) So the finite square well goes over to the infinite square well, as Wg —> oc; however, 


for any finite Vo there are only a finite number of bound states. 


2. Shallow, narrow well. As 20) decreases, there are fewer and fewer bound states, until finally, for 


zo = m/2, only one remains. It is interesting to note, however, that there is always one bound state, no 


matter how “weak” the well becomes. 


tan = | 


| | | | 
| 


Pai 





m2? T 3/2 


y (oz j= | 


S2 z 


Figure 2.17: Graphical solution to Equation 2.159, for zy = & (even states). 





You're welcome to normalize yy (Equation 2.154), if you're interested (Problem 2.30), but I’m going to 








move on now to the scattering states (E > 0). To the left, where V (x) = 0, we have 


y(x) = Ae + Bet", for (x <—a}, 


where (as usual) 


/ 2mneE 
oO ào 





= 
lll 


Inside the well, where V (x) = — Vp, 
W (x) = Csin (lx) + Dcos (lx), 


where, as before, 


2m (E + Va) 
h 


Tgi 


for (-a <x <a), 


(2.161) 


(2.162) 


(2.163) 


(2.164) 


To the right, assuming there is no incoming wave in this region, we have 


y (x) = Fe’. 


(2.165) 


Here A is the incident amplitude, B is the reflected amplitude, and F is the transmitted amplitude. 


There are four boundary conditions: Continuity of yy (x) at — a says 


Ae" + Be'™ = —Csin (la) + Dcos (la), 
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continuity of d yr /dx at — a gives 


ik E ge Belk] — I [C cos (la) + D sin (la)] (2.167) 
continuity of W (x) at + a yields 

C sin (la) + Dcos (la) = Fe'™, (2.168) 
and continuity of dyr/dx at + a requires 

l [C cos (la) — D sin (la)] =ik Fe". (2.169) 


We can use two of these to eliminate C and D, and solve the remaining two for B and F (see Problem 2.32): 


sin (2la) ja 1» a 
=i APR) F. ( ) 
2kl 
eT2ika 4 (2.171) 
F -= a a aa 
cos (2la) — jee sin (2a) 
The transmission coefficient (T = |F| ad A |+), expressed in terms of the original variables, is given by 
y2 a, (2.172) 
gyal 0 iG [20 as Dae 
T =] eee —,/2m(E Vi i 
tero (VE >) 


Notice that T = | (the well becomes “transparent”) whenever the sine is zero, which is to say, when 


240 ————___ (2.173) 
= /2m (En + Vo) = nx, 
7 
where n is any integer. The energies for perfect transmission, then, are given by 
nom he (2.174) 


Eet "0 a 





which happen to be precisely the allowed energies for the infinite square well. T'is plotted in Figure 2.18, as a 


function of energy.” 





Figure 2.18: Transmission coefficient as a function of energy (Equation 2.172). 


x Problem 2.29 Analyze the odd bound state wave functions for the finite square 


well. Derive the transcendental equation for the allowed energies, and solve it 
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graphically. Examine the two limiting cases. Is there always an odd bound state? 


Problem 2.30 Normalize W (x) in Equation 2.154, to determine the constants D 
and F. 


Problem 2.31 The Dirac delta function can be thought of as the limiting case of a 
rectangle of area 1, as the height goes to infinity and the width goes to zero. Show 
that the delta-function well (Equation 2.117) is a “weak” potential (even though it 
is infinitely deep), in the sense that zy —+ 0. Determine the bound state energy 
for the delta-function potential, by treating it as the limit of a finite square well. 
Check that your answer is consistent with Equation 2.132. Also show that 
Equation 2.172 reduces to Equation 2.144 in the appropriate limit. 


Problem 2.32 Derive Equations 2.170 and 2.171. Hint: Use Equations 2.168 and 
2.169 to solve for C and D in terms of F: 


k T k = 
C= sin (la) + iy cos a) eF: D= cos (la) — i; sin (| a ol 


Plug these back into Equations 2.166 and 2.167. Obtain the transmission 


coefficient, and confirm Equation 2.172. 


Problem 2.33 Determine the transmission coefficient for a rectangular barrier 
(same as Equation 2.148, only with V (x)= +Vo>0 in the region 
— «a <x = a). Treat separately the three cases E =< Wo, E = Vp and E > Wy 
(note that the wave function inside the barrier is different in the three cases). 


Partial answer: for E <= Vy? 


7 


D V Ja Eo 
T = 1] + ru p" (= mv = E)) : 


Problem 2.34 Consider the “step” potential:23 


ls ts 


V(x) = | 


Vo, x > 


(a) Calculate the reflection coefficient, for the case E < Vo, and comment on 
the answer. 


(b) Calculate the reflection coefficient for the case E > Vp. 
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(c) For a potential (such as this one) that does not go back to zero to the 
right of the barrier, the transmission coefficient is noź simply | F |? lA É 
(with 4 the incident amplitude and F the transmitted amplitude), because 


the transmitted wave travels at a different speed. Show that 








JE — W |F|? (2.175) 
T = | 3 
VE jaf 


for E > Vp. Hint: You can figure it out using Equation 2.99, or—more 
elegantly, but less informatively—from the probability current (Problem 
2.18). What is T, for E =< Vo? 

(d) For E = Vo, calculate the transmission coefficient for the step potential, 


and check that T + R = 1. 


Problem 2.35 A particle of mass m and kinetic energy E > (Q approaches an 
abrupt potential drop Vp (Figure 2.19).>4 


L Vix) 





Figure 2.19: Scattering from a “cliff” (Problem 2.35). 


(a) What is the probability that it will “reflect” back, if E = Vg/3? Hint: 





This is just like Problem 2.34, except that the step now goes down, 
instead of up. 

(b) I drew the figure so as to make you think of a car approaching a cliff, but 
obviously the probability of “bouncing back” from the edge of a cliff is far 
smaller than what you got in (a)—unless you're Bugs Bunny. Explain why 
this potential does no¢ correctly represent a cliff. Hint: In Figure 2.20 the 
potential energy of the car drops discontinuously to — Vg, as it passes 
x = 0; would this be true for a falling car? 

(c) When a free neutron enters a nucleus, it experiences a sudden drop in 
potential energy, from ¥ =() outside to around — 1? MeV (million 
electron volts) inside. Suppose a neutron, emitted with kinetic energy 4 
MeV by a fission event, 
strikes such a nucleus. What is the probability it will be absorbed, thereby 
initiating another fission? Hinz: You calculated the probability of reflection 


98 


www.urdukutabkhanapk.blogspot.com 


in part (a); use T = | — R to get the probability of transmission through 


the surface. 


k Vix) 





Figure 2.20: The double square well (Problem 2.47). 
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Further Problems on Chapter 2 


Problem 2.36 Solve the time-independent Schrodinger equation with appropriate 
boundary conditions for the “centered” infinite square well: V (x) = 0 (for 
—a <x < +a), V (x) = œ (otherwise). Check that your allowed energies 


are consistent with mine (Equation 2.30), and confirm that your Ws can be 





obtained from mine (Equation 2.31) by the substitution x — (x +a) /2 
(and appropriate renormalization). Sketch your first three solutions, and 


compare Figure 2.2. Note that the width of the well is now ła. 


Problem 2.37 A particle in the infinite square well (Equation 2.22) has the initial 


wave function 


Yix,0) = A sin (mxfa} (O=<x =a). 


Determine 4, find ¥ (x. f}, and calculate {x}, as a function of time. What is 
the expectation value of the energy? Hint: sin” @ and cos" @ can be reduced, 


by repeated application of the trigonometric sum formulas, to linear 


Problem 2.38 
(a) Show that the wave function of a particle in the infinite square well 
returns to its original form after a quantum revival time T = 4ma? inh 
That is: ¥ (x, T) = W (x, 0) for any state (of just a stationary state). 
(b) What is the classical revival time, for a particle of energy E bouncing back 
and forth between the walls? 


(c) For what energy are the two revival times equal? 


Problem 2.39 In Problem 2.7(d) you got the expectation value of the energy by 
summing the series in Equation 2.21, but I warned you (in footnote 21) not to 
try it the “old fashioned way,” {H} = f Y (x, 0)* HW (x, 0) dx, because the 
discontinuous first derivative of W(x,Q) renders the second derivative 
problematic. Actually, you could have done it using integration by parts, but 
the Dirac delta function affords a much cleaner way to handle such anomalies. 
(a) Calculate the first derivative of Y (x, 0) (in Problem 2.7), and express the 
answer in terms of the step function, 6 (x — a/2), defined in Equation 
ZAAG. 

(b) Exploit the result of Problem 2.23(b) to write the second derivative of 
W (x, 0) in terms of the delta function. 

(c) Evaluate the integral f W (x, 0)” HW (x, 0) dx, and check that you get 


the same answer as before. 
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xx| Problem 2.40 A particle of mass m in the harmonic oscillator potential (Equation 


2.44) starts out in the state 


oe 
Yx, 0) =A ( =R <) p IRE, 


for some constant Á. 
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(a) Determine 4 and the coefficients €n in the expansion of this state in terms 
of the stationary states of the harmonic oscillator. 

(b) Ina measurement of the particle’s energy, what results could you get, and 
what are their probabilities? What is the expectation value of the energy? 


(c) Ata later time T the wave function is 


HOD w mt 
W(x, T)=B ( +2) = x) e ht 
i 





for some constant B. What is the smallest possible value of 7? 


Problem 2.41 Find the allowed energies of the half harmonic oscillator 


19y 22 x > 0, 
TTE y JMO X, X i 
. X ZU 


(This represents, for example, a spring that can be stretched, but not 
compressed.) Hint: This requires some careful thought, but very little actual 


calculation. 


kk Problem 2.42 In Problem 2.21 you analyzed the stationary gaussian free particle 
wave packet. Now solve the same problem for the zraveling gaussian wave 


packet, starting with the initial wave function 


Y (x, 0) = Ta d 


where / is a (real) constant. [Suggestion: In going from @(k) to V(x, f), 


change variables to 4, = & — | before doing the integral.] Partial answer: 


Fa l4 | a 
W(x t) = pry a (x—Ailr jim ) FY" gtlle—filt (2m ) 
: m y 
where y = „y l] 2iaht/m, as before. Notice that W (x, t} has the structure 
of a gaussian “envelope” modulating a traveling sinusoidal wave. What is the 


speed of the envelope? What is the speed of the traveling wave? 


** Problem 2.43 Solve the time-independent Schrodinger equation for a centered 


infinite square well with a delta-function barrier in the middle: 


A ad(x), —a <x = +a, 
V (x) = 
Oo, |x | > a. 
Treat the even and odd wave functions separately. Don’t bother to normalize 


them. Find the allowed energies (graphically, if necessary). How do they 


compare with the corresponding energies in the absence of the delta function? 
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Explain why the odd solutions are not affected by the delta function. 


Comment on the limiting cases y — () and@ — ov. 


Problem 2.44 If two (or more) distinct solutions to the (time-independent) 
Schrodinger equation have the same energy E, these states are said to be 
degenerate. For example, the free particle states are doubly degenerate—one 
solution representing motion to the right, and the other motion to the left. 
But we have never encountered normalizable degenerate solutions, and this is 
no accident. Prove the following theorem: In one dimension” 
(—o0 < x < 00) Mere are no degenerate bound states. | Hint: Suppose there are 
two solutions, yr} and y7, with the same energy E. Multiply the Schrodinger 
equation for yr} by yr, and the Schrodinger equation for yo by W1, and 
subtract, to show that (Yody /dx — yd wW2/dx) is a constant. Use the fact 
that for normalizable solutions yy — 0 at + ^o to demonstrate that this 
constant is in fact zero. Conclude that r? is a multiple of wv}, and hence that 


the two solutions are not distinct. | 


Problem 2.45 In this problem you will show that the number of nodes of the 
stationary states of a one-dimensional potential always increases with energy.2° 
Consider two (real, normalized) solutions (W, and Wp} to the time- 
independent Schrédinger equation (for a given potential V (x)), with energies 
Ecs Em 
(a) Show that 





d (dy AW, 2m | | 
EI ( e Wa — Wm Te) = A (Er Emn) nr 


(b) Let x] and x2 be two adjacent nodes of the function W, (x). Show that 


E a Fo | 2m cone f= 
We, (x2 Wr ( A} ) TE Wa ( X] ) Wi (x| ) = ra (En z Peni ) | Win Wa dx j 
l X] 


(c) If wW,, (x) has no nodes between x] and x2, then it must have the same 
sign everywhere in the interval. Show that (b) then leads to a 
contradiction. Therefore, between every pair of nodes of W (x). Wy (x) 
must have at least one node, and in particular the number of nodes 


increases with energy. 


Problem 2.46 Imagine a bead of mass m that slides frictionlessly around a circular 
wire ring of circumference L. (This is just like a free particle, except that 
w(x +L)=wW(x).) Find the stationary states (with appropriate 
normalization) and the corresponding allowed energies. Note that there are 
(with one exception) ¢#wo independent solutions for each energy E,,— 
corresponding to clockwise and counter-clockwise circulation; call them 
yr (x) and W7 (x). How do you account for this degeneracy, in view of the 


theorem in Problem 2.44 (why does the theorem fail, in this case)? 
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kki Problem 2.47 Attention: This is a strictly qualitative problem—no calculations 
allowed! Consider the “double square well” potential (Figure 2.20). Suppose 
the depth Vg and the width a are fixed, and large enough so that several bound 
states occur. 

(a) Sketch the ground state wave function W] and the first excited state Wa, (i) 
for the case p — Q, (ii) for þh œ% a, and (iii) for b “> a. 

(b) Qualitatively, how do the corresponding energies {E} and E>) vary, as b 
goes from 0 to o¢? Sketch FE) (b) and E>(b) on the same graph. 

(c) The double well is a very primitive one-dimensional model for the 
potential experienced by an electron in a diatomic molecule (the two wells 
represent the attractive force of the nuclei). If the nuclei are free to move, 
they will adopt the configuration of minimum energy. In view of your 
conclusions in (b), does the electron tend to draw the nuclei together, or 
push them apart? (Of course, there is also the internuclear repulsion to 


consider, but that’s a separate problem.) 


Problem 2.48 Consider a particle of mass m in the potential 


00 x =< O, 
F i f 7 
V (x)= 4 —-32h*/ma- O< x <a, 
0 x > a. 


(a) How many bound states are there? 
(b) In the highest-energy bound state, what is the probability that the particle 
would be found outside the well (x > a)? Answer: 0.542, so even though 


it is “bound” by the well, it is more likely to be found outside than inside! 


KK Problem 2.49 
(a) Show that 


may 1/4 ma > Xf ers iht TEE, | 
eS = = Cap - Phi G Th (1 ue ue) 1 ANE | 


satisfies the time-dependent Schrodinger equation for the harmonic 


Spo 





>| 


oscillator potential (Equation 2.44). Here xo is any real constant with the 
dimensions of length.” 

(b) Find|w (x, r) ee and describe the motion of the wave packet. 

(c) Compute {x} and {p} and check that Ehrenfest’s theorem (Equation 
1.38) is satisfied. 


*« | Problem 2.50 Consider the moving delta-function well: 
V (x,t) = —ad(x — vi), 


where v is the (constant) velocity of the well. 
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(a) Show that the time-dependent Schrödinger equation admits the exact 


solution 
= a MA ca eRe ole eee EA FT 
W (x,t) = y nol A a ifi E+{l/2ynv N mvx |; h 
hi 
where E = —ma* {2h is the bound-state energy of the stationary delta 


function. Hint: Plug it in and check it! Use the result of Problem 2.23(b). 
(b) Find the expectation value of the Hamiltonian in this state, and comment 


on the result. 


xx] Problem 2.51 Free fall. Show that 


| | a mat jf J= aA (2.176) 
PF (x, O = Pol x + = r) exp g a Xx+ gE 


satisfies the time-dependent Schrödinger equation for a particle in a uniform 


gravitational field, 
V (x) = mex, (2177) 


where Wolx, t) is the free gaussian wave packet (Equation 2.111). Find {x} as a 


function of time, and comment on the result. 


KK Problem 2.52 Consider the potential 





where a is a positive constant, and “sech” stands for the hyperbolic secant. 
(a) Graph this potential. 
(b) Check that this potential has the ground state 


Wo (x) = A sech(ax), 


and find its energy. Normalize Wg, and sketch its graph. 
(c) Show that the function 


t 
| 


ik —a a ik. 
oe hg 


Wk a) = A( <a 


(where k = ./2mE /h, as usual) solves the Schrödinger equation for any 
(positive) energy E. Since tanh z —> —] as z — — 09, 


Wy (x) = Ae’, for large negative x. 


This represents, then, a wave coming in from the left with no accompanying 
reflected wave (i.e. no term exp (—ikx)). What is the asymptotic form of 
Wy (x) at large positive x? What are R and T, for this potential? Comment: 
This is a famous example of a reflectionless potential—every incident particle, 


regardless its energy, passes right through. 
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Problem 2.53 The Scattering Matrix. The theory of scattering generalizes in a 
pretty obvious way to arbitrary localized potentials (Figure 2.21). To the left 
(Region I), V (x) = 0, so 


/ 2m E (2.178) 
Boo 





w(x) = Ae’ + Be", where k= 
To the right (Region III), V (x) is again zero, so 


y (x) = Fei™ of Geli. (2.179) 


In between (Region II), of course, I can’t tell you what y is until you specify 
the potential, but because the Schrodinger equation is a linear, second-order 


differential equation, the general solution has got to be of the form 


Y (x) = Cf (x) + Dg (x), 


where f(x) and g(x) are two linearly independent particular solutions. 


There will be four boundary conditions (two joining Regions I and II, and two 
joining Regions II and III). Two of these can be used to eliminate C and D, 
and the other two can be “solved” for B and Fin terms of 4 and G: 


B = $A + $pG, F = MA ++ Svc. 


The four coefficients 5;;, which depend on & (and hence on E), constitute a 
2 x 2 matrix S, called the scattering matrix (or S-matrix, for short). The s- 


matrix tells you the outgoing amplitudes (B and F) in terms of the incoming 


amplitudes (4 and G): 


(i za a S12 m (2.180) 
x) AS =) a): 


In the typical case of scattering from the left, G = Q, so the reflection and 


transmission coefficients are 


























B| i alf Carey 
Ri = — =(Sul’, n= — = [S21] 

Al? lg=0 |A|" lg=0 
For scattering from the right, 4 = 0, and 

FP i p _ BE 2 Co 
Rr = meg — |.$22]° 3 I; = A = S121" = 

IG|" la=o IG|" | 4=o 
(a) Construct the S-matrix for scattering from a delta-function well 


(Equation 2.117). 
(b) Construct the S-matrix for the finite square well (Equation 2.148). Hint: 
This requires no new work, if you carefully exploit the symmetry of the 


problem. 
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A pitt Vix) Fi TAK 





Region Í Region Il Region III 


Figure 2.21: Scattering from an arbitrary localized potential {V (x) = 0 
except in Region II); Problem 2.53. 


Kk Problem 2.54 The transfer matrix. The S-matrix (Problem 2.53) tells you the 
outgoing amplitudes { B and F} in terms of the incoming amplitudes (A and G) 
—Equation 2.180. For some purposes it is more convenient to work with the 
transfer matrix, |], which gives you the amplitudes to the right of the potential 
(F and G) in terms of those to the /eft (A and B}: 


F — [Mi Mp fA (2.183) 
G) \Ma Mn \BJ 


(a) Find the four elements of the M-matrix, in terms of the elements of the 
S-matrix, and vice versa. Express R;, Ti, R,, and T, (Equations 2.181 and 
2.182) in terms of elements of the /-matrix. 

(b) Suppose you have a potential consisting of two isolated pieces 
(Figure 2.22). Show that the /-matrix for the combination is the product 


of the two M-matrices for each section separately: 


M = MoM). (2.184) 


(This obviously generalizes to any number of pieces, and accounts for the 
usefulness of the M-matrix.) 
(c) Construct the M-matrix for scattering from a single delta-function 


potential at point a: 
V (x) = —a@d(x — a). 


(d) By the method of part (b), find the /-matrix for scattering from the 


double delta-function 


V (x) = —a@ [d(x +a) + 4(x —a)]. 


What is the transmission coefficient for this potential? 





M, M: x 


V=0 V=0 V=0 
Figure 2.22: A potential consisting of two isolated pieces (Problem 2.54). 
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Problem 2.55 Find the ground state energy of the harmonic oscillator, to five 
F) significant digits, by the “wag-the-dog” method. That is, solve Equation 2.73 
numerically, varying K until you get a wave function that goes to zero at large 


&. In Mathematica, appropriate input code would be 


Plot| 
Evaluatel 
u[x] /. 
NDSolvel 
{ur[x] -(x* - K)*u[x] == 0, u[0] == 1, w[0] == 0}, 
u[x], {x, 0, b} 


| 
I, 
{x, a, b}, PlotRange -> {c, d} 
] 
(Here (a, ) is the horizontal range of the graph, and (c, d} is the vertical 
range—start with a = 0, b = 10, c = —10,d = 10.) We know that the 
correct solution is K = Jn + |, so you might start with a “guess” of K = 0.9. 
Notice what the “tail” of the wave function does. Now try K = 1.1, and note 
that the tail flips over. Somewhere in between those values lies the correct 
solution. Zero in on it by bracketing K tighter and tighter. As you do so, you 


may want to adjust a, 4, c, and d, to zero in on the cross-over point. 


g 4 Ree Problem 2.56 Find the first three excited state energies (to five significant digits) 
for the harmonic oscillator, by wagging the dog (Problem 2.55). For the first 
(and third) excited state you will need to set u[0] == 0, u'[0] == 1.) 


ef 9 a Problem 2.57 Find the first four allowed energies (to five significant digits) for the 
infinite square well, by wagging the dog. Hint: Refer to Problem 2.55, making 





appropriate changes to the differential equation. This time the condition you 


are looking for is u (1) = 0. 


Problem 2.58 In a monovalent metal, one electron per atom is free to roam 
throughout the object. What holds such a material together—why doesn’t it 
simply fall apart into a pile of individual atoms? Evidently the energy of the 
composite structure must be /ess than the energy of the isolated atoms. This 
problem offers a crude but illuminating explanation for the cohesiveness of 
metals. 

(a) Estimate the energy of N isolated atoms, by treating each one as an 
electron in the ground state of an infinite square well of width a 
(Figure 2.23(a)). 

(b) When these atoms come together to form a metal, we get N electrons ina 
much larger infinite square well of width Na (Figure 2.23(b)). Because of 
the Pauli exclusion principle (which we will discuss in Chapter 5) there 


can only be one electron (two, if you include spin, but let’s ignore that) in 
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(c) 


(d) 


each allowed state. What is the lowest energy for this system 
(Figure 2.23(b))? 

The difference of these two energies is the cohesive energy of the metal— 
the energy it would take to tear it apart into isolated atoms. Find the 
cohesive energy per atom, in the limit of large N. 

Atypical atomic separation in a metal is a few Angstrom (say, a = 4 A). 
What is the numerical value of the cohesive energy per atom, in this 


model? (Measured values are in the range of 2—4 eV.) 


(UULL 








$$$ i u -H 


Figure 2.23 (a) N electrons in individual wells of width a. (b) N electrons in a 


single well of width Wa. 


exe Bok $ EN Problem 2.59 The “bouncing ball.” Suppose 


mgx, x0, (2.185) 


Vix) = 


(a) 


ARE 


(z) + zy(z) = €y(z) 


Od, x <= 0. 


Solve the (time-independent) Schrödinger equation for this potential. 


Hint: First convert it to dimensionless form: 


(2.186) 


by letting z = ax and y(z) = (1 / a) W (x) (the „ʻa is just so y (z) is 
normalized with respect to z when W {x} is normalized with respect to x) 
. What are the constants a and €? Actually, we might as well set q — [— 
this amounts to a convenient choice for the unit of length. Find the 
general solution to this equation (in Mathematica DSolve will do the 
job). The result is (of course) a linear combination of two (probably 
unfamiliar) functions. Plot each of them, for (—15 =< z < 5). One of 
them clearly does not go to zero at large z (more precisely, it’s not 
normalizable), so discard it. The allowed values of € (and hence of E} are 
determined by the condition W (0) = 0. Find the ground state €] 
numerically (in Mathematica FindRoot will do it), and also the 10th, €10. 


Obtain the corresponding normalization factors. Plot W1 (x) and Wio (x), 
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for Q = z < 16. Just as a check, confirm that yr) (x) and Wio (x) are 
orthogonal. 

(b) Find (numerically) the uncertainties Fx and Fp for these two states, and 
check that the uncertainty principle is obeyed. 

(c) The probability of finding the ball in the neighborhood dx of height x is 
(of course) Po (x) dx = |w (x) |2 dx. The nearest classical analog would 
be the fraction of ¢ime an elastically bouncing ball (with the same energy, 
E} spends in the neighborhood dx of height x (see Problem 1.11). Show 
that this is 


pc (x) dx = = ms $e: (2.187) 


E(E—mgx) 





or, in our units (with a = 1), 
) (2.188) 
Swellow) 


Plot Pg(x) and pe (x) for the state yg (x), on the range 


po {x} = 


() =< x =< 12.5; superimpose the graphs (Show, in Mathematica), and 


comment on the result. 
een Conf : x Problem 2.60 The] jx? potential. Suppose 


—ar/x?, x > ÙÜ, (2.189) 
V(x) = | 
00, xs 0. 


LA 


where d is some positive constant with the appropriate dimensions. We'd like 


to find the bound states—solutions to the time-independent Schrödinger 


equation 

h2 dow a (2.190) 
ET PS 

2m dx- y= 


with negative energy {E < 0). 

(a) Lers first go for the ground state energy, Ey. Prove, on dimensional 
grounds, that there is no possible formula for Ep no way to construct 
(from the available constants m, f, and œ} a quantity with the units of 
energy. Thats weird, but it gets worse .... 


(b) For convenience, rewrite Equation 2.190 as 








d? uy B Ima ./—2mE (2.191) 


7 + — W = K? Ww, where 8 = a — and « = 


a hi? h 
Show that if yr {x} satisfies this equation with energy E, then so too does 
W (Ax), with energy E' — 325, for any positive number 4. [This is a 
catastrophe: if there exists any solution at all, then there’s a solution for 


every (negative) energy! Unlike the square well, the harmonic oscillator, 
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and every other potential well we have encountered, there are no discrete 
allowed states—and no ground state. A system with no ground state—no 
lowest allowed energy—would be wildly unstable, cascading down to 
lower and lower levels, giving off an unlimited amount of energy as it 
falls. It might solve our energy problem, but we'd all be fried in the 
process.] Well, perhaps there simply are no solutions at all .... 

(c) (Use a computer for the remainder of this problem.) Show that 


Wye (x) = Ayx Kig (KX), (2.192) 


satisfies Equation 2.191 (here Ajg is the modified Bessel function of 
order ig, and g = / B — 1/4). Plot this function, for g = 4 (you might 
as well let œ = | for the graph; this just sets the scale of length). Notice 
that it goes to 0 as + —+ Q and as x —> œo. And it’s normalizable: 
determine 4.°° How about the old rule that the number of nodes counts 
the number of lower-energy states? This function has an infinite number 
of nodes, regardless of the energy (i.e. of k}. I guess that’s consistent, 
since for any E there are always an infinite number of states with even 
lower energy. 

(d) This potential confounds practically everything we have come to expect. 
The problem is that it blows up too violently as + —+ Q. If you move the 


“brick wall” over a hair, 


ax, x>e>QO, (2.193) 


V (x) = l 
Oo, x ™ €, 
its suddenly perfectly normal. Plot the ground state wave function, for 
g = and g = | (you'll first need to determine the appropriate value of 
K) from » =0 to y =. Notice that we have introduced a new 
parameter {€}, with the dimensions of length, so the argument in (a) is 


out the window. Show that the ground state energy takes the form 


cy 
Ep = “sat (P), C 


for some function fof the dimensionless quantity B. 


wee Genk Bas Problem 2.61 One way to obtain the allowed energies of a potential well 
numerically is to turn the Schrodinger equation into a matrix equation, by 
discretizing the variable x. Slice the relevant interval at evenly spaced points 
{x j l, with x31) — x; = Ax, and let Y; =v (x j) (likewise V; = V (x;)). 
Then 
dy Win Wj dy (Wa Y-a) O -2t 


dx Ax © dx? (Ax)? (Ax)? 
(2.195) 
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(The approximation presumably improves as Ax decreases.) The discretized 


Schrodinger equation reads 


re (= = Wi +Wi-l) yy — py (2.196) 
2m \. (Ax)? is f 
or 
l T : i hie 
AY ji oF (24 +V) ý; — ày- =£Y;, where )=——. 
l 2m (Ax)- 
(2.197) 
In matrix form, 
Hw — Fw (2.198) 
where (letting v; = V;/A) 
— | (2+ vj) —| 0 0) 
HSA 0 —| (2 +v) —| 0 
0 0 — | (2 + Vj4) ) —] 
“(2,199) 
and 
, (2.200) 
Wij 


(what goes in the upper left and lower right corners of H depends on the 
boundary conditions, as we shall see). Evidently the allowed energies are the 
eigenvalues of the matrix H (or would be, in the limit Ax — wpa 

Apply this method to the infinite square well. Chop the interval 
(0 = x < a)into N + | equal segments (so that Ax = a/(N + 1)), letting 
xy =O and *v+1 =a. The boundary conditions fix Wo = Wa.) = 0, 


leaving 


Wr / 


(a) Construct the N x N matrix H, for N = 1. N = 2, and N = 3. (Make 
sure you are correctly representing Equation 2.197 for the special cases 
fj = land j =N.) 

(b) Find the eigenvalues of H for these three cases “by hand,” and compare 
them with the exact allowed energies (Equation 2.30). 
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(c) Using a computer (Mathematica’s Eigenvalues package will do it) find 
the five lowest eigenvalues numerically for N = 10 and N = 100, and 
compare the exact energies. 

(d) Plot (by hand) the eigenvectors for N = |, 2, and 3, and (by computer, 
Eigenvectors) the first three eigenvectors for N = 10 and N = 100. 


xx -E $ EA Problem 2.62 Suppose the bottom of the infinite square well is not flat 
(V (x) = 0), but rather 


TXY hie 
V (x) = 500 VW sin (—) . where Vo = —. 
a? Jma“ 


Use the method of Problem 2.61 to find the three lowest allowed energies 


numerically, and plot the associated wave functions (use N = 100). 


Problem 2.63 The Boltzmann equation? 


| (2.202) 


ee 7 
Pas oe, Za) ao 
n) 7 é B 


gives the probability of finding a system in the state n (with energy E,,), at 

temperature T {kp is Boltzmann’s constant). Note: The probability here refers 

to the random thermal distribution, and has nothing to do with quantum 

indeterminacy. Quantum mechanics will only enter this problem through 

quantization of the energies Ep. 

(a) Show that the thermal average of the system’s energy can be written as 

E>) 6, P(n)= ee (Z). Oe) 

: OB 

(b) For a quantum simple harmonic oscillator the index 7 is the familiar 

quantum number, and E, = (n + 1/2) iw. Show that in this case the 


partition function Z is 


eo Bho /2 (2.204) 


£ = l N e—Bha 


You will need to sum a geometric series. Incidentally, for a classical simple 
harmonic oscillator it can be shown that Zelassical = 2r /' (cB). 


(c) Use your results from parts (a) and (b) to show that for the quantum 


oscillator 
2 ( =| 1 + e Bh (2.205) 
Ee = 1... e 
Fi = e—Bhiw 


For a classical oscillator the same reasoning would give 


Eclassical = 1/Ë = kpT. 
(d) Acrystal consisting of N atoms can be thought of as a collection of 3N 


oscillators (each atom is attached by springs to its 6 nearest neighbors, 
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along the x, y, and z directions, but those springs are shared by the atoms 
at the two ends). The heat capacity of the crystal (per atom) will therefore 
be 
JE (2.206) 
i E 
oT 


Show that (in this model) 


Or 2 ete iT (2.207) 
c= 3ks (=) c 
l T (e?z/T m 1) 
where @¢ = ħw/kp is the so-called Einstein temperature. The same 
reasoning using the classical expression for F yields Cejassieg) = 3K p, 
independent of temperature. 


(e) Sketch the graph of C; kpg versus T/g. Your result should look 
something like the data for diamond in Figure 2.24, and nothing like the 


classical prediction. 


Specific heat C (Ig-'K~') 


a, 
— 
Tall 





() Goo 
ü 200 400 üü a00 1000 
Temperature T(K) 


Figure 2.24: Specific heat of diamond (for Problem 2.63). From Semiconductors on 
NSM (http://www.iofte.rssi.ru/SVA/NSM/Semicond/). 


Problem 2.64 Legendre’s differential equation reads 





Te (2.208) 
— y“ REE E {È = 
(1 x la w AeH f =0, 


where ¢ is some (non-negative) real number. 


(a) Assume a power series solution, 


n 
f (x) = Y ans", 


n=0 


and obtain a recursion relation for the constants n. 
(b) Argue that unless the series truncates (which can only happen if / is an 


integer), the solution will diverge at + = 1. 
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(c) When ¢ is an integer, the series for one of the two linearly independent 
solutions (either feven or fodd depending on whether / is even or odd) will 
truncate, and those solutions are called Legendre polynomials Pp (x). 
Find Py (x). Py (x), Po (x), and Ps (x) from the recursion relation. 


Leave your answer in terms of either ay or aj. 
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It is tiresome to keep saying “potential energy function,” so most people just call V the “potential,” even though this invites occasional 
confusion with e/ectric potential, which is actually potential energy per unit charge. 

Note that this would zo¢ be true if V were a function of ¢ as well as x. 

Using Euler’s formula, 


H 


e" — cos@ +isinð, 


you could equivalently write 
g(f)= cos (Eth) + isin (Etf) 


the real and imaginary parts oscillate sinusoidally. Mike Casper (of Carleton College) dubbed # the “wiggle factor”—it’s the characteristic 
time dependence in quantum mechanics. 

For normalizable solutions, E must be rea/ (see Problem 2.1(a)). 

Whenever confusion might arise, I'll put a “hat” (^) on the operator, to distinguish it from the dynamical variable it represents. 


A linear combination of the functions f(z), f4(z), ...is an expression of the form 


Fiz) =e fila) + co fa(z)4+---, 


where €].€3, -- -are (possibly complex) constants. 

In principle, any normalized function (x, 0) is fair game—it need not even be continuous. How you might actually ge¢ a particle into that 
state is a different question, and one (curiously) we seldom have occasion to ask. 

If this is your first encounter with the method of separation of variables, you may be disappointed that the solution takes the form of an 
infinite series. Occasionally it is possible to sum the series, or to solve the time-dependent Schrédinger equation without recourse to 
separation of variables—see, for instance, Problems 2.49, 2.50, and 2.51. But such cases are extremely rare. 

This is nicely illustrated in an applet by Paul Falstad, at www.tfalstad.com/gqm1d/. 

Some people will tell you that |e, | Ž is “the probability that the particle is in the mth stationary state,” but this is bad language: the particle is 
in the state W, not Wy, and anyhow, in the laboratory you don’t “find the particle to be in a particular state,” you measure some observable, 
and what you get is a number, not a wave function. 

That’s right: y {x} is a continuous function of x, even though W (x, £} need not be. 

Notice that the quantization of energy emerges as a rather technical consequence of the boundary conditions on solutions to the time- 
independent Schrödinger equation. 

Actually, it’s Y {x,t} that must be normalized, but in view of Equation 2.7 this entails the normalization of ir {x}. 

To make this symmetry more apparent, some authors center the well at the origin (running it now from — @ to + a). The even functions 
are then cosines, and the odd ones are sines. See Problem 2.36. 

In this case the irs are real, so the complex conjugation (*) of i, is unnecessary, but for future purposes it’s a good idea to get in the habit of 
putting it there. 

See, for example, Mary Boas, Mathematical Methods in the Physical Sciences, 3rd edn (New York: John Wiley, 2006), p. 356; f {x} can even 


have a finite number of finite discontinuities. 


= It doesn’t matter whether you use m or n as the “dummy index” here (as long as you are consistent on the two sides of the equation, of 


course); whatever letter you use, it just stands for “any positive integer.” 


= Problem 2.45 explores this property. For further discussion, see John L. Powell and Bernd Crasemann, Quantum Mechanics (Addison- 


Wesley, Reading, MA, 1961), Section 5-7. 


Loosely speaking, €p tells you the “amount of ir, that is contained in W.” 


& You can look up the series 


Le ON NEE 
ó 3 56 960 
and 
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in math tables, under “Sums of Reciprocal Powers” or “Riemann Zeta Function.” 

Remember, there is no restriction in principle on the shape of the starting wave function, as long as it is normalizable. In particular, ¥ (x, 0) 
need not have a continuous derivative. However, if you try to calculate { Ħ } using f Y (x, 0)* Hw (x, 0) dx in such a case, you may 
encounter technical difficulties, because the second derivative of W {x, 0) is ill defined. It works in Problem 2.9 because the discontinuities 


occur at the end points, where the wave function is zero anyway. In Problem 2.39 you'll see how to manage cases like Problem 2.7. 


< Note that V” xy) = 0, since by assumption XQ is a minimum. Only in the rare case Y” į xy} = 0 is the oscillation not even approximately 


simple harmonic. 


<= We'll encounter some of the same strategies in the theory of angular momentum (Chapter 4), and the technique generalizes to a broad class 


of potentials in supersymmetric quantum mechanics (Problem 3.47; see also Richard W. Robinett, Quantum Mechanics (Oxford University 
Press, New York, 1997), Section 14.4). 


Put a hat on x, too, if you like, but since ẹ — y we usually leave it off. 


= Ina deep sense all of the mysteries of quantum mechanics can be traced to the fact that position and momentum do not commute. Indeed, 


some authors take the canonical commutation relation as an axiom of the theory, and use it to derive p = —ihid Jdx. 


2 Im getting tired of writing “time-independent Schrodinger equation,” so when it’s clear from the context which one I mean, PI just call it 


the “Schrödinger equation.” 


& In the case of the harmonic oscillator it is customary, for some reason, to depart from the usual practice, and number the states starting with 


n =, instead of } — |. Of course, the lower limit on the sum in a formula such as Equation 2.17 should be altered accordingly. 


< Note that we obtain a// the (normalizable) solutions by this procedure. For if there were some other solution, we could generate from it a 


second ladder, by repeated application of the raising and lowering operators. But the bottom rung of this new ladder would have to satisfy 
Equation 2.59, and since that leads inexorably to Equation 2.60, the bottom rungs would be the same, and hence the two ladders would in 
fact be identical. 

Of course, the integrals must exis¢, and this means that f (x) and g (x) must go to zero at + po. 

Of course, we could multiply €r and gh by phase factors, amounting to a different definition of the Wp; but this choice keeps the wave 
functions real. 

However, {x} does oscillate at the classical frequency—see Problem 3.40. 

Note that although we invoked some approximations to motivate Equation 2.78, what follows is exact. The device of stripping off the 
asymptotic behavior is the standard first step in the power series method for solving differential equations—see, for example, Boas (footnote 


16), Chapter 12. 


= According to Taylor’s theorem, any reasonably well-behaved function can be expressed as a power series, so Equation 2.80 ordinarily 


involves no loss of generality. For conditions on the applicability of the method, see Boas (footnote 16) or George B. Arfken and Hans- 
Jurgen Weber, Mathematical Methods for Physicists, 7th edn, Academic Press, Orlando (2013), Section 7.5. 

See, for example, Arfken and Weber (footnote 33), Section 1.2. 

It’s no surprise that the ill-behaved solutions are still contained in Equation 2.82; this recursion relation is equivalent to the Schrödinger 
equation, so it’s got to include both the asymptotic forms we found in Equation 2.76. 

It is possible to set this up on a computer, and discover the allowed energies “experimentally.” You might call it the wag the dog method: 
When the tail wags, you know you've just passed over an allowed value. Computer scientists call it the shooting method (Nicholas Giordano, 
Computational Physics, Prentice Hall, Upper Saddle River, NJ (1997), Section 10.2). See Problems 2.55-2.57. 

Note that there is a completely different set of coefficients & f for each value of n. 

The Hermite polynomials have been studied extensively in the mathematical literature, and there are many tools and tricks for working with 


them. A few of these are explored in Problem 2.16. 


= Ishall not work out the normalization constant here; if you are interested in knowing how it is done, see for example Leonard Schiff, 


Quantum Mechanics, 3rd edn, McGraw-Hill, New York (1968), Section 13. 
Sinusoidal waves extend out to infinity, and they are not normalizable. But superpositions of such waves lead to interference, which allows for 
localization and normalizability. 


Some people define the Fourier transform without the factor of | / 4’ 2yr . Then the inverse transform becomes 


f(xy = (1/29) Ee Fiky glkx ak, spoiling the symmetry of the two formulas. 


= The necessary and sufficient condition on f {x} is that [es lf ix) 7 dx be finite. (In that case a |F (k) 2 alk is also finite, and in 


fact the two integrals are equal. Some people call tis Plancherel’s theorem, leaving Equation 2.102 without a name.) See Arfken and Weber 
(footnote 33), Section 20.4. 

If you are irritatingly observant, you may have noticed that the general theorem requiring E > Vmin (Problem 2.2) does not really apply to 
scattering states, since they are not normalizable. If this bothers you, try solving the Schrödinger equation with E = (), for the free particle, 
and note that even linear combinations of these solutions cannot be normalized. The positive energy solutions by themselves constitute a 


complete set. 


— The delta function can be thought of as the /imit of a sequence of functions, such as rectangles (or triangles) of ever-increasing height and 


ever-decreasing width. 
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= The delta function itself carries units of 1 / length (see Equation 2.114), so a has the dimensions energyx/ength. 


= This is not a normalizable wave function, so the absolute probability of finding the particle at a particular location is not well defined; 


nevertheless, the ratio of probabilities for the incident and reflected waves is meaningful. More on this in the next paragraph. 


Note that the particle’s velocity is the same on both sides of the well. Problem 2.34 treats the general case. 


= There exist some powerful programs for analyzing the scattering of a wave packet from a one-dimensional potential; see, for instance, 


“Quantum Tunneling and Wave Packets,” at PhET Interactive Simulations, University of Colorado Boulder, https://phet.colorado.edu. 


= You can, if you like, write the general solution in exponential form į C'e 4 pte Ux j- This leads to the same final result, but since the 


potential is symmetric, we know the solutions will be either even or odd, and the sine/cosine notation allows us to exploit this right from the 


start. 


= We could look for even and odd functions, as we did in the case of bound states, but the scattering problem is inherently asymmetric, since 


the waves come in from one side only, and the exponential notation (representing traveling waves) is more natural in this context. 

This remarkable phenomenon was observed in the laboratory before the advent of quantum mechanics, in the form of the Ramsauer- 
Townsend effect. For an illuminating discussion see Richard W. Robinett, Quantum Mechanics, Oxford University Press, 1997, Section 
12.4.1. 

This is a good example of tunneling—c/assically the particle would bounce back. 

For interesting commentary see C. O. Dib and O. Orellana, Eur. J. Phys. 38, 045403 (2017). 

For further discussion see P. L. Garrido, et al., Am. J. Phys. 79, 1218 (2011). 

The fact that the classical and quantum revival times bear no obvious relation to one another (and the quantum one doesn’t even depend on 
the energy) is a curious paradox; see D. F. Styer, Am. J. Phys. 69, 56 (2001). 

If two solutions differ only by a multiplicative constant (so that, once normalized, they differ only by a phase factor el? j they represent the 
same physical state, and in this sense they are nof distinct solutions. Technically, by “distinct” I mean “linearly independent.” 

In higher dimensions such degeneracy is very common, as we shall see in Chapters 4 and 6. Assume that the potential does not consist of 
isolated pieces separated by regions where ¥ = mo—two isolated infinite square wells, for instance, would give rise to degenerate bound 
states, for which the particle is either in one well or in the other. 

M. Moriconi, Am. J. Phys. 75, 284 (2007). 

This rare example of an exact closed-form solution to the time-dependent Schrödinger equation was discovered by Schrödinger himself, in 
1926. One way to obtain it is explored in Problem 6.30. For a discussion of this and related problems see W. van Dijk, et al., 4m. J. Phys. 82, 
955 (2014). 

See Problem 6.35 for a derivation. 

For illuminating discussion see M. Nauenberg, Am. J. Phys. 84, 879 (2016). 

R. E. Crandall and B. R. Litt, Annals of Physics, 146, 458 (1983). 

See any book on differential equations—for example, John L. Van Iwaarden, Ordinary Differential Equations with Numerical Techniques, 
Harcourt Brace Jovanovich, San Diego, 1985, Chapter 3. 

For applications of this method see, for instance, D. J. Griffiths and C. A. Steinke, Am. J. Phys. 69, 137 (2001) or S. Das, Am. J. Phys. 83, 
590 (2015). 

This problem was suggested by Nicholas Wheeler. 

iy". {x} is normalizable as long as g is real—which is to say, provided B = 1/4. For more on this strange problem see A. M. Essin and 

D. J. Griffiths, Am. J. Phys. 74, 109 (2006), and references therein. 

For further discussion see Joel Franklin, Computational Methods for Physics (Cambridge University Press, Cambridge, UK, 2013), Section 
See, for instance, Daniel V. Schroeder, An Introduction to Thermal Physics, Pearson, Boston (2000), Section 6.1. 


= By convention Legendre polynomials are normalized such that Py {1} = |. Note that the nonvanishing coefficients will take different 


values for different /’. 
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3 


Formalism 


© 
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3.1 Hilbert Space 


In the previous two chapters we have stumbled on a number of interesting properties of simple quantum 
systems. Some of these are “accidental” features of specific potentials (the even spacing of energy levels for the 
harmonic oscillator, for example), but others seem to be more general, and it would be nice to prove them 
once and for all (the uncertainty principle, for instance, and the orthogonality of stationary states). The 
purpose of this chapter is to recast the theory in more powerful form, with that in mind. There is not much 
here that is genuinely new; the idea, rather, is to make coherent sense of what we have already discovered in 
particular cases. 

Quantum theory is based on two constructs: wave functions and operators. The state of a system is 
represented by its wave function, observables are represented by operators. Mathematically, wave functions 
satisfy the defining conditions for abstract vectors, and operators act on them as linear transformations. So 
the natural language of quantum mechanics is linear algebra. 

But it is not, I suspect, a form of linear algebra with which you may be familiar. In an N-dimensional 
space it is simplest to represent a vector, |œ} by the N-tuple of its components, {ap}, with respect to a 


specified orthonormal basis: 


a] (3.1) 


aN 


the inner product, {œ| #}, of two vectors (generalizing the dot product in three dimensions) is a complex 


number, 
lal} = ay by oe be aby treet ay by; (3.2) 


linear transformations, T, are represented by matrices (with respect to the specified basis), which act on 


vectors (to produce new vectors) by the ordinary rules of matrix multiplication: 


(ti ti +e tiv\ far) (3.3) 
; m n m -o nn | | a 
|B) =Tla) >b=Ta= 
IN] §N2 +++ INN an 


But the “vectors” we encounter in quantum mechanics are (for the most part) functions, and they live in 
infinite-dimensional spaces. For them the N-tuple/matrix notation is awkward, at best, and manipulations 
that are well behaved in the finite-dimensional case can be problematic. (The underlying reason is that 
whereas the finite sum in Equation 3.2 always exists, an infinite sum—or an integral—may not converge, in 
which case the inner product does not exist, and any argument involving inner products is immediately 
suspect.) So even though most of the terminology and notation should be familiar, it pays to approach this 
subject with caution. 

The collection of a// functions of x constitutes a vector space, but for our purposes it is much too large. 


To represent a possible physical state, the wave function must be normalized: 
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[wPax = ie 


The set of all square-integrable functions, on a specified interval,2 


2 à (3.4) 
f(x) such that | |F| dx < o0, 


d 
constitutes a (much smaller) vector space (see Problem 3.1(a)). Mathematicians call it z,2 (a, b); physicists call 


it Hilbert space.° In quantum mechanics, then: 


(3.5) 


Wave functions live in Hilbert space. 





We define the inner product of two functions, f (x) and g(x), as follows: 


Ñ (3.6) 


ig = | feo dx. 





If f and g are both square-integrable (that is, if they are both in Hilbert space), their inner product is 


guaranteed to exist (the integral in Equation 3.6 converges to a finite number).2 This follows from the integral 


| b D 3 
= if fooP ar | lg (x)|? dx. 


You can check for yourself that definition (Equation 3.6) satisfies all the conditions for an inner product 


Schwarz inequality:2 


D (37) 


f(x)" g(x) dx 








il 


(Problem 3.1(b)). Notice in particular that 


(g|f) = (flg)”. (3.8) 
Moreover, the inner product of f(x) with itse/f, 


D pan” (3.9) 
FIN = | IFP 
i 
is real and non-negative; it’s zero only when f(x) = 0.° 
A function is said to be normalized if its inner product with itself is 1; two functions are orthogonal if 


their inner product is 0; and a se¢ of functions, { fn}, is orthonormal if they are normalized and mutually 


orthogonal: 


(fm life} = Omn- (3.10) 


Finally, a set of functions is complete if any offer function (in Hilbert space) can be expressed as a linear 


combination of them: 


= (3.11) 
fix) = bJ Cn fn}. 


n=] 
If the functions { fn (x)} are orthonormal, the coefficients are given by Fourier’s trick: 


Cn = (fn If) ` 
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as you can check for yourself. I anticipated this terminology, of course, back in Chapter 2. (The (3.12) 
stationary states of the infinite square well (Equation 2.31) constitute a complete orthonormal set on the 


interval (0, a); the stationary states for the harmonic oscillator (Equation 2.68 or 2.86) are a complete 


orthonormal set on the interval (— 900, 00).) 


Problem 3.1 


(a) Show that the set of all square-integrable functions is a vector space (refer 
to Section A.1 for the definition). Hint: The main point is to show that 
the sum of two square-integrable functions is itself square-integrable. Use 
Equation 3.7. Is the set of all normalized functions a vector space? 

(b) Show that the integral in Equation 3.6 satisfies the conditions for an 


inner product (Section A.2). 


x Problem 3.2 
(a) For what range of V is the function f(x) = x" in Hilbert space, on the 
interval (0, 1)? Assume V is real, but not necessarily positive. 
(b) For the specific case v = 1/2, is f(x) in this Hilbert space? What about 
x f (x)? How about {d /dx) f(x) 
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3.2 Observables 
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3.2.1 Hermitian Operators 


The expectation value of an observable Q(x, p) can be expressed very neatly in inner-product notation: 


* 0 Wiow 3.13 
(Q) = | V*OUdx = (YQ Y). (3.13) 


Now, the outcome of a measurement has got to be real, and so, a fortiori, is the average of many 


measurements: 


(0) = toy": (3.14) 


But the complex conjugate of an inner product reverses the order (Equation 3.8), so 





lv Ow) = (0Y |v), (3.15) 


and this must hold true for any wave function W. Thus operators representing observables have the very special 


property that 


Flr) = (Of|f) for all f(x). (3.16) 


We call such operators hermitian.° 


Actually, most books require an ostensibly stronger condition: 


(r| Qg) = lO flg) for all f(x) and all g(x). (3.17) 


But it turns out, in spite of appearances, that this is perfectly equivalent to my definition (Equation 3.16), as 
you will prove in Problem 3.3. So use whichever you like. The essential point is that a hermitian operator can 
be applied either to the first member of an inner product or to the second, with the same result, and hermitian 


operators naturally arise in quantum mechanics because their expectation values are real: 





3.18 

Observables are represented by hermitian operators. G 
Well, let’s check this. Is the momentum operator, for example, hermitian? 

ee (3.19) 


acre fi eo ath a ¢ |= ee i T 
(f| pg) = | fiih) dx = —ihf g| ` + | (-in) gdx = (pf |g). 
— 50 = — LA a : z 


I used integration by parts, of course, and threw away the boundary term for the usual reason: If f(x) and 
g(x) are square integrable, they must go to zero at + 0.2 Notice how the complex conjugation of i 
compensates for the minus sign picked up from integration by parts—the operator d/‘dx (without the i) is not 
hermitian, and it does not represent a possible observable. 


The hermitian conjugate (or adjoint) of an operator O is the operator Gt such that 


(f|O2)=(O'f\g) (forall f and g). (3.20) 


A hermitian operator, then, is equal to its hermitian conjugate: O — gt. 
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Problem 3.3 Show that if (h [O h) = lQ h\h) for all 4 (in Hilbert space), then 
(F|6e) = (OF 
Equations 3.16 and 3.17—are equivalent). Hint: First let h = f + g, and then let 
h = f T ig. 





g) for all f and g (ie. the two definitions of “hermitian” — 


Problem 3.4 
(a) Show that the sum of two hermitian operators is hermitian. 
(b) Suppose O is hermitian, and d is a complex number. Under what 
condition (on Q) is O hermitian? 
(c) When is the product of two hermitian operators hermitian? 
(d) Show that the position operator (x) and the Hamiltonian operator 
(H = —(h* /2m)d? /dx* + V(x)) are hermitian. 


Problem 3.5 
(a) Find the hermitian conjugates of x, i, and d /dx. 
(b) Show that (Q R)' aR Gt (note the reversed order), 


(Q + R) = Gt + RÝ and (cO)* = g" Gt for a complex number c. 
(c) Construct the hermitian conjugate of 44+ (Equation 2.48). 
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3.2.2 Determinate States 


Ordinarily, when you measure an observable Q on an ensemble of identically prepared systems, all in the same 
state WW, you do nor get the same result each time—this is the indeterminacy of quantum mechanics. Question: 
Would it be possible to prepare a state such that every measurement of Q is certain to return the same value 
(call it g)? This would be, if you like, a determinate state, for the observable Q. (Actually, we already know 
one example: Stationary states are determinate states of the Hamiltonian; a measurement of the energy, on a 
particle in the stationary state W,,, is certain to yield the corresponding “allowed” energy Ep) 


Well, the standard deviation of Q, in a determinate state, would be zero, which is to say, 


o° =((0 -(Q))") =(¥|(d -47 Y} =((8 —4)¥|(@-4)¥) =0. oe 


(Of course, if every measurement gives g, their average is also g: (Q) = q. I used the fact that O (and hence 
also O ax q) is a hermitian operator, to move one factor over to the first term in the inner product.) But the 


only vector whose inner product with itself vanishes is 0, so 


QW =qw. (3.22) 


This is the eigenvalue equation for the operator O; W is an eigenfunction of O; and g is the corresponding 


eigenvalue: 


(3.23) 


Determinate states of Q are eigenfunctions of O. 





Measurement of Q on such a state is certain to yield the eigenvalue, g.+? 

Note that the eigenvalue is a number (not an operator or a function). You can multiply any eigenfunction 
by a constant, and it is still an eigenfunction, with the same eigenvalue. Zero does not count as an 
eigenfunction (we exclude it by definition—otherwise every number would be an eigenvalue, since 
00 —g0=0 for any linear operator O and all g). But there’s nothing wrong with zero as an eigenvalue. The 
collection of all the eigenvalues of an operator is called its spectrum. Sometimes two (or more) linearly 
independent eigenfunctions share the same eigenvalue; in that case the spectrum is said to be degenerate. 
(You encountered this term already, for the case of energy eigenstates, if you worked Problems 2.44 or 2.46.) 


For example, determinate states of the total energy are eigenfunctions of the Hamiltonian: 


Hw = Ew. (3.24) 


which is precisely the time-independent Schrödinger equation. In this context we use the letter F for the 
eigenvalue, and the lower case y for the eigenfunction (tack on the wiggle factor exp ( — i Et/ fi) to make it 


W, if you like; it’s still an eigenfunction of H ). 


Example 3.1 


Consider the operator 


~ a (3.25) 
omer 
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where Ọ is the usual polar coordinate in two dimensions. (This operator might arise in a physical 
context if we were studying the bead-on-a-ring; see Problem 2.46.) Is O hermitian? Find its 


eigenfunctions and eigenvalues. 


Solution: Here we are working with functions f(@) on the finite interval 0 = @ = 27, with the 


property that 


f(@+2r) = f(p). (3.26) 


since È and œ + 2s describe the same physical point. Using integration by parts, 


, E e = faf ty, 
noa- [7 r (e-r f°) =(0rh 


dp 


SO O is hermitian (this time the boundary term disappears by virtue of Equation 3.26). 











The eigenvalue equation, 


C27) 
ci (H) = gf (h), 
has the general solution 
fip) = Ae td? (3.28) 
Equation 3.26 restricts the possible values of the g: 
ee eT oS ge Obl ett, (3.29) 


The spectrum of this operator is the set of all integers, and it is nondegenerate. 


Problem 3.6 Consider the operator O — gq? ido? where (as in Example 3.1) is 
the azimuthal angle in polar coordinates, and the functions are subject to Equation 
3.26. Is O hermitian? Find its eigenfunctions and eigenvalues. What is the 


spectrum of Q? Is the spectrum degenerate? 
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3.3 Eigenfunctions of a Hermitian Operator 


Our attention is thus directed to the eigenfunctions of hermitian operators (physically: determinate states of 
observables). These fall into two categories: If the spectrum is discrete (i.e. the eigenvalues are separated from 
one another) then the eigenfunctions lie in Hilbert space and they constitute physically realizable states. If the 
spectrum is continuous (i.e. the eigenvalues fill out an entire range) then the eigenfunctions are not 
normalizable, and they do not represent possible wave functions (though /inear combinations of them— 
involving necessarily a spread in eigenvalues—may be normalizable). Some operators have a discrete spectrum 
only (for example, the Hamiltonian for the harmonic oscillator), some have only a continuous spectrum (for 
example, the free particle Hamiltonian), and some have both a discrete part and a continuous part (for 
example, the Hamiltonian for a finite square well). ‘The discrete case is easier to handle, because the relevant 
inner products are guaranteed to exist—in fact, it is very similar to the finite-dimensional theory (the 


eigenvectors of a hermitian matrix). Pll treat the discrete case first, and then the continuous one. 
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3.3.1 Discrete Spectra 


Mathematically, the normalizable eigenfunctions of a hermitian operator have two important properties: 


Theorem1 Their eigenvalues are real. 


Proof: Suppose 
Of = af, 

(i.e. f (x) is an eigenfunction of Q, with eigenvalue q), and! 
(fOr) = (Orr) 

( Qis hermitian ). Then 


2 d = 
KAIF) =a Ff) 
(g is a number, so it comes outside the integral, and because the first function in the inner product is 


complex conjugated (Equation 3.6), so too is the g on the right). But { f| f} cannot be zero (f(x) = O is 





not a legal eigenfunction), so g = g”, and hence g is real. QED 


This is comforting: If you measure an observable on a particle in a determinate state, you will at least get a real 


number. 


Theorem 2 Figenfunctions belonging to distinct eigenvalues are orthogonal. 


Proof: | Suppose 


Qf =qf, and Qg=@¢g, 
and O is hermitian. Then (F| Ög) = (Of lg), SO 


q (fig) =a" (Flg) 
(again, the inner products exist because the eigenfunctions are in Hilbert space). But g is real (from 


Theorem 1), so if g’ Æ q it must be that { f |g) = 0. QED 


That’s why the stationary states of the infinite square well, for example, or the harmonic oscillator, are 
orthogonal—they are eigenfunctions of the Hamiltonian with distinct eigenvalues. But this property is not 
peculiar to them, or even to the Hamiltonian—the same holds for determinate states of any observable. 

Unfortunately, Theorem 2 tells us nothing about degenerate states q" =q ). However, if two (or more) 
eigenfunctions share the same eigenvalue, any linear combination of them is itself an eigenfunction, with the 
same eigenvalue (Problem 3.7), and we can use the Gram-Schmidt orthogonalization procedure (Problem 
A.4) to construct orthogonal eigenfunctions within each degenerate subspace. It is almost never necessary to do 
this explicitly (thank God!), but it can always be done in principle. So even in the presence of degeneracy the 
eigenfunctions can be chosen to be orthonormal, and we shall always assume that this has been done. That 
licenses the use of Fourier’s trick, which depends on the orthonormality of the basis functions. 

In a finite-dimensional vector space the eigenvectors of a hermitian matrix have a third fundamental 


property: They span the space (every vector can be expressed as a linear combination of them). Unfortunately, 
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the proof does not generalize to infinite-dimensional spaces. But the property itself is essential to the internal 
consistency of quantum mechanics, so (following Dirac’ ) we will take it as an axiom (or, more precisely, as a 


restriction on the class of hermitian operators that can represent observables): 


Axiom: The eigenfunctions of an observable operator are complete: Any function (in Hilbert space) 


can be expressed as a linear combination of them. 


Problem 3.7 
(a) Suppose that f(x) and g(x) are two eigenfunctions of an operator Ọ, 
with the same eigenvalue g. Show that any linear combination of fand g is 
itself an eigenfunction of Ọ, with eigenvalue g. 
(b) Check that f(x) = exp (x) and g(x) = exp (—x) are eigenfunctions of 
the operator q idx, with the same eigenvalue. Construct two linear 


combinations of fand g that are orthogonal eigenfunctions on the interval 


Ld} 


Problem 3.8 


(a) Check that the eigenvalues of the hermitian operator in Example 3.1 are 


real. Show that the eigenfunctions (for distinct eigenvalues) are 


orthogonal. 


(b) Do the same for the operator in Problem 3.6. 
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3.3.2 Continuous Spectra 


If the spectrum of a hermitian operator is continuous, the eigenfunctions are not normalizable, and the proofs 
of Theorems 1 and 2 fail, because the inner products may not exist. Nevertheless, there is a sense in which the 
three essential properties (reality, orthogonality, and completeness) still hold. I think it’s best to approach this 


case through specific examples. 


Example 3.2 


Find the eigenfunctions and eigenvalues of the momentum operator (on the interval — 90 < x < oO 


). 
Solution: Let f p(X } be the eigenfunction and > the eigenvalue: 


ee sa . (3.30) 
—ih—~ fp(x) = pfp (x). 


The general solution is 
fp) = AdiPel 


This is not square-integrable for any (complex) value of p—the momentum operator has no 
eigenfunctions in Hilbert space. 
And yet, if we restrict ourselves to real eigenvalues, we do recover a kind of ersatz 


“orthonormality.” Referring to Problems 2.23(a) and 2.26, 





~ ot a 2 -a y—p') Jih 2 r GoD 
| f(x) fp@)dx = ar f ef (PP idy = |A| 2r hd(p — p J. 
—O i — 60 
If we pick A = 1; v 2x h, so that 
f (x) ppx fA (3.32) 
{x} = =e! 
F rh 
then 
(Tp Tpl =- 5(p = p’). (3.33) 


which is reminiscent of frue orthonormality (Equation 3.10)—the indices are now continuous 
variables, and the Kronecker delta has become a Dirac delta, but otherwise it looks just the same. PH 
call Equation 3.33 Dirac orthonormality. 

Most important, the eigenfunctions (with real eigenvalues) are complete, with the sum (in Equation 


3.11) replaced by an integral: Any (square-integrable) function f(x) can be written in the form 


{x} = | c(p) f,(x)dp = — | cpet" "dp. 
J -00 i Ji i yan h a0 ! i 


The “coefficients” (now a function, c{ pẹ) are obtained, as always, by Fourier’s trick: 


(3.34) 
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(3.35) 








(føl f) = Í — c(p) (Fr lfp)dp = | _(p)8(p = p')dp =e (p’). 


Alternatively, you can get them from Plancherel’s theorem (Equation 2.103); indeed, the expansion 





(Equation 3.34) is nothing but a Fourier transform. 


The eigenfunctions of momentum (Equation 3.32) are sinusoidal, with wavelength 





27h (3.36) 
Pp 


This is the old de Broglie formula (Equation 1.39), which I promised to justify at the appropriate time. It 





turns out to be a little more subtle than de Broglie imagined, because we now know that there is actually no 
such thing as a particle with determinate momentum. But we could make a normalizable wave packet with a 
narrow range of momenta, and it is to such an object that the de Broglie relation applies. 

What are we to make of Example 3.2? Although none of the eigenfunctions of p lives in Hilbert space, a 
certain family of them (those with real eigenvalues) resides in the nearby “suburbs,” with a kind of quasi- 
normalizability. They do not represent possible physical states, but they are still very useful (as we have already 


seen, in our study of one-dimensional scattering). 


Example 3.3 


Find the eigenfunctions and eigenvalues of the position operator. 
Solution: Let g, (x) be the eigenfunction and y the eigenvalue: 
x gy(x) = xgy(x) = ygy(x). (3.37) 


Here y is a fixed number (for any given eigenfunction), but x is a continuous variable. What function 
of x has the property that multiplying it by x is the same as multiplying it by the constant y? Obviously 


it’s got to be zero, except at the one point ¥ = Y; in fact, it is nothing but the Dirac delta function: 
gy(X) = Ad(x — y). 


This time the eigenvalue Aas to be real; the eigenfunctions are not square integrable, but again they 


admit Dirac orthonormality: 


On 7 B oo | en i, (3.38) 
| g.(x)gy(x)dx = ar | (x — y')d(x — y)dx = |A| d(y — y’). 

-0 E, e N 
If we pick 4 = |, so 
ga) =å- y), (3.39) 
then 
UE E EE E, (3.40) 
(gx |gs) =5(y — y’). 


These eigenfunctions are also complete: 
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a CRO On 

fx) = | cly)g,{x)dy = | c(y)d(x — y)dy, (3.41) 
— Eo — 00 

with 

c(y) = fO) Bio) 


(trivial, in this case, but you can get it from Fourier’s trick if you insist). 


If the spectrum of a hermitian operator is continuous (so the eigenvalues are labeled by a continuous 
variable—p or y, in the examples; z, generically, in what follows), the eigenfunctions are not normalizable, 
they are not in Hilbert space and they do not represent possible physical states; nevertheless, the 
eigenfunctions with real eigenvalues are Dirac orthonormalizable and complete (with the sum now an 


integral). Luckily, this is all we really require. 


Problem 3.9 
(a) Cite a Hamiltonian from Chapter 2 (other than the harmonic oscillator) 
that has only a discrete spectrum. 
(b) Cite a Hamiltonian from Chapter 2 (other than the free particle) that has 
only a continuous spectrum. 
(c) Cite a Hamiltonian from Chapter 2 (other than the finite square well) that 


has both a discrete and a continuous part to its spectrum. 


Problem 3.10 Is the ground state of the infinite square well an eigenfunction of 
momentum? If so, what is its momentum? If not, why not? [For further 


discussion, see Problem 3.34. ] 
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3.4 Generalized Statistical Interpretation 


In Chapter 1 I showed you how to calculate the probability that a particle would be found in a particular 
location, and how to determine the expectation value of any observable quantity. In Chapter 2 you learned 
how to find the possible outcomes of an energy measurement, and their probabilities. I am now in a position 
to state the generalized statistical interpretation, which subsumes all of this, and enables you to figure out the 
possible results of any measurement, and their probabilities. Together with the Schrödinger equation (which 


tells you how the wave function evolves in time) it is the foundation of quantum mechanics. 


Generalized statistical interpretation: If you measure an observable Q (x, p) on a particle in the state YY {x , £ ), you are certain to get 


one of the eigenvalues of the hermitian operator O (x —thd Fi dx ) If the spectrum of O is discrete, the probability of getting the 


particular eigenvalue ýy associated with the (orthonormalized) eigenfunction Tn (x ) is 


[En 4 . where Cn = iJn |) (3.43) 


If the spectrum is continuous, with real eigenvalues g {Z } and associated (Dirac-orthonormalized) eigenfunctions f> {Xx ), the probability 


of getting a result in the range dz is 


e(z)? dz where elg) = (f; |). (3.44) 


Upon measurement, the wave function “collapses” to the corresponding eigenstate.‘ 


The statistical interpretation is radically different from anything we encounter in classical physics. A 
somewhat different perspective helps to make it plausible: The eigenfunctions of an observable operator are 


complete, so the wave function can be written as a linear combination of them: 


(x,t) =) cn(t) fn). (3.45) 


i 


(For simplicity, Pll assume that the spectrum is discrete; it’s easy to generalize this discussion to the 


continuous case.) Because the eigenfunctions are orthonormal, the coefficients are given by Fourier’s trick: 


e y5 4 auai ni (3.46) 
En (E) = (fal P} = | Jn (x)" W(x, tdx. 
Qualitatively, Cy, tells you “how much fn is contained in W,” and given that a measurement has to return one 
of the eigenvalues of O; it seems reasonable that the probability of getting the particular eigenvalue {n would 
be determined by the “amount of fa in W. But because probabilities are determined by the absolute square of 
the wave function, the precise measure is actually |c,,|*. That’s the essential message of the generalized 
18 


statistical interpretation.— 


Of course, the ¢ofa/ probability (summed over all possible outcomes) has got to be one: 


A. lcal? =d (3.47) 


and sure enough, this follows from the normalization of the wave function: 
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| = (Y| Y} = (Eo rw) (5 Ss ‘))- os M (3.48) 


H 


2 and gp: 5 a 
= ) D C Enin! io =) Cun — ) lenl? 
n“ H H H 


Similarly, the expectation value of Q should be the sum over all possible outcomes of the eigenvalue times the 


probability of getting that eigenvalue: 
(Q) = ae: len |? (3.49) 
fl 


Indeed, 


l l (3.50) 
(0) = (w|0¥) =| (2 5e)|(OD en) ) 


but O Tn = qn Gp 6° 


(Q) = F e ‘Cnn \ fn’ | fn) = de C vnGn na = > ih lc, |7 (3.51) 


So far, at least, everything looks consistent. 

Can we reproduce, in this language, the original statistical interpretation for position measurements? 
Sure—it’s overkill, but worth checking. A measurement of x on a particle in state y must return one of the 
eigenvalues of the position operator. Well, in Example 3.3 we found that every (real) number y is an 
eigenvalue of x, and the corresponding (Dirac-orthonormalized) eigenfunction is gy(*) = d(x — y). 


Evidently 
kre a 2 i (3.52) 
ciy) = (gy | Y) = | d(x — yY (x, Ndx = Y (y, t), 
50 


so the probability of getting a result in the range dy is | ( y, H) 2d y which is precisely the original statistical 
interpretation. 


What about momentum? In Example 3.2 we found the (Dirac-orthonormalized) eigenfunctions of the 


momentum operator, f p(x) = (1/ v 2x h) exp (ipx / fi), so 


Her =|. e PX ix t)dx. 


This is such an important quantity that we give it a special name and symbol: the momentum space wave 


(3.53) 








cp =f, 


rh 


function, ®(p, t). It is essentially the Fourier transform of the (position space) wave function W(x, t)— 


which, by Plancherel’s theorem, is its inverse Fourier transform: 


(3.54) 





ip, t) = a gree! AND (x, thdx: 


rh 


(3.55) 
Wix,f)= 





a g'PX] "@(p, Hdp. 


rh 
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According to the generalized statistical interpretation, the probability that a measurement of momentum 


would yield a result in the range dp is 


\O(p.t)|- dp. (3.56) 


Example 3.4 
A particle of mass m is bound in the delta function well V(x) = —a@d(x). What is the probability 


that a measurement of its momentum would yield a value greater than po = mæ, li? 


Solution: The (position space) wave function is (Equation 2.132) 





(fia jimh OF a, 
P(x, t) = Vv | p maja]; h et Eth 
hi 
(where E = —ma- / 27). The momentum space wave function is therefore 
=] a 3/3 ip ih 
l mg = : oo i l DPR: n p ar PEt, i 
: ; " —iErih —ipx/ħ —maælx|/ħ q. — {2 r0 
P(p, t) = 5 : EE i | E Px e l; dx =F RECE E 
rA N —90 T pe + po 


(I looked up the integral). The probability, then, is 


A ef | | il p 1X) n J 
Sg) — aP = — Fee + tan ; (2) 
re Po (p? E pä) m | PTR Poz 


(again, I looked up the integral). 


= — — — = 0.0908 





Problem 3.11 Find the momentum-space wave function, ® { p, t), for a particle in 
the ground state of the harmonic oscillator. What is the probability (to two 
significant digits) that a measurement of p on a particle in this state would yield a 
value outside the classical range (for the same energy)? Hint: Look in a math table 
under “Normal Distribution” or “Error Function” for the numerical part—or use 


Mathematica. 


Problem 3.12 Find ®(p, t) for the free particle in terms of the function @ (k) 
introduced in Equation 2.101. Show that for the free particle |q ( p, t}? is 
independent of time. Comment: the time independence of |@ ( p, t) |2 for the free 


particle is a manifestation of momentum conservation in this system. 


X Problem 3.13 Show that 


EA 3.57 
(E) = | p” (m) dp. ( ) 
dp 
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Hint: Notice that xexp (ipx/h) = —ih(d/dp)exp (ipx/h), and use 
Equation 2.147. In momentum space, then, the position operator is iħ d/'dp. 


More generally, 


| ¥*O(x,-ih4,1)Wdx, in position space; 


i o*O(ing, p, t)®dp, in momentum space. 


(O(x, p, t)) = 


(3.58) 


In principle you can do all calculations in momentum space just as well 


(though not always as easi/y) as in position space. 
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3.5 The Uncertainty Principle 


I stated the uncertainty principle (in the form a;0p = fi/2), back in Section 1.6, and you have checked it 
several times, in the problems. But we have never actually proved it. In this section I will prove a more general 
version of the uncertainty principle, and explore some of its ramifications. The argument is beautiful, but 


rather abstract, so watch closely. 


137 


www.urdukutabkhanapk.blogspot.com 


3.5.1 Proof of the Generalized Uncertainty Principle 


For any observable 4, we have (Equation 3.21): 
ai =((A-(A)) Y| (A - (A) Y) = (FIP) 
where f = (å — tA} ) P. Likewise, for any other observable, B, 


og = (glg), where g = (B — (B) ) Y. 


Therefore (invoking the Schwarz inequality, Equation 3.7), 





oxo, =(f IF) E a) (3.59) 
Now, for any complex number z, 
| 2 (3.60) 
zl? = [Re(z)? + im) = [m]? = E @-z") : 
Therefore, letting z = (f |g), 
(3.61) 


ojos 2 G [ (fig) — if)]) - 


But (exploiting the hermiticity of | A (A —{A j) in the first line) 


sie = (3-a )o|(8— cw) =(0|(4— (er) 


E (w)(AB — A{B) — B(A) + (A) (B) Jv) 
=| } 

= | 

= | 





(AB 
Y|AB v) — {B} (v Aw) — (A) (wlBw) + (A) (B) (Ww) 
A B) — (B) (A) — (A) (B) + (A) (B) 
A B) — (A) {B}. 


(Remember, { A}and {B} are numbers, not operators, so you can write them in either order.) Similarly, 


(elf) ={BA)— (A){B}, 


(flg) — (elf) = (AB)— (BA =([A, B]}, 


where 


is the commutator of the two operators (Equation 2.49). Conclusion: 
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(3.62) 





This is the (generalized) uncertainty principle. (You might think the 7 makes it trivial—isn’t the right side 
negative? No, for the commutator of two hermitian operators carries its own factor of i, and the two cancel 


out; the quantity in parentheses is rea/, and its square is positive.) 
q P q 
As an example, suppose the first observable is position (A = x), and the second is momentum 


(B = —iħd jd x) We worked out their commutator back in Chapter 2 (Equation 2.52): 


So 


: .3 A 
7 4 O So hy 

oe be emote ox 
xp = \5; 5 


or, since standard deviations are by their nature positive, 


hi (3.63) 


Oy On zs 4" 


That’s the original Heisenberg uncertainty principle, but we now see that it is just one application of a much 
more general theorem. 

There is, in fact, an “uncertainty principle” for every pair of observables whose operators do not commute—we 
call them incompatible observables. Incompatible observables do not have shared eigenfunctions—at least, 
they cannot have a complete set of common eigenfunctions (see Problem 3.16). By contrast, compatible 
(commuting) observables do admit complete sets of simultaneous eigenfunctions (that is: states that are 
determinate for both observables). For example, in the hydrogen atom (as we shall see in Chapter 4) the 
Hamiltonian, the magnitude of the angular momentum, and the z component of angular momentum are 
mutually compatible observables, and we will construct simultaneous eigenfunctions of all three, labeled by 
their respective eigenvalues. But there is no eigenfunction of position that is also an eigenfunction of 
momentum; these operators are incompatible. 

Note that the uncertainty principle is not an extra assumption in quantum theory, but rather a consequence 
of the statistical interpretation. You might wonder how it is enforced in the laboratory—wh/y can’t you 
determine (say) both the position and the momentum of a particle? You can certainly measure the position of 
the particle, but the act of measurement collapses the wave function to a narrow spike, which necessarily 
carries a broad range of wavelengths (hence momenta) in its Fourier decomposition. If you now measure the 
momentum, the state will collapse to a long sinusoidal wave, with (now) a well-defined wavelength—but the 
particle no longer has the position you got in the first measurement.” The problem, then, is that the second 
measurement renders the outcome of the first measurement obsolete. Only if the wave function were 
simultaneously an eigenstate of both observables would it be possible to make the second measurement 
without disturbing the state of the particle (the second collapse wouldn’t change anything, in that case). But 


this is only possible, in general, if the two observables are compatible. 


x Problem 3.14 
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(a) Prove the following commutator identities: 
[á + B, ê| = |å, ê| $ E ê| | C04) 
h FTA A $ aTi 3.65 
[Ab ê| =À |ê, ê| 4 [á ê] È. oe) 
(b) Show that 
[x" ; P| — jhnx"—!. 


(c) Show more generally that 


df (3.66) 


[Fe p|= iho 


for any function f(x) that admits a Taylor series expansion. 


(d) Show that for the simple harmonic oscillator 


|A, âa | = thea. (3.67) 


Hint: Use Equation 2.54. 


Problem 3.15 Prove the famous “(your name) uncertainty principle,” relating the 


uncertainty in position (A = x) to the uncertainty in energy (B ni p? {2m + V}: 


m 
oon So Api 
IM 


For stationary states this doesn’t tell you much—why not? 


Problem 3.16 Show that two noncommuting operators cannot have a complete set 


of common eigenfunctions. Hint: Show that if p and O have a complete set of 


common eigenfunctions, then [L ô| f = Ù for any function in Hilbert space. 


140 


www.urdukutabkhanapk.blogspot.com 


3.5.2 The Minimum-Uncertainty Wave Packet 


We have twice encountered wave functions that Jit the position-momentum uncertainty limit (oxo p=ħ/ 2}: 
the ground state of the harmonic oscillator (Problem 2.11) and the Gaussian wave packet for the free particle 
(Problem 2.21). This raises an interesting question: What is the most general minimum-uncertainty wave 
packet? Looking back at the proof of the uncertainty principle, we note that there were two points at which 
inequalities came into the argument: Equation 3.59 and Equation 3.60. Suppose we require that each of these 
be an equality, and see what this tells us about W. 

The Schwarz inequality becomes an equality when one function is a multiple of the other: g(x) = cef (x) 
, for some complex number c (see Problem A.5). Meanwhile, in Equation 3.60 I threw away the real part of z; 
equality results if Re(z) = Ü, which is to say, if Re{ f|g) = Re (c {F| f) = 0. Now, { f| f} is certainly real, 
so this means the constant c must be pure imaginary—let’s call it ia. The necessary and sufficient condition for 


minimum uncertainty, then, is 
g(x) =faf(x), where ais real. (3.68) 


For the position-momentum uncertainty principle this criterion becomes: 


d : (3.69) 
(-in — (p) Y = fa(x — ix pY, 
dx 
which is a differential equation for W as a function of x. Its general solution (see Problem 3.17) is 
W(x) = Ae eX H72) a (pho h (3.70) 


Evidently the minimum-uncertainty wave packet is a gaussian—and, sure enough, the two examples we 


encountered earlier were gaussians.-- 


Problem 3.17 Solve Equation 3.69 for W(x). Note that {x} and {p} are constants 
(independent of x). 
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3.5.3. The Energy-Time Uncertainty Principle 


The position-momentum uncertainty principle is often written in the form 


O > h (3.71) 
AxAp= 5; 


Ax (the “uncertainty” in x) is loose notation (and sloppy language) for the standard deviation of the results of 
repeated measurements on identically prepared systems.~ Equation 3.71 is often paired with the energy-time 
uncertainty principle, 


h (3.72) 
AAE > =. 


Indeed, in the context of special relativity the energy-time form might be thought of as a consequence of the 
position-momentum version, because x and ¢ (or rather, c¢) go together in the position-time four-vector, while 
p and E (or rather, E/'c) go together in the energy-momentum four-vector. So in a relativistic theory 
Equation 3.72 would be a necessary concomitant to Equation 3.71. But we’re not doing relativistic quantum 
mechanics. The Schrödinger equation is explicitly nonrelativistic: It treats ¢ and x on a very unequal footing 
(as a differential equation it is first-order in Z, but second-order in x), and Equation 3.72 is emphatically not 
implied by Equation 3.71. My purpose now is to derive the energy-time uncertainty principle, and in the 
course of that derivation to persuade you that it is really an altogether different beast, whose superficial 
resemblance to the position-momentum uncertainty principle is actually quite misleading. 

After all, position, momentum, and energy are all dynamical variables—measurable characteristics of the 
system, at any given time. But time itself is not a dynamical variable (not, at any rate, in a nonrelativistic 
theory): You don’t go out and measure the “time” of a particle, as you might its position or its energy. Time is 
the independent variable, of which the dynamical quantities are functions. In particular, the Af in the energy- 
time uncertainty principle is not the standard deviation of a collection of time measurements; roughly 
speaking (I'll make this more precise in a moment) it is the time it takes the system to change substantially. 

As a measure of how fast the system is changing, let us compute the time derivative of the expectation 


value of some observable, Q (x, p, t): 
Fon Gh pale aw | lao _' 
0) = —(w\dv) =(= ôv) + rat) 


Now, the Schrödinger equation says 








ow a 
ih—_ = HW 
dt 


(where H = p? /2m + V is the Hamiltonian). So 


£ (9) =—+ (iw|6u) + slelo) (22) 


But 7 is hermitian, so (HW IO Pp = Op] H Ow }, and hence 
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(3.73) 





This is an interesting and useful result in its own right (see Problems 3.18 and 3.37). It has no name, though 
it surely deserves one; Pll call it the generalized Ehrenfest theorem. In the typical case where the operator 
does not depend explicitly on time,~ it tells us that the rate of change of the expectation value is determined 
by the commutator of the operator with the Hamiltonian. In particular, if O commutes with #7, then {Q} is 
constant, and in this sense Q is a conserved quantity. 


Now, suppose we pick A = H and B = Q, in the generalized uncertainty principle (Equation 3.62), 





and assume that Q does not depend explicitly on £: 


cheb = GE) =(a7"a-) =(3) (Ge) - 


Or, more simply, 








i |d(Q) (3.74) 








Let’s define A E = dy, and 


| Tg (3.75) 
ul ees 
|d( Q} /dt| 
Then 
ae h (3.76) 
AE = >" 


and that’s the energy-time uncertainty principle. But notice what is meant by Af, here: Since 


REI g 


Tg = 
=l 


‘At represents the amount of time it takes the expectation value of Q to change by one standard deviation. In 
particular, ^r depends entirely on what observable {Q} you care to look at—the change might be rapid for 
one observable and slow for another. But if A Æ is small, then the rate of change of a// observables must be 
very gradual; or, to put it the other way around, if any observable changes rapidly, the “uncertainty” in the 


energy must be large. 


Example 3.5 

In the extreme case of a stationary state, for which the energy is uniquely determined, all expectation 
values are constant in time (AE = 0 = At = 00)—as in fact we noticed some time ago (see 
Equation 2.9). To make something Aappen you must take a linear combination of at least two 


stationary states—say: 


7 oe Et h 


W(x, t) = ayı (xe MEENE. 


+ biur(x je 
If a, b, W1, and yr are real, 
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4 4 J I I Ea pa E 
[P (x, t)? =a? (Wi (x))? + B (W(x)? + 2abyi (x) W2(x) cos (==), 


The period of oscillation is rt = 2x h/ (E> — E1). Roughly speaking, AE = Ez — Ej and At =r 


(for the exact calculation see Problem 3.20), so 





AE At = 21h, 


which is indeed > fi/2. 


Example 3.6 
Let Ar be the time it takes a free-particle wave packet to pass a particular point (Figure 3.1). 
Qualitatively (an exact version is explored in Problem 3.21), At = Ax/v =m Ax; p. But 





E = p*/2m,so AE = pAp/m, and therefore, 


pAp mAx 
AE APS 








= Ay Ap. 
m p 


which is > /i/'2 by the position-momentum uncertainty principle. 


j— Ax ————+ | 


A ¥ 


Figure 3.1: A free particle wave packet approaches the point 4 (Example 3.6). 


Example 3.7 

The A particle lasts about 10-23 s, before spontaneously disintegrating. If you make a histogram of all 
measurements of its mass, you get a kind of bell-shaped curve centered at 1232 MeV/,.2, with a width 
of about 120 MeV/,.2 (Figure 3.2). Why does the rest energy (m c*) sometimes come out higher than 
1232, and sometimes lower? Is this experimental error? No, for if we take Af to be the lifetime of the 


particle (certainly one measure of “how long it takes the system to change appreciably”), 
120 = ) : 
AE At = (> MeV ) (10- s) = 6 x 107% MeV-s, 


whereas A /2 = 3 x 10-22 MeV s. So the spread in m is about as small as the uncertainty principle 


allows—a particle with so short a lifetime just doesn’t have a very well-defined mass.~° 
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1100 1200 1300 1400 
mass (MeVic*) 


Figure 3.2: Measurements of the A mass (Example 3.7). 


Notice the variety of specific meanings attaching to the term Af in these examples: In Example 3.5 it’s a 
period of oscillation; in Example 3.6 it’s the time it takes a particle to pass a point; in Example 3.7 it’s the 
lifetime of an unstable particle. In every case, however, Af is the time it takes for the system to undergo 
“substantial” change. 

It is often said that the uncertainty principle means energy is not strictly conserved in quantum 
mechanics—that you're allowed to “borrow” energy A, as long as you “pay it back” in a time 
At = hj (2A Ey the greater the violation, the briefer the period over which it can occur. Now, there are 
many legitimate readings of the energy-time uncertainty principle, but this is not one of them. Nowhere does 
quantum mechanics license violation of energy conservation, and certainly no such authorization entered into 
the derivation of Equation 3.76. But the uncertainty principle is extraordinarily robust: It can be misused 
without leading to seriously incorrect results, and as a consequence physicists are in the habit of applying it 


rather carelessly. 


x Problem 3.18 Apply Equation 3.73 to the following special cases: (a) Q = 1; (b) 
O = H; (c) Q = x; (d) @ = p. In each case, comment on the result, with 
particular reference to Equations 1.27, 1.33, 1.38, and conservation of energy (see 


remarks following Equation 2.21). 


Problem 3.19 Use Equation 3.73 (or Problem 3.18 (c) and (d)) to show that: 
(a) For any (normalized) wave packet representing a free particle (V (x) = 0) 
, {x} moves at constant velocity (this is the quantum analog to Newton’s 
first law). Note: You showed this for a gaussian wave packet in Problem 
2.42, but it is completely general. 


(b) For any (normalized) wave packet representing a particle in the harmonic 
oscillator potential (v (x} = imo x) {x} oscillates at the classical 


frequency. Noze: You showed this for a particular gaussian wave packet in 


Problem 2.49, but it is completely general. 





Problem 3.20 Test the energy-time uncertainty principle for the wave function in 


Problem 2.5 and the observable x, by calculating CH, Gx, and d(x) /dt exactly. 
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Problem 3.21 Test the energy-time uncertainty principle for the free particle wave 
packet in Problem 2.42 and the observable x, by calculating ay, ox, and d(x) /dt 


exactly. 


Problem 3.22 Show that the energy-time uncertainty principle reduces to the 
“your name” uncertainty principle (Problem 3.15), when the observable in 


question IS Xx. 
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3.6 Vectors and Operators 
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3.6.1 Bases in Hilbert Space 


Imagine an ordinary vector A in two dimensions (Fig. 3.3(a)). How would you describe this vector to 
someone? You might tell them “It’s about an inch long, and it points 20° clockwise from straight up, with 
respect to the page.” But that’s pretty awkward. A better way would be to introduce cartesian axes, x and y, 
and specify the components of A: Ay =t- A, Ay = J - A (Fig. 3.3(b)). Of course, your sister might draw a 


zop 


different set of axes, y' and y’, and she would report different components: Aj = 1’ - A, AY, =j'-A 
(Fig. 3.3(c)) ...but it’s all the same vector—we’re simply expressing it with respect to two different bases 
({i 7} and {i on x | ). The vector itself lives “out there in space,” independent of anybody’s (arbitrary) choice 


of coordinates. 





(a) (b) ic) 


Figure 3.3: (a) Vector A. (b) Components of A with respect to xy axes. (c) Components of A with respect to 


xy’ axes. 


The same is true for the state of a system in quantum mechanics. It is represented by a vector, |S(t)}, that 
lives “out there in Hilbert space,” but we can express it with respect to any number of different bases. ‘The wave 
function W(x, t} is actually the x “component” in the expansion of |S(f)} in the basis of position 


eigenfunctions: 


W(x, D = 1S), (677) 





(the analog to f . A) with |x} standing for the eigenfunction of ẹ with eigenvalue x.. The momentum space 
wave function @(p,f) is the p component in the expansion of |S(f)} in the basis of momentum 


eigenfunctions: 
(p, t) = (plé (t)) (3.78) 


(with | p} standing for the eigenfunction of p with eigenvalue p). Or we could expand |S {(t)} in the basis of 


energy eigenfunctions (supposing for simplicity that the spectrum is discrete): 
Ca (D = inlé (t) (3.79) 


(with |n} standing for the mth eigenfunction of p—Equation 3.46). But it’s all the same state; the functions W 
and ®, and the collection of coefficients [{c,,}, contain exactly the same information—they are simply three 


different ways of identifying the same vector: 


a 5 p EER (3.80) 
S) = | Yy, Dålx — yìdy = | ip, E ‘dp 


— 5 Ei et Ent {hi Wr (x). 


270 hh 
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Operators (representing observables) are linear transformations on Hilbert space—they “transform” one 


vector into another: 


=, 


|B) = 


Just as vectors are represented, with respect to an orthonormal basis {|e,,)},72 by their components, 


la) = >. cin len), |B} = a len). dy = (en læ), betes B}. (3.82) 


i 


a), (3.81) 





operators are represented (with respect to a particular basis) by their matrix elements? 


(en 


In this notation Equation 3.81 says 


A. by, len ) = P dn Ole; t, (3.84) 


or, taking the inner product with |e,,, }, 


rae By (€ml€n) = 3 iy, (en | Olen) : (3.85) 
H 


fi 


O en) = Q mn- (3.83) 











and hence (since {em lEn} = mn) 


Pm — X Onnin: (3.86) 


Thus the matrix elements of O tell you how the components transform. 


Later on we will encounter systems that admit only a finite number JN of linearly independent states. In 
that case |.§(t)} lives in an N-dimensional vector space; it can be represented as a column of {N } components 
(with respect to a given basis), and operators take the form of ordinary (N x N) matrices. These are the 
simplest quantum systems—none of the subtleties associated with infinite-dimensional vector spaces arise. 


Easiest of all is the two-state system, which we explore in the following example. 


Example 3.8 


Imagine a system in which there are just zwo linearly independent states:22 


] ) ro^ 
EE Fi a 
1) = (6) and |2} i 


The most general state is a normalized linear combination: 


|S) = all} + b2} = (5) | with Jal? + |b|? = 1. 


The Hamiltonian can be expressed as a (hermitian) matrix (Equation 3.83); suppose it has the specific 


form 
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th g) 
H= (7 i) 


where g and / are real constants. If the system starts out (at  — 0) in state|1}, what is its state at time 


tf? 


Solution: The (time-dependent) Schrödinger equation? says 


d a 3.87 
ih— |S (t) = H |S (#)). et) 
dt 
As always, we begin by solving the time-independent Schrödinger equation: 
H\s) = Els): (3.88) 


that is, we look for the eigenvectors and eigenvalues of yy. The characteristic equation determines the 


eigenvalues: 


ge(" 7" pig) = EPP =0h- B= Fe By hte, 


Evidently the allowed energies are {h + g) and(/ — g}. To determine the eigenvectors, we write 


so the normalized eigenvectors are 


kiela. 


Next we expand the initial state as a linear combination of eigenvectors of the Hamiltonian: 


T ET X 
|S (0)} = ( 0 ) = zH + |s—}). 


Finally, we tack on the standard time-dependence (the wiggle factor) exp {—i Ept / R): 


ay, gihta g) 4 TaS] 


zl 


— l infi i (;) 5 eigt ih ( | 


eth fh (Sn t am) = ett fh ( cos(gt/h) 


-igih _ pigt/h —i sin(gt/ħ) 


|S(t)) 


tIl —= bh 


If you doubt this result, by all means check it: Does it satisfy the time-dependent Schrödinger equation 
(Equation 3.87)? Does it match the initial state when ¢ = get 


Just as vectors look different when expressed in different bases, so too do operators (or, in the discrete 


case, the matrices that represent them). We have already encountered a particularly nice example: 
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Kets o x in position space), 
x (the position operator) — 4. U pe iii 
ihd/ap (in momentum space): 


p (the momentum operator) > EORNA un pasion spate), 
p (in momentum space). 
(“Position space” is nothing but the position basis; “momentum space” is the momentum basis.) If someone 
asked you, “What is the operator, ~, representing position, in quantum mechanics?” you would probably 
answer “Just x itself.” But an equally correct reply would be “rfid dp,” and the best response would be “With 
respect to what basis?” 

I have often said “the state of a system is represented by its wave function, W(x, t), and this is true, in 
the same sense that an ordinary vector in three dimensions is “represented by” the triplet of its components; 
but really, I should always add “in the position basis.” After all, the state of the system is a vector in Hilbert 
space, |(f)}; it makes no reference to any particular basis. Its connection to W(x, f) is given by Equation 
3.77: Vix, Ð = (x|S(r)). Having said that, for the most part we do in fact work in position space, and no 


serious harm comes from referring to the wave function as “the state of the system.” 
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3.6.2 Dirac Notation 


Dirac proposed to chop the bracket notation for the inner product, {œ|}, into two pieces, which he called 
bra, {a|, and ket, |8} (I don’t know what happened to the c). The latter is a vector, but what exactly is the 
former? It’s a /inear function of vectors, in the sense that when it hits a vector (to its right) it yields a (complex) 
number—the inner product. (When an operator hits a vector, it delivers another vector; when a dra hits a 


vector, it delivers a number.) In a function space, the bra can be thought of as an instruction to integrate: 


(fi = | F b--lde. 


with the ellipsis |. - - ] waiting to be filled by whatever function the bra encounters in the ket to its right. In a 
finite-dimensional vector space, with the kets expressed as columns (of components with respect to some 


basis), 
(ay (3.89) 
la} — 
ay 
the bras are rows: 


(B| > (bř bs ... bf), (3.90) 


fl 


and (Bla) = bya, + bhar + +--+ bian is the matrix product. The collection of all bras constitutes another 
vector space—the so-called dual space. 
The license to treat bras as separate entities in their own right allows for some powerful and pretty 


notation. For example, if |œ} is a normalized vector, the operator 
P = |æ) la| (3.91) 
picks out the portion of any other vector that “lies along” |æ}: 


P |B) = ((a| B)) læ); 


we call it the projection operator onto the one-dimensional subspace spanned by |æ}. If {|e,}} is a discrete 


orthonormal basis, 


(Em len} = Onan; (3.92) 


then 


3.93 
> lend{en| = | adi 


(the identity operator). For if we let this operator act on any vector |œ}, we recover the expansion of |œ} in the 


{len} } basis: 


rP ( {En læ) )| en} = lar}. (3.94) 
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Similarly, if {|e-}} is a Dirac orthonormalized continuous basis, 





ele’) = ô(z ai z) (3.95) 
then 
(3.96) 
Equations 3.93 and 3.96 are the tidiest ways to express completeness. 
Technically, the guts of a ket or a bra (the ellipsis in | ---}or{--- |) is a name—the name of the vector in 


(<9 2? 


question: “d,” or “n,” or for that matter “Alice,” or “Bob.” It is endowed with no intrinsic mathematical 
attributes. Of course, it may be helpful to choose an evocative name—for instance, if you’re working in the 
space f 2 of square-integrable functions, it is natural to name each vector after the function it represents: | f}. 


Then, for example, we can write the definition of a hermitian operator as we did in Equation 3.17: 


lêr) = (rs) 


Strictly speaking, in Dirac notation this is a nonsense expression: fhere is a name, and operators act on vectors, 


not on names. The left side should properly be written as 


(F |9| 4). 
but what are we to make of the right side? lQ f | really means “the bra dual to O | f} but what is its name? I 
suppose we could say 


( (the name of the vector O lf ))] 


but that’s a mouthful. However, since we have chosen to name each vector after the function it represents, and 


since we do know how O acts on the function (as opposed to the name) f, this in fact becomes 


(Ofl, 


and we are OK after all. 


An operator takes one vector in Hilbert space and delivers another: 


Ola) = |B). (3.97) 
The sum of two operators is defined in the obvious way, 
(A. Pp a 5 3.98 
(Ô + R) la) = Ola) + Ria), (3.98) 
and the product of two operators is 
z (3.99) 


OR la) = Ê (R la) 


(first apply p to |æ}, and then apply O to what you got—being careful, of course, to respect their ordering). 


Occasionally we shall encounter functions of operators. They are typically defined by the power series 


153 


www.urdukutabkhanapk.blogspot.com 





expansion: 
a | a5 | a (3.100) 
eae Or uta aa 
| x ag oag S4 (3.101) 
i AEE eee hE a 
ž = lea. das | g (3.102) 
n(1+)=ĝ-58 +30 -70+ 


and so on. On the right-hand side we have only sums and products, and we know how to handle them. 


Problem 3.23 Show that projection operators are idempotent: pł — p. 


Determine the eigenvalues of p, and characterize its eigenvectors. 


Problem 3.24 Show that if an operator O is hermitian, then its matrix elements in 
any orthonormal basis satisfy Qmn = Qf That is, the corresponding matrix is 


equal to its transpose conjugate. 


Problem 3.25 The Hamiltonian for a certain two-level system is 


H =e (\1) (1| — 12) (2) + 11) 21 + 12 (1), 


where | 1}, | 2} is an orthonormal basis and € is a number with the dimensions of 
energy. Find its eigenvalues and eigenvectors (as linear combinations of | 1} and |2} 


). What is the matrix H representing yy with respect to this basis? 


x Problem 3.26 Consider a three-dimensional vector space spanned by an 


orthonormal basis |1}, |2}, |3}. Kets |œ} and |£} are given by 


ja) = ilb 22 il 16) = il 1) + 213). 


(a) Construct fœ | and {8| (in terms of the dual basis { 1], (2|, (3)). 
(b) Find {a@|8}and {P lar}, and confirm that {Bla} = (œ| BY". 
(c) Find all nine matrix elements of the operator 4 = la} (B|, in this basis, 


and construct the matrix A\. Is it hermitian? 


Problem 3.27 Let O be an operator with a complete set of orthonormal 


eigenvectors: 


O len} itty lea) (n = ee SS 2 


(a) Show that O can be written in terms of its spectral decomposition: 


154 


KK 


www.urdukutabkhanapk.blogspot.com 


Q = > oi |En} {Enl - (3.103) 


Hint: An operator is characterized by its action on all possible vectors, so 


what you must show is that 


Qla) = Salen) al lar) s 


for any vector |æ }. 


(b) Another way to define a function of O is via the spectral decomposition: 
FÔ) = Y fan) len) enl. (3.104) 
fi 


Show that this is equivalent to Equation 3.100 in the case of „Q. 


Problem 3.28 Let D = d idx (the derivative operator). Find 
(a) (sin D) x, 


(b) (oe (x). 


Problem 3.29 Consider operators 4 and pf that do not commute with each other 
(€ = JA. B }) but do commute with their commutator: JA, C | oe [ó i C | =) 


(for instance, ¢ and p). 


(a) Show that 


~*~ 
“on 


L f | SRAC 


Hint: You can prove this by induction on n, using Equation 3.65. 


(b) Show that 
4] = 14è, 


where }, is any complex number. Hint: Express p^ as a power series. 


(c) Derive the Baker-Campbell—Hausdorff formula:~ 


A+B å B 


e` = eee Cl? 


e 
Hint: Define the functions 

E a(4+8) ny, AA ABIES? 

fae =r \ ' Piel E S are, 


Note that these functions are equal at } = 0, and show that they satisfy 


> 


the same differential equation: d fida na (A +B ) f and 
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dg/di = (A -— Ê) g. Therefore, the functions are themselves equal for 


all 3,.38 
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3.6.3 Changing Bases in Dirac Notation 


The advantage of Dirac notation is that it frees us from working in any particular basis, and makes 
transforming between bases seamless. Recall that the identity operator can be written as a projection onto a 
complete set of states (Equations 3.93 and 3.96); of particular interest are the position eigenstates |x}, the 


momentum eigenstates | p}, and the energy eigenstates (we will assume those are discrete) |7}: 
a (3.106) 
[= | dx |x} {x|, 
p= | dp |p) (pl. 


ES x, |a) inl. 


Acting on the state vector |S (t)} with each of these resolutions of the identity gives 
|S (E) = | dx |x) (x|S (t)) = | W (x,t) |x) dx, roe 
IS (t)) = | dp |p) pls ()} = | ®(p.t) |p) dp, 
IS (©) = Dla) (nS) = Den) In). 
n 


Here we recognize the position-space, momentum-space, and “energy-space” wave functions (Equations 


3.77-3.79) as the components of the vector |S (f)} in the respective bases. 


Example 3.9 
Derive the transformation from the position-space wave function to the momentum-space wave 
function. (We already know the answer, of course, but I want to show you how this works out in 


Dirac notation.) 


Solution: We want to find ® (p,t) = (p|& (t)) given Y (x, t) = (x|S (t)). We can relate the two 


by inserting a resolution of the identity: 


® (p, t) = (plS (t) (3.108) 


= (p (Jax |x) l) S o) 


= | (plx) (xb (1)) dx 








=| (pix) Y (x,t) dx. 


Now, {x| p} is the momentum eigenstate (with eigenvalue p) in the position basis—what we called 


fp (x), in Equation 3.32. So 


pls) = telp} = [fp 0] = Genet 
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Plugging this into Equation 3.108 gives 





| uate : 
(p, t) = | me (x, thax; 
/ 20h 


which is precisely Equation 3.54. 


Just as the wave function takes different forms in different bases, so do operators. ‘The position operator 
is given by 


=, 


x > Xx 

in the position basis, or 
ap 

in the momentum basis. However, Dirac notation allows us to do away with the arrows and stick to equalities. 
Operators act on kets (for instance, x |S (t)}); the outcome of this operation can be expressed in any basis by 
taking the inner product with an appropriate basis vector. That is, 

(x |2| S(t)} = action of position operator in x basis = x (x, t) , (3.109) 
or 


j ” sci , a® 3.110 
(p || S(t)) = action of position operator in p basis = ih F ea 


In this notation it is straightforward to transform operators between bases, as the following example 


illustrates. 


Example 3.10 
Obtain the position operator in the momentum basis (Equation 3.110) by inserting a resolution of the 


identity on the left-hand side. 


e fanla): 


= f ip xl axl S ax, 


Solution: 














(p x | S(t)) = (p sw) 


where I’ve used the fact that |x} is an eigenstate of x (x be eo |x} ); x can then be pulled out of the 


inner product (it’s just a number) and 
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p |2|S (4) = | x (plx) Y (x,t) dx 


a hi 
= an (x,t) dx 
A 


ei Px} if 
nè poe ini t)dx. 


Finally we recognize the integral as P ( p, t} (Equation 3.54). 








Problem 3.30 Derive the transformation from the position-space wave function to 
the “energy-space” wave function (c,, (f)) using the technique of Example 3.9. 
Assume that the energy spectrum is discrete, and the potential is time- 


independent. 
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Further Problems on Chapter 3 


* Problem 3.31 Legendre polynomials. Use the Gram-Schmidt procedure 
(Problem A.4) to orthonormalize the functions |. x. x2, and x3, on the 
interval — ] = x = ]. You may recognize the results—they are (apart from 


normalization) Legendre polynomials (Problem 2.64 and Table 4.1). 


Problem 3.32 An anti-hermitian (or skew-hermitian) operator is equal to minus 


its hermitian conjugate: 


Q' = —Ọ. (3.111) 

(a) Show that the expectation value of an anti-hermitian operator is 
imaginary. 

(b) Show that the eigenvalues of an anti-hermitian operator are imaginary. 

(c) Show that the eigenvectors of an anti-hermitian operator belonging to 
distinct eigenvalues are orthogonal. 

(d) Show that the commutator of two hermitian operators is anti-hermitian. 
How about the commutator of two anti-hermitian operators? 

(e) Show that any operator O can be written as a sum of a hermitian operator 
A and an anti-hermitian operator #, and give expressions for 4 and ĝin 


terms of O and its adjoint Qt. 


Problem 3.33 Sequential measurements. An operator 4, representing observable 
A, has two (normalized) eigenstates yy, and W27, with eigenvalues a] and a7, 
respectively. Operator p, representing observable B, has two (normalized) 


eigenstates @| and 2, with eigenvalues by and >. The eigenstates are related 


by 


Wi = (31 +462) /5, Yo = (dpi — 362) /5. 


(a) Observable 4 is measured, and the value «| is obtained. What is the state 
of the system (immediately) after this measurement? 

(b) If Bis now measured, what are the possible results, and what are their 
probabilities? 

(c) Right after the measurement of B, 4 is measured again. What is the 
probability of getting @|? (Note that the answer would be quite different if 


I had told you the outcome of the B measurement.) 


xok E i ad Problem 3.34 
(a) Find the momentum-space wave function ®,, ( p, t) for the mth stationary 


state of the infinite square well. 
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(b) Find the probability density | ®,, ( p.t) 2. Graph this function, for n = |, 
n= 2,n = 5, and n = 10. What are the most probable values of p, for 
large n? Is this what you would have expected?“? Compare your answer to 
Problem 3.10. 

(c) Use ®,,(p, tf) to calculate the expectation value of p> in the nth state. 


Compare your answer to Problem 2.4. 


Problem 3.35 Consider the wave function 


| el mx ih 
W(x, 0) = § y | 
0, otherwise., 


—HA <x < MA, 


where n is some positive integer. This function is purely sinusoidal (with 
wavelength à) on the interval — nj < x < mA, but it still carries a range of 
momenta, because the oscillations do not continue out to infinity. Find the 
momentum space wave function ®(p,Q). Sketch the graphs of |W(x, 0)|7 
and | @( p. 0) a and determine their widths, Wy and Wp (the distance between 
zeros on either side of the main peak). Note what happens to each width as 
n —> oo. Using Wx and Wp as estimates of Ax and Ap, check that the 


uncertainty principle is satisfied. Warning: If you try calculating Fp, you're in 


for a rude surprise. Can you diagnose the problem? 


Problem 3.36 Suppose 


A 


I I 
x- +a“ 


P(x, 0) = (—oo < x < 00} 


for constants 4 and a. 

(a) Determine 4, by normalizing V(x, 0). 

(b) Find {x}, (x7, and 0, (at time ¢ — 0). 

(c) Find the momentum space wave function ®(p, 0), and check that it is 
normalized. 

(d) Use ®(p, 0) to calculate { p}, | p”), and Tp (at time ¢ = 0). 

(e) Check the Heisenberg uncertainty principle for this state. 


* Problem 3.37 Virial theorem. Use Equation 3.73 to show that 


a i dtl | ƏV 
— {xp} = 2(T)—(x—}., 
dt i a ee 


where T'is the kinetic energy (H = T + V). In a stationary state the left side 


(3.112) 


is zero (why?) so 





| a (3.113) 


This is called the virial theorem. Use it to prove that {T} = {V} for stationary 


states of the harmonic oscillator, and check that this is consistent with the 
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results you got in Problems 2.11 and 2.12. 


Problem 3.38 In an interesting version of the energy-time uncertainty principle“! 
‘At = T/m, where T is the time it takes Y(x,f) to evolve into a state 
orthogonal to W(x, 0). Test this out, using a wave function that is a linear 


combination of two (orthonormal) stationary states of some (arbitrary) 


potential: ¥ (x, 0) = (1/v2) I yp (x) + oro(x)]. 


xx] Problem 3.39 Find the matrix elements {n|x|n"} and {n|p|n'} in the 
(orthonormal) basis of stationary states for the harmonic oscillator (Equation 
2.68). You already calculated the “diagonal” elements (n = n’) in Problem 


2.12; use the same technique for the general case. Construct the corresponding 





(infinite) matrices, X and P. Show that (| /2m) pe 4 (me IDX? — } is 
diagonal, in this basis. Are its diagonal elements what you would expect? 


Partial answer: 





(3.114) 





(n | X K i L (Visp, n'—1 T J Aip n— ,) ' 


y = faa) 


** | Problem 3.40 The most general wave function of a particle in the simple harmonic 


oscillator potential is 


W(x, 1) =) O Pa, 


i 


Show that the expectation value of position is 
(x) = C cos (wt — ), 


where the real constants C and @ are given by 


= | [2h E 
Ce ip =(y + n+ l cerek: 


\ iia 
n=) 


Thus the expectation value of position for a particle in the harmonic oscillator 
oscillates at the classical frequency W (as you would expect from Ehrenfest’s 
theorem; see problem 3.19(b)). Hint: Use Equation 3.114. As an example, find 
C and @ for the wave function in Problem 2.40. 


Problem 3.41 A harmonic oscillator is in a state such that a measurement of the 
energy would yield either {1/2} fiw or (3/2) few, with equal probability. What 
is the largest possible value of { p} in such a state? If it assumes this maximal 


value at time ¢ = (), what is P(x, t)? 


ok Problem 3.42 Coherent states of the harmonic oscillator. Among the stationary 
states of the harmonic oscillator (Equation 2.68) only » =() hits the 
uncertainty limit (o0 om h/2); in general, CxO p = (2n + 1) hi/2, as you 


found in Problem 2.12. But certain /inear combinations (known as coherent 
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states) also minimize the uncertainty product. They are (as it turns out) 


ei genfunctions of the lowering operator: 


a_|a} —al|a} 


(the eigenvalue a can be any complex number). 

(a) Calculate {x}, faa (ph | p“) in the state |œ}. Hint: Use the technique in 
Example 2.5, and remember that 4+ is the hermitian conjugate of a_. Do 
not assume A is real. 

(b) Find ax and ap; show that o0 p = h/2. 

(c) Like any other wave function, a coherent state can be expanded in terms 


of energy eigenstates: 


je; = > Cn |n}. 


n=0 


Show that the expansion coefficients are 


a” 
Cn = ——C0- 
vn! 
(d) Determine co by normalizing |æ}. Answer: exp (— æl /2). 


(e) Now put in the time dependence: 


bes g` iEnt {i = 


and show that |œ (f)} remains an eigenstate of a—, but the eigenvalue 


evolves in time: 


So a coherent state stays coherent, and continues to minimize the 
uncertainty product. 
(f) Based on your answers to (a), (b), and (e), find {x} and @ as functions of 


time. It helps if you write the complex number A as 


| me 5. 
a = C,/—_e'9 
yV 2h 


for real numbers C and $. Comment: In a sense, coherent states behave 
quasi-classically. 
(g) Is the ground state {|n = 0}) itself a coherent state? If so, what is the 


eigenvalue? 


Problem 3.43 Extended uncertainty principle. The generalized uncertainty 


principle (Equation 3.62) states that 
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where C = |â, B| 


(a) Show that it can be strengthened to read 


(3.115) 


where D=AB + BA—? (A) (B). Hint: Keep the Re(z) term in 
Equation 3.60. 

(b) Check Equation 3.115 for the case B = A (the standard uncertainty 
principle is trivial, in this case, since œ — (} unfortunately, the extended 


uncertainty principle doesn’t help much either). 


Problem 3.44 The Hamiltonian for a certain three-level system is represented by 


the matrix 
a QO b 
H=10 c 0 
b 0O a 


where a, b, and c are real numbers. 


(a) Ifthe system starts out in the state 


0 
S0) = [1 
a 


what is |S {r}? 


(b) Ifthe system starts out in the state 
| 

|S (O)) = | 0 
0, 


what is |S {r}? 


Problem 3.45 Find the position operator in the basis of simple harmonic oscillator 


energy states. [hat is, express 


(n | 5 (t) 
in terms of €n (f) = (n|& (t)}. Hint: Use Equation 3.114. 


Problem 3.46 The Hamiltonian for a certain three-level system is represented by 


the matrix 


{1 
H = hw] 0 
0 


Ee kIT g 
Ka co 5 


Two other observables, 4 and B, are represented by the matrices 
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0 O0 
0 2] 
1 O 


= & bk 


fo 1 0 
R=AL1 0 0|, B= p 
0 0 2 


where W, j,, and H are positive real numbers. 
(a) Find the eigenvalues and (normalized) eigenvectors of H, A, and B. 
(b) Suppose the system starts out in the generic state 





with |e, |2 + lezl 24 c3 i — |. Find the expectation values (at ¢ = ()) of 
H, A, and B. 

(c) What is |S(t)}? If you measured the energy of this state (at time 7), what 
values might you get, and what is the probability of each? Answer the 


same questions for observables 4 and for B. 


** Problem 3.47 Supersymmetry. Consider the two operators 


. > Pae 3 (3.116) 
Aer E oe Gg): mi AcE W, 


/2m | V2m 


for some function W (x). These may be multiplied in either order to construct 








two Hamiltonians: 


Fa | a 


7“ p ek | 
P yw and SAA 4 QW): 
2m 2m 


Te 
|| 


(3.117) 

Vi and Və are called supersymmetric partner potentials. The 

energies and eigenstates of Hi and H are related in interesting ways.“ 

(a) Find the potentials Vı (x) and W(x), in terms of the superpotential, 
W (x). 

(b) Show that if uy! l) is an eigenstate of A with eigenvalue EO), then Aw; L) 
is an eigenstate of Hy with the same eigenvalue. Similarly, show that if 

ur (2) (x) is an eigenstate of 74 with eigenvalue Ee, then Aty is an 


fl 


eigenstate of fy, with the same eigenvalue. The two Hamiltonians 
therefore have essentially identical spectra. 


(c) One ordinarily chooses W (x) such that the ground state of H} satisfies 


(3.118) 


and hence EÇ ! 


of the ground state wave function, wi l) (x). (The fact that 4 annihilates 


— (). Use this to find the superpotential W(x), in terms 


wi? means that H» actually has one less eigenstate than Hp and is 
missing the eigenvalue pt 1) 


(d) Consider the Dirac delta function well, 
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ma 3.119 
Vi (x) = aR — ad (x), ( ) 


(the constant term, ma? /2he, is included so that EY — 0). It has a 
single bound state (Equation 2.132) 








(ly. vine a [=r xl] | (3.120) 
h hic 
Use the results of parts (a) and (c), and Problem 2.23(b), to determine the 
superpotential W(x) and the partner potential V(x). This partner 
potential is one that you will likely recognize, and while it has no bound 
states, the supersymmetry between these two systems explains the fact 
that their reflection and transmission coefficients are identical (see the last 


paragraph of Section 2.5.2). 


** | Problem 3.48 An operator is defined not just by its action (what it does to the 
vector it is applied to) but its domain (the set of vectors on which it acts). In a 
finite-dimensional vector space the domain is the entire space, and we don't 
need to worry about it. But for most operators in Hilbert space the domain is 
restricted. In particular, only functions such that O f (x) remains in Hilbert 
space are allowed in the domain of O. (As you found in Problem 3.2, the 
derivative operator can knock a function out of 7 2.) 

A hermitian operator is one whose action is the same as that of its 

adjoint*? (Problem 3.5). But what is required to represent observables is 

actually something more: the domains of O and Gt must also be identical. Such 
operators are called self-adjoint.“ 

(a) Consider the momentum operator, p = —ihd /dx, on the finite interval 

Q = x <a. With the infinite square well in mind, we might define its 

domain as the set of functions f(x) such that f (0) = f(a) = Ù (it goes 

without saying that f(x) and pf (x) are in L? (0, a)). Show that p is 

pf = p'g| f , with p = p. But is it self-adjoint? 





hermitian: (g 
Hint: as long as f(0) = f(a) = 0, there is no restriction on g(Q) or 
g(a)—the domain of p is much larger than the domain of p.“/ 

(b) Suppose we extend the domain of p to include all functions of the form 
f(a) = Af (0), for some fixed complex number }. What condition must 
we then impose on the domain of p' in order that p be hermitian? What 
value(s) of }, will render p self-adjoint? Comment: Technically, then, there 
is nO momentum operator on the finite interval—or rather, there are 
infinitely many, and no way to decide which of them is “correct.” (In 
Problem 3.34 we avoided the issue by working on the infinite interval.) 


(c) What about the semi-infinite interval, 0 = x < oc? Is there a self- 


adjoint momentum operator in this case? 


xx] Problem 3.49 
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(a) Write down the time-dependent “Schrödinger equation” in momentum 
space, for a free particle, and solve it. Answer: 
exp (—ip*t/2m h) ®(p, 0). 

(b) Find @(p, 0) for the traveling gaussian wave packet (Problem 2.42), and 





construct (p, t) for this case. Also construct |@( p.t)| 2 and note that 
it is independent of time. 

(c) Calculate {pp} and | p“) by evaluating the appropriate integrals involving Ọ, 
and compare your answers to Problem 2.42. 

(d) Show that (WH) = ( py? /2m +(H)o (where the subscript 0 denotes the 


stationary gaussian), and comment on this result. 





Ihe 


[OC |S) 


IB 


eat 


If you have never studied linear algebra, you should read the Appendix before continuing. 

For us, the limits (a and 4) will almost always be + mo, but we might as well keep things more general for the moment. 

Technically, a Hilbert space is a complete inner product space, and the collection of square-integrable functions is only one example of a 
Hilbert space—indeed, every finite-dimensional vector space is trivially a Hilbert space. But since p 2 is the arena of quantum mechanics, it’s 
what physicists generally mean when they say “Hilbert space.” By the way, the word complete here means that any Cauchy sequence of 
functions in Hilbert space converges to a function that is also in the space: it has no “holes” in it, just as the set of all real numbers has no 
holes (by contrast, the space of all polynomials, for example, like the set of all razional numbers, certainly does have holes in it). The 
completeness of a space has nothing to do with the completeness (same word, unfortunately) of a set of functions, which is the property that 
any other function can be expressed as a linear combination of them. For an accessible introduction to Hilbert space see Daniel T. Gillespie, 
A Quantum Mechanics Primer (International Textbook Company, London, 1970), Sections 2.3 and 2.4. 

In Chapter 2 we were obliged on occasion to work with functions that were of normalizable. Such functions lie outside Hilbert space, and 
we are going to have to handle them with special care. For the moment, I shall assume that all the functions we encounter are in Hilbert 
space. 

For a proof, see Frigyes Riesz and Bela Sz.-Nagy, Functional Analysis (Dover, Mineola, NY, 1990), Section 21. In a finite-dimensional 
vector space the Schwarz inequality, ar |B} É = (ar |æ) {8 |B is easy to prove (see Problem A.5). But that proof assumes the existence of 
the inner products, which is precisely what we are trying to establish here. 

What about a function that is zero everywhere except at a few isolated points? The integral (Equation 3.9) would still vanish, even though 
the function itself does not. If this bothers you, you should have been a math major. In physics such pathological functions do not occur, but 
in any case, in Hilbert space two functions are considered equivalent if the integral of the absolute square of their difference vanishes. 
Technically, vectors in Hilbert space represent equivalence classes of functions. 

Remember that O is the operator constructed from Q by the replacement p — —ihd /dx. These operators are linear, in the sense that 


= 


QO laf (x) + bg(x)| = aÔ f(x) + bOg(x), 


for any functions fand g and any complex numbers a and 4. They constitute /inear transformations (Section A.3) on the space of all functions. 
However, they sometimes carry a function inside Hilbert space into a function outside it (see Problem 3.2(b)), and in that case the domain of 
the operator (the set of functions on which it acts) may have to be restricted (see Problem 3.48). 

In a finite-dimensional vector space hermitian operators are represented by hermitian matrices, a hermitian matrix is equal to its transpose 
conjugate: T _ TÌ — T”. If this is unfamiiar to you please see the Appendix. 

As I mentioned in Chapter 1, there exist pathological functions that are square-integrable but do nof go to zero at infinity. However, such 
functions do not arise in physics, and if you are worried about it we will simply restrict the domain of our operators to exclude them. On 
finite intervals, though, you really do have to be more careful with the boundary terms, and an operator that is hermitian on (— oa, oo) may 
not be hermitian on ((Q), cc) or (—2T, 7 }. (If you're wondering about the infinite square well, it’s safest to think of those wave functions as 


residing on the infinite line—they just happen to be zero outside (0), a@).) See Problem 3.48. 


= Im talking about a competent measurement, of course—it’s always possible to make a mistake, and simply get the wrong answer, but that’s 


not the fault of quantum mechanics. 

It is here that we assume the eigenfunctions are in Hilbert space—otherwise the inner product might not exist at all. 

P. A. M. Dirac, The Principles of Quantum Mechanics, Oxford University Press, New York (1958). 

In some specific cases completeness is provable (we know that the stationary states of the infinite square well, for example, are complete, 
because of Dirichlets theorem). It is a little awkward to call something an “axiom” that is provable in some cases, but I don’t know a better 


way to do it. 
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What about the eigenfunctions with vonreal eigenvalues? These are not merely non-normalizable—they actually blow up at + ne. 
Functions in what I called the “suburbs” of Hilbert space (the entire metropolitan area is sometimes called a “rigged Hilbert space”; see, for 
example, Leslie Ballentine’s Quantum Mechanics: A Modern Development, World Scientific, 1998) have the property that although they have 
no (finite) inner product with themselves, they do admit inner products with all members of Hilbert space. This is noz true for eigenfunctions 
of j with nonreal eigenvalues. In particular, I showed that the momentum operator is hermitian for functions in Hilbert space, but the 
argument depended on dropping the boundary term (in Equation 3.19). That term is still zero if g is an eigenfunction of f with a real 
eigenvalue (as long as fis in Hilbert space), but not if the eigenvalue has an imaginary part. In this sense any complex number is an 
eigenvalue of the operator jf, but only real numbers are eigenvalues of the hermitian operator j+—the others lie outside the space over which 
pis hermitian. 

You may have noticed that there is an ambiguity in this prescription, if (x, p) involves the product xp. Because ¢ and j} do not commute 
(Equation 2.52)—whereas the classical variables x and p, of course, do—it is not clear whether we should write ț p or pY (or perhaps some 
linear combination of the two). Luckily, such observables are very rare, but when they do occur some other consideration must be invoked to 
resolve the ambiguity. 

In the case of continuous spectra the collapse is to a narrow range about the measured value, depending on the precision of the measuring 
device. 

Notice that the time dependence—which is not at issue here—is carried by the coefficients; to make this explicit I write C,(f). In the special 
case of the Hamiltonian (O =e ), when the potential energy is time independent, the coefficients are in fact constant, as we saw in 
Section 2.1. 

Again, I am scrupulously avoiding the all-too-common claim ‘lc i+ is the probability that the particle is in the state fp.” This is nonsense: 
The particle is in the state W, period. Rather, cn 2 is the probability that a measurement of Q would yield the value én. It is true that such a 


measurement will collapse the state to the eigenfunction fp, so one might correctly say “|¢-,,|2 is the probability that a particle which is now 


|En 
i i 
in the state W wil/ de in the state fp subsequent to a measurement of Q” ...but that’s a quite different assertion. 


a JL. 


More precisely, the commutator of two hermitian operators is itself an¢i-hermitian (ô = 0), and its expectation value is imaginary 


(Problem 3.32). 

This corresponds to the fact that noncommuting matrices cannot be simultaneously diagonalized (that is, they cannot both be brought to 
diagonal form by the same similarity transformation), whereas commuting hermitian matrices can be simultaneously diagonalized. See 
Section A.5. 

Bohr and Heisenberg were at pains to track down the mechanism by which the measurement of x (for instance) destroys the previously 
existing value of p. The crux of the matter is that in order to determine the position of a particle you have to poke it with something—shine 
light on it, say. But these photons impart to the particle a momentum you cannot control. You now know the position, but you no longer 
know the momentum. Bohr’s famous debates with Einstein include many delightful examples, showing in detail how experimental 
constraints enforce the uncertainty principle. For an inspired account see Bohr’s article in A/bert Einstein: Philosopher-Scientist, edited by Paul 
A. Schilpp, Open Court Publishing Co., Peru, IL (1970). In recent years the Bohr/Heisenberg explanation has been called into question; for 
a nice discussion see G. Brumfiel, Nature News https://doi.org/10.1038/nature.2012.11394. 

Note that it is only the dependence of W on x that is at issue here—the “constants” A, a, {x}, and {p} may all be functions of time, and for 
that matter W may evolve away from the minimal form. All I’m asserting is that if, at some instant, the wave function is gaussian in x, then 
(at that instant) the uncertainty product is minimal. 

Many casual applications of the uncertainty principle are actually based (often inadvertently) on a completely different—and sometimes 
quite unjustified—measure of “uncertainty.” See J. Hilgevoord, Am. J. Phys. 70, 983 (2002). 

Operators that depend explicitly on ¢ are quite rare, so almost always ġ Q/ af — Ü. As an example of explicit time dependence, consider the 
potential energy of a harmonic oscillator whose spring constant is changing (perhaps the temperature is rising, so the spring becomes more 
flexible): @ = (1/2) m [w(f) i x^ 

This is sometimes called the “Mandelstam-Tamm” formulation of the energy-time uncertainty principle. For a review of alternative 
approaches see P. Busch, Found. Phys. 20, 1 (1990). 

In truth, Example 3.7 is a bit of a fraud. You can’t measure |(j—23 s on a stop-watch, and in practice the lifetime of such a short-lived 


particle is inferred from the width of the mass plot, using the uncertainty principle as input. However, the point is valid, even if the logic is 
backwards. Moreover, if you assume the A is about the same size as a proton (~ 107l m ), then 107 23 sec is roughly the time it takes 


light to cross the particle, and it’s hard to imagine that the lifetime could be much /ess than that. 

I hesitate to call it gy (Equation 3.39), because that is its form in the position basis, and the whole point here is to free ourselves from any 
particular basis. Indeed, when I first defined Hilbert space as the set of square-integrable functions—over «—that was already too restrictive, 
committing us to a specific representation (the position basis). I want now to think of it as an abstract vector space, whose members can be 
expressed with respect to any basis you like. 

In position space it would be fp (Equation 3.32). 

TIl assume the basis is discrete; otherwise n becomes a continuous index and the sums are replaced by integrals. 

This terminology is inspired, obviously, by the finite-dimensional case, but the “matrix” will now typically have an infinite (maybe even 


uncountable) number of elements. 
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= In matrix notation Equation 3.86 becomes b = Qa (with the vectors expressed as columns), by the ordinary rules of matrix multiplication 


—see Equation A.42. 


= Technically, the “equals” signs here mean “is represented by,” but I don’t think any confusion will arise if we adopt the customary informal 


notation. 


= We began, back in Chapter 1, with the Schrödinger equation for the wave function in position space; here we generalize it to the state 


vector in Hilbert space. 


= This is a crude model for (among other things) neutrino oscillations. In that context ||} represents (say) the electron neutrino, and |2} the 


muon neutrino; if the Hamiltonian has a nonvanishing off-diagonal term { g) then in the course of time the electron neutrino will turn into a 
muon neutrino (and back again). 

Note that ; Q fl=tfi O t by virtue of Equation 3.20. 

Like his delta function, Dirac’s notation is beautiful, powerful, and obedient. You can abuse it (everyone does), and it won’t bite. But once in 
a while you should pause to ask yourself what the symbols really mean. 

This is a special case of a more general formula that applies when 4 and # do not commute with (7. See, for example, Eugen Merzbacher, 


Quantum Mechanics, 3rd edn, Wiley, New York (1998), page 40. 


2 The product rule holds for differentiating operators as long as you respect their order: 


ee (3.105) 
Th E (A) B)| =A (A) B(A)+ AA) B (A). 
A 


= Legendre didn’t know what the best convention would be; he picked the overall factor so that all his functions would go to 1 at y — ], and 


we're stuck with his unfortunate choice. 
See F. L. Markley, Am. J. Phys. 40, 1545 (1972). 
See L. Vaidman, Am. J. Phys. 60, 182 (1992) for a proof. 


= There are no normalizable eigenfunctions of the raising operator. 

= For interesting commentary and references, see R. R. Puri, Phys. Rev. A 49, 2178 (1994). 

= Fred Cooper, Avinash Khare, and Uday Sukhatme, Supersymmetry in Quantum Mechanics, World Scientific, Singapore, 2001. 
= Mathematicians call them “symmetric” operators. 


= Because the distinction rarely intrudes, physicists tend to use the word “hermitian” indiscriminately; technically, we should always say “self- 


adjoint,” meaning O = ‘ay both in action and in domain. 


The domain of O is something we stipulate; that determines the domain of O T, 


= J. von Neumann introduced machinery for generating self-adjoint extensions of hermitian operators—or in some cases proving that they 


cannot exist. For an accessible introduction see G. Bonneau, J. Faraut, and B. Valent, Am. J. Phys. 69, 322 (2001); for an interesting 
application see M. T. Ahari, G. Ortiz, and B. Seradjeh, Am. J. Phys. 84, 858 (2016). 
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4 


Quantum Mechanics in Three Dimensions 


© 
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4.1 The Schrodinger Equation 
The generalization to three dimensions is straightforward. Schrodinger’s equation says 


TODE (4.1) 


the Hamiltonian operator jy is obtained from the classical energy 


| z | 7 2 2 
g” ui+V= Im (P; T Py p?) di 


by the standard prescription (applied now to y and z, as well as x): 


d d 4.2 
Px => HO Py > E Pz —> “hs a2) 


ds 


or 


for short. Thus 


(4.4) 





3? a g (4.5) 


is the Laplacian, in cartesian coordinates. 
The potential energy V and the wave function W are now functions of r= (x, y, z} and 4 The 
probability of finding the particle in the infinitesimal volume d 3r = dx dy dz is |Y (r, t)|? d?r, and the 


normalization condition reads 


[veers l, m 


with the integral taken over all space. If V is independent of time, there will be a complete set of stationary 


states, 


W, (r, £) = Wn (r) g mR (4.7) 
where the spatial wave function Wẹ satisfies the time-independent Schrödinger equation: 


(4.8) 





The general solution to the (time-dependent) Schrödinger equation is 
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Y (r,t) = A Wi, (r) et Ent fh (4.9) 


with the constants €n determined by the initial wave function, W (r, 0), in the usual way. (If the potential 


admits continuum states, then the sum in Equation 4.9 becomes an integral.) 


x Problem 4.1 


(a) Work out all of the canonical commutation relations for components of 
the operators r and p: [x, y} |x, Pyl |x, Psh | Py. Pz} and so on. 


Answer: 


[ri; p; |] = — | pi, r;| = ihd;}, lr: r; | = | Pi. pi] = 0, (4.10) 
where the indices stand for x, y, or z, and Fy = X, "y = V, andl; = Z. 
(b) Confirm the three-dimensional version of Ehrenfest’s theorem, 


: | d 4.11 
= (} = — (p), and — (p) =(= VF). Pa 
m dt 


(Each of these, of course, stands for ¢hree equations—one for each 
component.) Hint: First check that the “generalized” Ehrenfest theorem, 


Equation 3.73, is valid in three dimensions. 


(c) Formulate Heisenberg’s uncertainty principle in three dimensions. 
Answer: 
oxp, = h/2, ayop, = h/2, Oz0p. = h/2, (4.12) 


but there is no restriction on, say, Fx 7 py. 


x Problem 4.2 Use separation of variables in cartesian coordinates to solve the 


infinite cubical well (or “particle in a box”): 


l | 0. x, y,z all between 0 and a: 
V(x, y, z) = l 
l oo, otherwise. 

(a) Find the stationary states, and the corresponding energies. 

(b) Call the distinct energies Ej], E2, E3. ..., in order of increasing energy. 
Find E], E>, E3, E4, Es, and Eg. Determine their degeneracies (that is, 
the number of different states that share the same energy). Comment: In 
one dimension degenerate bound states do not occur (see Problem 2.44), 
but in three dimensions they are very common. 


(c) What is the degeneracy of E4, and why is this case interesting? 
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4.1.1 Spherical Coordinates 


Most of the applications we will encounter involve central potentials, for which V is a function only of the 
distance from the origin, V(r) —> V(r). In that case it is natural to adopt spherical coordinates, (7, 0, œ) 
(Figure 4.1). In spherical coordinates the Laplacian takes the formt 


E a (?2)+ 2 (sina 2) 4 | Eat (4.13) 
Se ee Se Od — {| sn¢— a a See EE 
r? or dr r?sind 38 \ J8 r2 sin? @ \ag? 





In spherical coordinates, then, the time-independent Schrödinger equation reads 


h [1 9 ( {ow l ð ( dy l Ee 
2m È dr \ dr ) r? sin @ 36 ag r2 sin? 8 \ ad? ó 7 


(4.14) 





x 
Figure 4.1: Spherical coordinates: radius r, polar angle O, and azimuthal angle 9. 


We begin by looking for solutions that are separable into products (a function of r times a function of O 


and 6): 
Wir, 6,@) = R (r) ¥(6, ġ). (4.15) 


Putting this into Equation 4.14, we have 


he TY d (e)a R ð (s ja R PY ERSP 
—— | — — | r — — | Se — SEn Re ie ee — 
2m |r-dr\ dr rsin dé \ 90  r?sint ðe 








Dividing by YR and multiplying by — 2m r7 / fie: 


Eee amr vy) elatda P firn aT y 
Rdr\ dr h? n [t7 sin ð J0 o Pie ap? J 


The term in the first curly bracket depends only on r, whereas the remainder depends only on O and 9; 











accordingly, each must be a constant. For reasons that will appear in due course,’ I will write this “separation 


constant” in the form Ë (E + 1): 





ld. sdk Imre 15 (4.16) 
og — [V (r)— E] =€(€4+1); 
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7 











I d ff. ar l da ne 
ae sino) + = —Ë (E+ 1). 


Y (4.17) 
sgt 
Problem 4.3 
(a) Suppose wir, ð, oy = Ae’ !“, for some constants A and a. Find E and 
V(r), assuming V(r) — Qasr — oe. 
(b) Do the same for (r, 4, p) = Ae" ia", assuming V (0) = 0. 
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4.1.2 The Angular Equation 
Equation 4.17 determines the dependence of y on 8 and ; multiplying by y gin? ø, it becomes: 


(s 3Y @y | — = n (4.18) 
5 —- = —f (f ysin OF. 
JAZ eean 


You might recognize this equation—it occurs in the solution to Laplace’s equation in classical 





electrodynamics. As always, we solve it by separation of variables: 
Y(6, ġ) = O (6) È (¢). (4.19) 
Plugging this in, and dividing by OẸ, 
| d f. dO | Z | d? 
— | sin ð — | sin ë — +e(e+1psin?al + => =0 
fal A =) | i $ do? 


The first term is a function only of 8, and the second is a function only of Ẹ, so each must be a constant. This 


time? I'll call the separation constant „y2: 





> sino (sino) (Ee l) sin? @ = mè (4.20) 
Lee etl (4.21) 
bde? 

The @ equation is easy: 
_ (4.22) 


—— =m’ > ® (h) = pmd. 


Actually, there are zwo solutions: exp (imġ) and exp (—imd), but we'll cover the latter by allowing m to run 
negative. There could also be a constant factor in front, but we might as well absorb that into O. Incidentally, 
in electrodynamics we would write the azimuthal function (®) in terms of sines and cosines, instead of 
exponentials, because electric fields are real. But there is no such constraint on the wave function, and 
exponentials are a lot easier to work with. Now, when @ advances by 27r, we return to the same point in space 


(see Figure 4.1), so it is natural to require that 





O(p + 2x) = D(H). (4.23) 


In other words, exp [im(@ + 277)| = exp (ima), or exp (27rim) = 1. From this it follows that m must be 


an integer: 
mo 0, £1.42... ... (4.24) 
The 8 equation, 


d (. do O" ma 
sin =y (sino ) + e (É + 1) sin’ 8 — m? Ə — 0, a 


may not be so familiar. The solution is 
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O(@) = AP," (cos 0), (4.26) 


where P)” is the associated Legendre function, defined by 


Wro m 2 R N iren 
B= Gi] (=) Pe(x), 


and P,;(x) is the pth Legendre polynomial, defined by the Rodrigues formula: 


| l vat ra f (4.28) 
P(x) = yl (=) (x? = 1) ; 


For example, 


(4.27) 


| d 
Po(x) = l, Pi{x} = > 4. (x? == 1) =F. 


Bits = — (zy G 2 i) = > (3x? = 1) } 


and so on. The first few Legendre polynomials are listed in Table 4.1. As the name suggests, Py (x) is a 
polynomial (of degree ¢) in x, and is even or odd according to the parity of ¢. But P;" (x) is not, in general, a 


polynomial® —if m is odd it carries a factor of af og: 


PY (x) = ; (3x? j 1) : $ (x) = -(1 — 2) = z (3x° — i) = —3xV/1 —x?, 


Roshi- (4) [36¢-1)]=3(1-2), 


etc. (On the other hand, what we need is P;" (cos @), and ,/] — cos? 6 = sin 9, so Pp’ (cos @) is always a 
polynomial in cos ð, multiplied—if m is odd—by sin ð. Some associated Legendre functions of ços @ are 
listed in Table 4.2.) 





Table 4.1: The first few Legendre polynomials, Py (x): (a) functional form, (b) graph. 


~(35x*—30x7+3) 


(63° — 70x + 15x) 





Table 4.2: Some associated Legendre functions, P," (COS 6): (a) functional form, (b) graphs of r = | P; (cos 6 )| (in 
these plots r tells you the magnitude of the function in the direction 8; each figure should be rotated about the z axis). 
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pie + (3 cos? 6-1) pas 
3 P(e) 


P3=-15 sin @(1 -cost 8) 


P?=cos 8 P3=15 sin? 9 cos ê P° (a) 


rege a: 5-4 
P3=3 sin? 6 P!l=_= sin 4(5 cos* 6—1) 


l 


Pl=-3sin@cos@  P§=>(5 cos? é—3 cos #) P3(8) 





(a) (b) 


Notice that #¢ must be a non-negative integer, for the Rodrigues formula to make any sense; moreover, if 


m > &, then Equation 4.27 says P,;” = 0. For any given ¢, then, there are (2 + 1) possible values of m: 


P=0) 1; 2,...; m=—£, HE, ...; —1, 0, Tey £-— 1, £. (4.29) 


But wait! Equation 4.25 is a second-order differential equation: It should have zwo linearly independent 
solutions, for any old values of ¢ and m. Where are all the other solutions? Answer: They exist, of course, as 
mathematical solutions to the equation, but they are physically unacceptable, because they blow up at 4 = Q 
and/or ð = y (see Problem 4.5). 

Z 


Now, the volume element in spherical coordinates* is 


d?r = r° sinð dr dê dọ =r drdQ, where dQ=sinedédd, (4.30) 


so the normalization condition (Equation 4.6) becomes 


fwr r? sin@ dr dð do = fire r-dr fire ast = l. 


It is convenient to normalize R and Y separately: 


-p (4.31) 
| IR r dr = l a f [i IYI * sind dð dọ = 1. 
() 


The normalized angular wave functions® are called spherical harmonics: 





(4.32) 
l (2E + D (E= m0 e 
Y; (@,¢) = —_— g'? PM (cos 8) , 
e 9) An Fmi p (COS) 
As we shall prove later on, they are automatically orthogonal: 
(4.33) 


T 2 
| | [Y;" (8 : H [xa (8 7 $) | sin hdd = by, ‘Omm' ; 
In Table 4.3 I have listed the first few spherical harmonics. 


Table 4.3: The first few spherical harmonics, ¥;" (@, @). 
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15 12. 
ay ) sin? Ge 244 


1/2 "SEO i 
(5 cos’ 0 — 3 cos d] 


+ —iiS ili. , re 
rs = | (=) sin g cos @e~* 


KK 


Problem 4.4 Use Equations 4.27, 4.28, and 4.32, to construct Y and Y. Check 


that they are normalized and orthogonal. 











Problem 4.5 Show that 
© (8) = Aln [tan (6/2)| 


satisfies the 8 equation (Equation 4.25), for ¢ = m = 0. This is the unacceptable 





“second solution” —what’s wrong with it? 


Problem 4.6 Using Equation 4.32 and footnote 5, show that 


ee = (— 1)” (Yy 





Problem 4.7 Using Equation 4.32, find Y; (8, @) and i (8, @). (You can take P? 
from Table 4.2, but you'll have to work out Py from Equations 4.27 and 4.28.) 
Check that they satisfy the angular equation (Equation 4.18), for the appropriate 





values of ¢ and m. 


Problem 4.8 Starting from the Rodrigues formula, derive the orthonormality 


condition for Legendre polynomials: 


E | . 2 (4.34) 
I P(x) Pe (xjdx = (= = ) dpe. 





Hint. Use integration by parts. 
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4.1.3. The Radial Equation 


Notice that the angular part of the wave function, Y(@, @), is the same for all spherically symmetric 
potentials; the actual shape of the potential, V(r), affects only the radial part of the wave function, A(r), 
which is determined by Equation 4.16: 





d {f ,»dR Imr? ie (4.35) 
a ——[V(r)-—EJR=€(€4+1)R. 
dr dr hie 


This simplifies if we change variables: Let 
u(r) =rR(r), (4.36) 
so thatR=u/r,dR/dr = [r (du/dr) — u | /r*, (d fdr) [r7 (d R/dr)| = rd*u/dr*, and hence 


(4.37) 


he d?r he el 


Im dr? r? 


Fm 





This is called the radial equation;? it is identical in form to the one-dimensional Schrödinger equation 


(Equation 2.5), except that the effective potential, 


Ae €(€ 41) (4.38) 
Im 


contains an extra piece, the so-called centrifugal term, (he / 2m) [e (E+ 1) rl It tends to throw the 
particle outward (away from the origin), just like the centrifugal (pseudo-)force in classical mechanics. 


Meanwhile, the normalization condition (Equation 4.31) becomes 


x. (4.39) 
| lul?dr = 1. 
() 


That’s as far as we can go until a specific potential V (7) is provided. 


Example 4.1 


Consider the infinite spherical well, 


4 ls r£ (4.40) 
Vir} = | 


a: 
CO, r> a. 
Find the wave functions and the allowed energies. 


Solution: Outside the well the wave function is zero; inside the well, the radial equation says 


7 


d*u st i (4.41) 
Sa S= | ee oe i; 
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Vv 2mE (4.42) 











k = 
h 
Our problem is to solve Equation 4.41, subject to the boundary condition u{a)} = 0. The case ¢ = 0 
is easy: 
du | | 
T2 = —k°u => u(r) = Asin(kr)+ B cos(kr). 
ar- 


But remember, the actual radial wave function is R(r) = u(r)/r, and [cos{kr)]/r blows up as 
r — 0. So® g = 0. The boundary condition then requires sin(ka) = 0, and hence ka = Nr, for 


some integer NV. The allowed energies are 


N nth (a5) 
Eno = OA (N = l; 2, 3, " .) 
pan ce 


(same as for the one-dimensional infinite square well, Equation 2.30). Normalizing u(r) yields 


A = Ifa 


i | ( aa (4.44) 
tag = — S1n ; 
a oaa 


Notice that the radial wave function has Ay — | nodes (or, if you prefer, N “lobes”). 





The general solution to Equation 4.41 (for an arbitrary integer #) is not so familiar: 
u(r) = Arje(kr) + Brne (kr), (4.45) 


where je{x)} is the spherical Bessel function of order ¢, and my (x) is the spherical Neumann function 


of order /’. They are defined as follows: 


oo g ld i sinx Ea € rld £ COS x (4.46) 
je(x) = (x) A T mws- (= | 


For example, 




















z sin x cos x 
jo(x) =——;  no(x) = — , 
Pa j l d fsinx sinx cosx. 
jA@y=Cx)—- = -—: 
x dx x 5 X 
; I E A : 
s(x) = ( 2 | d \* sinx af 1 d ħ xcosx —snx 
EE S= ee ee e Do = a A a 
E O = AXA x xdx x? 
3 sinx — 3x cos x — x7 sinx . 
——  — 3 


and so on. The first few spherical Bessel and Neumann functions are listed in Table 4.4. For small x 


(where sin x = x — x° /3! + x° /5!— -and cos x = 1 —x*/2+x7/4!—---), 
olx) = | (x) 1S; ja) r 

Wx) 1]: ao(x) = —: cy eS St DLE} Beas 
JOL, AOL, T JAX, 37 JINX, 15 
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etc. Notice that Bessel functions are finite at the origin, but Neumann functions blow up at the origin. 
Accordingly, By = 0, and hence 

R(r) = Ajelkr). (4.47) 
There remains the boundary condition, R (a) = 0. Evidently & must be chosen such that 

je{ka} = 0; (4.48) 


that is, {ka} is a zero of the #th-order spherical Bessel function. Now, the Bessel functions are 
oscillatory (see Figure 4.2); each one has an infinite number of zeros. But (unfortunately for us) they 
are not located at nice sensible points (such as multiples of 2); they have to be computed 


numerically. At any rate, the boundary condition requires that 


Le (4.49) 
k = —Bne, 
a 


where Pye is the Mth zero of the gth spherical Bessel function. The allowed energies, then, are given 


ha P (4.50) 


It is customary to introduce the principal quantum number, n, which simply orders the allowed 


energies, starting with 1 for the ground state (see Figure 4.3). The wave functions are 


E) e (Bue) ¥2(6 4.51 
Wren (1,0, 6) = Ane je (Bre) Y?’ (8, $), (4.51) 
with the constant Ap to be determined by normalization. As before, the wave function has N — | 


radial nodes.2 


Table 4.4 The first few spherical Bessel and Neumann functions, jy (x) and ng(x); asymptotic forms for 


small x. 


. _ Sinx 
ri ham 
. Sinx cosx cos Xx 


= iy =-— 
; “A X 


EA, 3 

= = = ES a ae COST 
Y Ti 
g A 


: XP 
Je ai Dit 





182 


www.urdukutabkhanapk.blogspot.com 


0.6 f=-0 


0.4 


0.3 


—0.1 





—0.2 


=0,3 
Figure 4.2: Graphs of the first four spherical Bessel functions. 


N=3 


N=2 





f=0 f=] f=? f=3 fed 


Figure 4.3: Energy levels of the infinite spherical well (Equation 4.50). States with the same value of 
N are connected by dashed lines. 


Notice that the energy levels are (2 + ])-fold degenerate, since there are (2 + 1) different values of 
m for each value of ¢ (see Equation 4.29). This is the degeneracy to be expected for a spherically 
symmetric potential, since m does not appear in the radial equation (which determines the energy). 
But in some cases (most famously the hydrogen atom) there is extra degeneracy, due to coincidences 
in the energy levels not attributable to spherical symmetry alone. The deeper reason for such 


“accidental” degeneracy is intriguing, as we shall see in Chapter 6. 
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Problem 4.9 
(a) From the definition (Equation 4.46), construct m|(x) and 3(x). 





(b) Expand the sines and cosines to obtain approximate formulas for ny (x) 


and 3(x), valid when x < 1. Confirm that they blow up at the origin. 


Problem 4.10 
(a) Check that Arj (kr) satisfies the radial equation with V(r) = 0 and 
f= l. 
(b) Determine graphically the allowed energies for the infinite spherical well, 
when / = ]. Show that for large N, Ey = (hon? / 2ma*) (N 4 1/2). 
Hint: First show that ji (x) = 0 = x = tan x. Plot x and tan x on the 


same graph, and locate the points of intersection. 


Kk Problem 4.11 A particle of mass m is placed in a finite spherical well: 
| —Vp, rsa: 
V=] OT” 
0, r>a. 


Find the ground state, by solving the radial equation with # — 0. Show that there 


is no bound state if Vpa? < rth? /8m-. 
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4.2 The Hydrogen Atom 


The hydrogen atom consists of a heavy, essentially motionless proton (we may as well put it at the origin), of 
charge e, together with a much lighter electron (mass Me, charge — e) that orbits around it, bound by the 
mutual attraction of opposite charges (see Figure 4.4). From Coulomb’s law, the potential energy of the 


electron” (in SI units) is 








' p2 7 (4.52) 
fir =. = 
(r) Dar 
and the radial equation (Equation 4.37) says 
he d*u 5 g 1 rn Ae £2 +1) 7 (4.53) 
m eee — — + — —— |u = Eu. 
2m, dr? Aregr 2m, r? 


(The effective potential—the term in square brackets—is shown in Figure 4.5.) Our problem is to solve this 
equation for u(r), and determine the allowed energies. The hydrogen atom is such an important case that Pm 
not going to hand you the solutions this time—we’'ll work them out in detail, by the method we used in the 
analytical solution to the harmonic oscillator. (If any step in this process is unclear, you may want to refer back 
to Section 2.3.2 for a more complete explanation.) Incidentally, the Coulomb potential (Equation 4.52) 
admits continuum states (with E => 0), describing electron-proton scattering, as well as discrete bound states, 


representing the hydrogen atom, but we shall confine our attention to the latter.1 








Figure 4.5: The effective potential for hydrogen (Equation 4.53), if ¢ = 0. 
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4.2.1 The Radial Wave Function 


Our first task is to tidy up the notation. Let 


_ sf amg eo) 
= z : 


K 


(For bound states, Æ is negative, so K is real.) Dividing Equation 4.53 by E, we have 


a= 
k dr- 





| d?u me |] | 
oo | H. 


On eqh-« (kr) (xr) 


This suggests that we introduce 





d mee? (4.55) 
=r Enh oe 
i mg Irr egohtr 
so that 
du oo ê+ 2 (4.56) 
m= | — — + — |i: 
dp- p p- 


Next we examine the asymptotic form of the solutions. As  —* %, the constant term in the brackets 


dominates, so (approximately) 





F 
d u 
= 


dp? 
The general solution is 

u(p) = Ae "4+ Be”, (4.57) 
but ¢? blows up (as P — 20), so B = 0. Evidently, 

up) ~ Ae ?, (4.58) 
for large P. On the other hand, as o — 0 the centrifugal term dominates; approximately, then: 

d'u e+ 

oe = a 
The general solution (check it!) is 

u(p) = Cpt! + De~, 


but p£ blows up (as p — 0), so D = 0. Thus 


u(p) ~ Cott! (4.59) 
for small p. 
The next step is to peel off the asymptotic behavior, introducing the new function v{ ø): 
(4.60) 


u(p) = pte vip), 
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in the hope that v() will turn out to be simpler than w(). The first indications are not auspicious: 





dü poca 4) iy dv 
foe (E + MVEA a s 
and 
d?u i | (f+ ] dv d?v 
7 = pte? ||-20-2+ 04 a ed DE - 2+ 0s} 
dp“ p dp dp- | 


In terms of u(), then, the radial equation (Equation 4.56) reads 


I 


“U 7 du. | | (4.61) 
z +2(€4+1-—p)— 4+lpo—2(€4+)]v=0. 
dp- dp 





p 


Finally, we assume the solution, v{ ø), can be expressed as a power series in P: 


o0 (4.62) 


v(p) = J epp 


j=0 


Our problem is to determine the coefficients (cy, €1, cr, .. .). Differentiating term by term: 


du. ea. ju =a : 
g da =) U+ Deam. 

j=0 j=0 
(In the second summation I have renamed the “dummy index”: į —> j + 1. If this troubles you, write out the 
first few terms explicitly, and check it. You may object that the sum should now begin at į = — 1, but the 
factor ( j} + 1) kills that term anyway, so we might as well start at zero.) Differentiating again, 


d= U a ae . ij 
prs: =) IO cip 
ce j=0 


Inserting these into Equation 4.61, 





FU + Yejsipi +24) > FG 4+ Dejo 
j=0 j=0 


5o 0 
-29 jcjp! + lo —2(€+ DID cjo =0. 
j=0 j=0 
Equating the coefficients of like powers yields 
G+ Deja +2 4+ DG + Dejs — 2jcej +leo — 2(6 + Dlej = 9, 
Or: 


2(j+€+)— po le (4.63) 
n 


i GADOY 


This recursion formula determines the coefficients, and hence the function U(): We start with co (this 


becomes an overall constant, to be fixed eventually by normalization), and Equation 4.63 gives us €l; putting 


188 


www.urdukutabkhanapk.blogspot.com 


this back in, we obtain €2, and so on.1° 


Now let’s see what the coefficients look like for large j (this corresponds to large p, where the higher 


powers dominate). In this regime the recursion formula says’ 


2j 2 
sa — Eea = Ci, 
iG+D?% j+l” 





Cj+l 
SO 


gj (4.64) 
pee FF 0- 


Suppose for a moment that this were the exact result. Then 


woh 5 
e E E E T 
v(p) =o > TP = e", 
j=0 7 


and hence 


u(p) = cope? (4.65) 


which blows up at large p. The positive exponential is precisely the asymptotic behavior we didn’t want, in 
Equation 4.57. (It’s no accident that it reappears here; after all, it does represent the asymptotic form of some 
solutions to the radial equation—they just don’t happen to be the ones we're interested in, because they aren't 
normalizable.) 

There is only one escape from this dilemma: The series must terminate. There must occur some integer N 


such that 
CN—] = 0 but cy = 0 (4.66) 
(beyond this all coefficients vanish automatically).+ In that case Equation 4.63 says 


2 (N +£) — po = 0. 


Defining 

n= N +Ë, (4.67) 
we have 

Po = 2n. (4.68) 


But (0 determines E (Equations 4.54 and 4.55): 


meS hr? 7 meet (4.69) 
E Im 8r? 





3 


232 ,2” 
Eq hi Po 
so the allowed energies are 


(4.70) 
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This is the famous Bohr formula—by any measure the most important result in all of quantum mechanics. 
Bohr obtained it in 1913 by a serendipitous mixture of inapplicable classical physics and premature quantum 


theory (the Schrödinger equation did not come until 1926). 





Combining Equations 4.55 and 4.68, we find that 








( me \ 1 | (4.71) 
r= —-= —, 
Aregh- n an 
where 
PE (4.72) 
as = = 0.529 x 107" m 
Mee 
is the so-called Bohr radius.” It follows (again, from Equation 4.55) that 
ğ 4.73 
an 
The spatial wave functions are labeled by three quantum numbers (n, ¢, and 7m): 
Vném(r, O, P) = Rael’) Ye (8, $), (4.74) 
where (referring back to Equations 4.36 and 4.60) 
(4.75) 


Rne(r) = -pte Pulp), 


and u({) is a polynomial of degree m — ë — |] in p, whose coefficients are determined (up to an overall 


normalization factor) by the recursion formula 


2(f+£+1—n7) (4.76) 
Ci Ss 5 aga AE Re 
i Ga wee)? 


The ground state (that is, the state of lowest energy) is the case p = ]; putting in the accepted values for 


the physical constants, we get: 


(4.77) 


5 2 
Mle E~ 


In other words, the binding energy of hydrogen (the amount of energy you would have to impart to the 





electron in its ground state in order to ionize the atom) is 13.6 eV. Equation 4.67 forces ¢ = 0, whence also 


m = 0 (see Equation 4.29), so 


woot, 8, p) = Rio) YG, p). (4.78) 


The recursion formula truncates after the first term (Equation 4.76 with į = 0 yields c = 0), so v(p) is a 


constant (co), and 


C 7 
Rio(r) =e"! at) 
a 


190 


www.urdukutabkhanapk.blogspot.com 


Normalizing it, in accordance with Equation 4.31: 


C i E, ya 
| |Rio|-r°dr = a | e742 dp = |col? od, 
0 0 4 


F 
aq~ 





so cy = 2/,/a. Meanwhile, Yh = |/./47, and hence the ground state of hydrogen is 





l (4.80) 
Piol 8, p) = ——_ ee". 
mäi 
If n = 2 the energy is 
— 13.6 eV 4.81 
i= 4. = — 3.40 eV: ( ) 


this is the first excited state—or rather, states, since we can have either ¢ — () (in which case m = 0) or # = | 
(with m = —], 0, or +1); evidently four different states share this same energy. If ¢ = Qj, the recursion 


relation (Equation 4.76) gives 
cy = —co (using j} = 0), ander = Ù (using j =1), 
so t( 0) = co (1 — p), and therefore 


co, ry a 
Roo(r) =(=). 
2a . þa 


(4.82) 


(Notice that the expansion coefficients (c; ) are completely different for different quantum numbers 7 and £.) 


If ¢ — ] the recursion formula terminates the series after a single term; U() is a constant, and we find 





co perla (4.83) 


Ro (r) = 
21") Ja? 


(In each case the constant ¢q is to be determined by normalization—see Problem 4.13.) 


For arbitrary n, the possible values of ¢ (consistent with Equation 4.67) are 


B= Ben ag Bek (4.84) 


and for each ¢ there are (2 + 1) possible values of m (Equation 4.29), so the total degeneracy of the energy 


level E, is 


n—| (4.85) 
e 
d(n) =Y (+1) =n. 
¿=0 
In Figure 4.6 I plot the energy levels for hydrogen. Notice that different values of # carry the same energy (for 
a given m)—contrast the infinite spherical well, Figure 4.3. (With Equation 4.67, ¢ dropped out of sight, in 





the derivation of the allowed energies, though it does still affect the wave functions.) This is what gives rise to 
the “extra” degeneracy of the Coulomb potential, as compared to what you would expect from spherical 


symmetry alone (n? = 1, 4.9. 16, .. „ as opposed to (2€ + 1) = 1,3, 5, 7,...). 
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Scattering States (E > 0) 











N=5 ——— AEPA AEE —<—<=<$_ — 5 
N=4 ne ia Jn=4 
N=3 -x —— -- Se a ee TT T ee Cee -|q—3 
j f 
' i 
N=2 ge n=2 
| 
| 
, Bound States (E < 0) 
! 
| 
j l 
L l 
- i 
| 
| 
| 
| 
| 
l 
| 
N= ] Loo ee eee eee eee nee a nese n=] 


f=0 £=l f=? 





Figure 4.6: Energy levels for hydrogen (Equation 4.70); m = | is the ground state, with E} = — 13.6 eV; an 
infinite number of states are squeezed in between p = 5 andnm = 00; Eso = Û separates the bound states 


from the scattering states. Compare Figure 4.3, and note the extra (“accidental”) degeneracy of the hydrogen 


energies. 
The polynomial u() (defined by the recursion formula, Equation 4.76) is a function well known to 


applied mathematicians; apart from normalization, it can be written as 


v(p) = Lith! \(2p), (4.86) 
where 
TAF (4.87) 
Er (x): ={-—1}” (5) L p+g (x) 
is an associated Laguerre polynomial, and 
(4.88) 





E [dy saian 
L i 5 -A = n a A : cy 


is the gth Laguerre polynomial.” The first few Laguerre polynomials are listed in ‘Table 4.5; some associated 


Laguerre polynomials are given in Table 4.6. The first few radial wave functions are listed in Table 4.7, and 
23 


plotted in Figure 4.7.) The normalized hydrogen wave functions are 
(4.89) 


Arpt a ee Oe 
Vnem = (2) a e tina (=) bas ,2r/na)] Yy (8, p). 


na Ini(n + £)! na Rate 





They are not pretty, but don’t complain—this is one of the very few realistic systems that can be solved at all, 


in exact closed form. The wave functions are mutually orthogonal: 
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ji Walim Wn'e'm' r? dr dQQ = Snnt Stemm- (4.90) 


This follows from the orthogonality of the spherical harmonics (Equation 4.33) and (for n Æ n”) from the 


fact that they are eigenfunctions of H with distinct eigenvalues. 


Table 4.5: The first few Laguerre polynomials. 


=e 3 4 ir” —3r+ 1 
Žr +3r*—dr+i 


S 5 A = ee es O En 
Thar? + At r’ + Se —5r+1 


LO 


= =a" +r? _ Gr+41 


—7+4 


1 2 En n 
aT 57r + 10 





Table 4.7: The first few radial wave functions for hydrogen, Ryi(¥). 


193 


www.urdukutabkhanapk.blogspot.com 


a~3/? exp(—r/a) 


ji 4/9 ir 
——— ary 1 ae x | = {2 
ing ( 3) sss all Saas 


F g”? (=) exp(—r/2a) 


Lr 


(=) ) exp(—r /3a) 


=S) = =) *) exp(=r/4a) 
Za (@) ) Geni 


ae: py 
o= ee 8? (1-5) (E) epr) 


1 


n 1 4 s ' 
= I (=) exp(—r/4a) 
T6835 a 





Sikes 32 





Figure 4.7: Graphs of the first few hydrogen radial wave functions, Ry p(r). 
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Visualizing the hydrogen wave functions is not easy. Chemists like to draw density plots, in which the 
brightness of the cloud is proportional to | yp |2 (Figure 4.8). More quantitative (but perhaps harder to 
decipher) are surfaces of constant probability density (Figure 4.9). The quantum numbers n, ¢, and m can be 
identified from the nodes of the wave function. The number of radial nodes is, as always, given by Ņ — | (for 
hydrogen this is » — ¢ — 1). For each radial node the wave function vanishes on a sphere, as can be seen in 
Figure 4.8. The quantum number m counts the number of nodes of the real (or imaginary) part of the wave 
function in the @ direction. These nodes are planes containing the z axis on which the real or imaginary part 
of yy vanishes.” Finally, ¢ — m gives the number of nodes in the O direction. These are cones about the z axis 


on which yr vanishes (note that a cone with opening angle yr /2 is the * — ¥ plane itself). 





(4,3,0) 


Figure 4.8: Density plots for the first few hydrogen wave functions, labeled by (m, £, m}. Printed by 


permission using “Atom in a Box” by Dauger Research. You can make your own plots by going to: 


http://dauger.com. 
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Figure 4.9: Shaded regions indicate significant electron density (yr |? >0.25/ nm?) for the first few hydrogen 


wave functions. The region 0<@ <7 /2 has been cut away; |yr|* has azimuthal symmetry in all cases. 


* 


Problem 4.12 Work out the radial wave functions R39, R31, and R32, using the 


recursion formula (Equation 4.76). Don’t bother to normalize them. 


x Problem 4.13 
(a) Normalize Rog (Equation 4.82), and construct the function Wano. 
(b) Normalize Ra; (Equation 4.83), and construct 211, W210 and yro4_ 1. 


x Problem 4.14 


(a) Using Equation 4.88, work out the first four Laguerre polynomials. 

(b) Using Equations 4.86, 4.87, and 4.88, find u(), for the case n = 5, 
E= 

(c) Find v() again (for the case n = 5, ¢ = 2), but this time get it from the 


recursion formula (Equation 4.76). 
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Problem 4.15 

(a) Find {r} and ire] for an electron in the ground state of hydrogen. Express 
your answers in terms of the Bohr radius. 

(b) Find {x}and (x*} for an electron in the ground state of hydrogen. Hint: 
This requires no new integration—note that p? = x? + y? 4 z2, and 
exploit the symmetry of the ground state. 

(c) Find lx”) in the state p = 2, ¢ — 1, m = |]. Hint this state is nor 


symmetrical in x, y, z. Use x = r sin ð cos œ. 


Problem 4.16 What is the most probable value of r, in the ground state of 
hydrogen? (The answer is not zero!) Hint: First you must figure out the probability 
that the electron would be found between r and ¢ + dr. 


Problem 4.17 Calculate (cH z} in the ground state of hydrogen. Hint: This takes 
two pages and six integrals, or four lines and no integrals, depending on how you 
set it up. To do it the quick way, start by noting that 


Problem 4.18 A hydrogen atom starts out in the following linear combination of 


the stationary states n = 2, ¢ = l, m = land n =?,@=1,m = — l: 


D a l l 
Wir, 0) = p Y + yY-1}. 


(a) Construct ¥ (r, f). Simplify it as much as you can. 
(b) Find the expectation value of the potential energy, {WV}. (Does it depend 


on £) Give both the formula and the actual number, in electron volts. 
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4.2.2 The Spectrum of Hydrogen 


In principle, if you put a hydrogen atom into some stationary state Wyf, it should stay there forever. 
However, if you fick/e it slightly (by collision with another atom, say, or by shining light on it), the atom may 
undergo a transition to some other stationary state—either by absorbing energy, and moving up to a higher- 
energy state, or by giving off energy (typically in the form of electromagnetic radiation), and moving down.2° 
In practice such perturbations are a/ways present; transitions (or, as they are sometimes called, quantum 
jumps) are constantly occurring, and the result is that a container of hydrogen gives off light (photons), whose 


energy corresponds to the difference in energy between the initial and final states: 


| IOo] (4.91) 
Ey = Erm Epl | —— |; 


aie E. 
n; M f 


Now, according to the Planck formula,” the energy of a photon is proportional to its frequency: 
Ey = Av. (4.92) 


Meanwhile, the wavelength is given by À = c fv, so 


ee hel a a E 
A, Mp He 


where 


Me 


p VE a A 
An ch: 


Er 2 (4.94) 
( ) — 1.097 x 10°m7! 


is known as the Rydberg constant. Equation 4.93 is the Rydberg formula for the spectrum of hydrogen; it 
was discovered empirically in the nineteenth century, and the greatest triumph of Bohr’s theory was its ability 
to account for this result—and to calculate R. in terms of the fundamental constants of nature. Transitions to 
the ground state (np = 1) lie in the ultraviolet, they are known to spectroscopists as the Lyman series. 
Transitions to the first excited state (n pm 2) fall in the visible region; they constitute the Balmer series. 
Transitions to np = 3 (the Paschen series) are in the infrared; and so on (see Figure 4.10). (At room 
temperature, most hydrogen atoms are in the ground state; to obtain the emission spectrum you must first 


populate the various excited states; typically this is done by passing an electric spark through the gas.) 
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Figure 4.10: Energy levels and transitions in the spectrum of hydrogen. 


x Problem 4.19 A hydrogenic atom consists of a single electron orbiting a nucleus 
with Z protons. (Z = | would be hydrogen itself, Z — 2 is ionized helium, 
Z = 3 is doubly ionized lithium, and so on.) Determine the Bohr energies E,, (Z) 
, the binding energy E] (Z), the Bohr radius a{£}, and the Rydberg constant 
(Z) for a hydrogenic atom. (Express your answers as appropriate multiples of 
the hydrogen values.) Where in the electromagnetic spectrum would the Lyman 
series fall, for Z = 2 and Z — 3? Hint: There’s nothing much to calculate here— 
in the potential (Equation 4.52) »2 _, 7,2, so all you have to do is make the 


same substitution in all the final results. 


Problem 4.20 Consider the earth-sun system as a gravitational analog to the 
hydrogen atom. 
(a) What is the potential energy function (replacing Equation 4.52)? (Let mtg 
be the mass of the earth, and M the mass of the sun.) 
(b) What is the “Bohr radius,” “g, for this system? Work out the actual 
number. 
(c) Write down the gravitational “Bohr formula,” and, by equating E,, to the 
classical energy of a planet in a circular orbit of radius rp, show that 
A= site fag: From this, estimate the quantum number 7 of the earth. 
(d) Suppose the earth made a transition to the next lower level {n — 1). How 
much energy (in Joules) would be released? What would the wavelength 
of the emitted photon (or, more likely, graviton) be? (Express your answer 


in light years—is the remarkable answer a coincidence?) 
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4.3 Angular Momentum 


As we have seen, the stationary states of the hydrogen atom are labeled by three quantum numbers: n, ¢, and 
m. The principal quantum number {n} determines the energy of the state (Equation 4.70); ¢ and m are related 
to the orbital angular momentum. In the classical theory of central forces, energy and angular momentum are 
the fundamental conserved quantities, and it is not surprising that angular momentum plays an important) 
role in the quantum theory. 


Classically, the angular momentum of a particle (with respect to the origin) is given by the formula 
L=r xp, (4.95) 
which is to say, 


Ly =ypz—Zpy, Ly = 3px — Xpz, Lz = Xpy — ypr. (4.96) 


The corresponding quantum operators are obtained by the standard prescription Py — —iho/dx, 


Py => —thd/ay, p; — —ithd/dz. In this section we'll obtain the eigenvalues of the the angular momentum 
operators by a purely algebraic technique reminiscent of the one we used in Chapter 2 to get the allowed 
energies of the harmonic oscillator; it is all based on the clever exploitation of commutation relations. After 


that we will turn to the more difficult problem of determining the eigenfunctions. 
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4.3.1 Eigenvalues 
The operators L, and Ly do not commute; in fact 
[Ez E] = lyp- — ZPy, ZPy — xp; | (4.97) 
= [YP ZPx] z Lyp:. xpz] = Lee. ZPx | + [zpy. xp; | | 


From the canonical commutation relations (Equation 4.10) we know that the only operators here that fai/ to 


commute are x with Px, y with Py, and z with Pz. So the two middle terms drop out, leaving 
[Lx, Ly] = ypx (pz; z] + xpy [z; pz] = ih (xpy — ypx) = ihLz. (4.98) 


Of course, we could have started out with [E L] or [Ez Ll but there is no need to calculate these 


separately—we can get them immediately by cyclic permutation of the indices (x —> y, ¥ —> I, z — x): 


(4.99) 


[Lx, Ly] =ihL,; [Ly L] =ihLy; [La Lx] =ihLy. 





These are the fundamental commutation relations for angular momentum; everything follows from them. 
Notice that L,, Ly, and L, are incompatible observables. According to the generalized uncertainty 
principle (Equation 3.62), 





or 


4.100 
KLz)l- sai 


tJ | or 


FELT Ly = 


It would therefore be futile to look for states that are simultaneously eigenfunctions of L, and Ly. On the 


other hand, the square of the total angular momentum, 
Diy i Ñ i: (4.101) 
does commute with L,: 
Ee Es = Bes Ba a [4 Ke i ee, Be 
EA Bel bg TAA E, 


S By (BLA + (IEL; y Ly 4s (GBL) HRL) E, 
= 0. 


a 


(I used Equation 3.65 to reduce the commutators; of course, any operator commutes with itse/f .) It follows 


that 7,2 also commutes with Ly and L;: 

iziii [z2,L,]=0, [£7,L,]=0, (4.102) 
or, more compactly, 

[Fe] = (4.103) 
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So z, is compatible with each component of L, and we can hope to find simultaneous eigenstates of y 2 and 


(say) Lz: 
L*f=Af and L,f =pf. (4.104) 


We'll use a ladder operator technique, very similar to the one we applied to the harmonic oscillator back 


in Section 2.3.1. Let 

Li=L, Hil y. (4.105) 
Its commutator with L+ is 

[Eg La] = [Eek] Ei lig hy) mihl tilik =A DE bik): 
SO 

[Ey La] mechan (4.106) 


Also (from Equation 4.102) 


[eae (4.107) 


I claim that if fis an eigenfunction of 7 2 and L;, so also is L+ f: Equation 4.107 says 


L? (La f) = La (L° f) = La @f) =A (La f); one 
so L4 f is an eigenfunction of 7,4, with the same eigenvalue à, and Equation 4.106 says 
Lz (Lif) = (L,L4 —LiL;) f +L4b,f = EAL} f + Ls Wf) (4.109) 
= (HEA) (Lf), 


so L4 f is an eigenfunction of L, with the new eigenvalue ju + hh. We call L the raising operator, because 
it increases the eigenvalue of L» by fi, and L_ the lowering operator, because it /owers the eigenvalue by ji. 

For a given value of },, then, we obtain a “ladder” of states, with each “rung” separated from its neighbors 
by one unit of } in the eigenvalue of L, (see Figure 4.11). To ascend the ladder we apply the raising operator, 
and to descend, the lowering operator. But this process cannot go on forever: Eventually we’re going to reach 


a state for which the z-component exceeds the /ofa/, and that cannot be.! There must exist a “top rung”, fi, 
such that22 


LLR =. (4.110) 


«c 


Let fig be the eigenvalue of L; at the top rung (the appropriateness of the letter “g” will appear in a moment): 


tbee DEAR. (4.111) 
Now, 


Deby = (Letil) (Lepil) =t bp Pt (Lely EEs) 
=I- =i GAL), 


or, putting it the other way around, 
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Pie Dal th ALE (4.112) 
It follows that 

L? fi = (L-Ly +L? + hL) f= (04M C HRE) f= REED fi 
and hence 


2. = hee (€4+-1). (4.113) 


This tells us the eigenvalue of L2 in terms of the maximum eigenvalue of L.. 





Figure 4.11: The “ladder” of angular momentum states. 


Meanwhile, there is also (for the same reason) a bottom rung, fp, such that 


L_f, = 0. (4.114) 


Let jë be the eigenvalue of L- at this bottom rung: 
Lz fy =hl fy; L” fy = Afo. (4.115) 


Using Equation 4.112, we have 
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a ee 


Uf, = (pati Ii hL) HS (0 PE- We) fe = WEE — 1) fa, 
and therefore 

a= he (€-1). (4.116) 
Comparing Equations 4.113 and 4.116, we see that € (E+ 1) = f (E — 1), so either ¢ = ¢ + | (which is 
absurd—the bottom rung would be higher than the top rung!) or else 

ee y (4.117) 


So the eigenvalues of L, are fi, where m (the appropriateness of this letter will also be clear in a 
moment) goes from — # to + £é, in N integer steps. In particular, it follows that ¢ = —# + N, and hence 
E = N/2, so ¢ must be an integer or a half-integer. The eigenfunctions are characterized by the numbers and 


m: 


(4.118) 


L JP = Reet fs Laf? = hamji, 





where 
=n 1 1. Sank RS b Ekek E (4.119) 


For a given value of ¢, there are 2¢ + | different values of m (i.e. 2@ + | “rungs” on the “ladder”). 

Some people like to illustrate this with the diagram in Figure 4.12 (drawn for the case #¢ = 2). The 
arrows are supposed to represent possible angular momenta (in units of })—they all have the same length 
E (E + 1) (in this case 4/6 — 2,45), and their z components are the allowed values of m (— 2, —1, 0, 1, 2). 
Notice that the magnitude of the vectors (the radius of the sphere) is greater than the maximum z component! 
(In general, „yẹ (¢ + 1) = é, except for the “trivial” case ¢ —().) Evidently you can’t get the angular 
momentum to point perfectly along the z direction. At first, this sounds absurd. “Why can’t I just pick my axes 
so that z points along the direction of the angular momentum vector?” Well, to do that you would have to 
know all three components simultaneously, and the uncertainty principle (Equation 4.100) says that’s 
impossible. “Well, all right, but surely once in a while, by good fortune, I will just happen to aim my z axis 
along the direction of L.” No, no! You have missed the point. It’s not merely that you don’t know all three 
components of L; there just arent three components—a particle simply cannot Aave a determinate angular 
momentum vector, any more than it can simultaneously have a determinate position and momentum. If L- 
has a well-defined value, then L, and Ly do vot. It is misleading even to draw the vectors in Figure 4.12—at 


best they should be smeared out around the latitude lines, to indicate that L, and Ly are indeterminate. 
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Figure 4.12: Angular momentum states (for ¢ = 2). 


I hope you're impressed: By purely algebraic means, starting with the fundamental commutation relations 





for angular momentum (Equation 4.99), we have determined the eigenvalues of 7.2 and L,—without ever 
seeing the eigenfunctions themselves! We turn now to the problem of constructing the eigenfunctions, but I 
should warn you that this is a much messier business. Just so you know where we're headed, PI let you in on 
the punch line: f" = Y;"—the eigenfunctions of 7? and L, are nothing but the old spherical harmonics, 
which we came upon by a quite different route in Section 4.1.2 (that’s why I chose the same letters ¢ and m, of 
course). And I can now explain why the spherical harmonics are orthogonal: They are eigenfunctions of 


hermitian operators ( L? and L -) belonging to distinct eigenvalues (Theorem 2, Section 3.3.1). 


x Problem 4.21 The raising and lowering operators change the value of m by one 
unit: 
bi Ti = (Am) m+ L m = (B) Ak (4.120) 
a ff a E 3 — FE ' | Jf 


where A; and B;" are constants. Question: What are they, if the eigenfunctions are 

to be normalized? Hint: First show that L+ is the hermitian conjugate of L 
F Jug + 

(since L, and Ly are observables, you may assume they are hermitian...but prove 


it if you like); then use Equation 4.112. Answer: 
A, = ivf (E+) —m (m+ 1) = ħy (t-m) (+m + 1), (4.121) 
By = hy/€(€+1) —m(m— 1) = hy/(€ +m) (€—m +1). 


Note what happens at the top and bottom of the ladder (i.e. when you apply L+ 
to f; or [,_ to f°). 


x Problem 4.22 
(a) Starting with the canonical commutation relations for position and 


momentum (Equation 4.10), work out the following commutators: 
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[Enr] =y Mey] [Exe] =ð (4.122) 

[Lz Px | = iħpy, [Les Py] = —i py, [Ez pz] =D; 

(b) Use these results to obtain [Ez Lz] = iħLy directly from Equation 
4.96. 

(c) Find the commutators [Eg r=] and Es p°] (where, of course, 
rcx y Ag and p? = p — p — p°). 

(d) Show that the Hamiltonian H = (p? / 2m) + FV commutes with all 
three components of L, provided that V depends only on r. (Thus Ħ, 72, 


and L; are mutually compatible observables.) 


ek Problem 4.23 
(a) Prove that for a particle in a potential V(r) the rate of change of the 
expectation value of the orbital angular momentum L is equal to the 


expectation value of the torque: 
d 
— {L= tN). 
FE } = (N). 

where 


N=rx (—VV). 


(Thisis the rotational analog to Ehrenfest’s theorem.) 
(b) Show that d(L) 'dt = 0 for any spherically symmetric potential. (This is 
one form of the quantum statement of conservation of angular 


momentum. ) 
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4.3.2 Ejigenfunctions 





First of all we need to rewrite L,, Ly, and L, in spherical coordinates. Now, L = —ifi(r x V), and the 
gradient, in spherical coordinates, is: 
Pi ph geal 9 (4.123) 
= f— To a 
ar r aé rsing do 


meanwhile, p — rP, so 


L=-inlr(? x?) 24 (Fx 8) 54 (Fxd) S55]. 


But (7 x F) = Ü, (7 x 6) = ds and (7 x $) — —6 (see Figure 4.1), and hence 
~ d a l d (4.124) 
L=—ih ( a a ) : 


The unit vectors g and $ can be resolved into their cartesian components: 


6 = (cos ð cos p) î + (cos @ sin o) f — (sin @) k; (4.125) 
$ = — (sin p) ê + (cos @) 7. (4.126) 
Thus 


5 a A 0 
L = —iħ (- sin pi + cos d/) a0 


z (cos 4 cos œi + cos é@ sin gd; — sink ) saa | . 
So 
a opga d (4.127) 
L, = —ih | — sin ġ— — cos ġ cot 8 — }, 
a6 a 
i + ( a aa ) (4.128) 
y = —iħ | +cos ġ— — sing cot d— }, 
pe PY Ea ERO 
and 
(4.129) 





We shall also need the raising and lowering operators: 
L4 = L; Bil, =—ih| (—sn@ + i cosg) a (cos @ + ising) a 


But cos œ + i sind = e*!%, so 
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wo oD d 
Ly = +heti? (= +i otb, ae” 
dé dd, 
In particular (Problem 4.24(a)): 
Lit he (2 o f- i A one 
i = ot cot? 
+ l 302 TE at a: At F a) 
and hence (Problem 4.24(b)): 
(4.132) 


} g ing 9 -+ : i 
ji —— — | XII — ; 
sin dð ag sin? ð ad 


fil 





We are now in a position to determine f; (9, ). Its an eigenfunction of 72, with eigenvalue 


he (€ +1): 
a2 


J 4 l d a l g 5 
L a = -0 RET RSIS j E — n Hii = hic r f 1 m : 
fi i E 6 dé (sin a) T sin? g A Ji l ( ) Ji 


But this is precisely the “angular equation” (Equation 4.18). And it’s also an eigenfunction of L-, with the 





eigenvalue pn ji: 
L. sie 2e ge ® i = = hm f? 
Jp i 


but this is equivalent to the azimuthal equation (Equation 4.21). We have already solved this system of 
equations! The result (appropriately normalized) is the spherical harmonic, ¥;” (0, @). Conclusion: Spherical 
harmonics are the eigenfunctions of 7,2 and L-. When we solved the Schrodinger equation by separation of 
variables, in Section 4.1, we were inadvertently constructing simultaneous eigenfunctions of the three 


commuting operators H, 7 2, and L+: 


Hy =E¢, Lew =he(€4+1)v. Lew =hmvw. (4.133) 


Incidentally, we can use Equation 4.132 to rewrite the Schrödinger equation (Equation 4.14) more compactly: 


l ro f J d \ 5 
h- — — Er Vy = Ey. 
2mr- - ar (r =) d | eve ¥ 


There is a curious final twist to this story: the algebraic theory of angular momentum permits # (and 





hence also m) to take on ha/f -integer values (Equation 4.119), whereas separation of variables yielded 
eigenfunctions only for integer values (Equation 4.29)34 You might suppose that the half-integer solutions are 


spurious, but it turns out that they are of profound importance, as we shall see in the following sections. 


x Problem 4.24 
(a) Derive Equation 4.131 from Equation 4.130. Hint: Use a test function; 
otherwise you're likely to drop some terms. 
(b) Derive Equation 4.132 from Equations 4.129 and 4.131. Hint: Use 
Equation 4.112. 
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x Problem 4.25 
(a) What is L4 Ve (No calculation allowed!) 
(b) Use the result of (a), together with Equation 4.130 and the fact that 
Ls Y = fil YF to determine Y (8. @), up to a normalization constant. 
(c) Determine the normalization constant by direct integration. Compare 


your final answer to what you got in Problem 4.7. 


Problem 4.26 In Problem 4.4 you showed that 
Y+ (0, @) = —,/15/87 sin 6 cos 6e!®. 


Apply the raising operator to find i (8, œ). Use Equation 4.121 to get the 


normalization. 


xk Problem 4.27 Two particles (masses m] and m2) are attached to the ends of a 
massless rigid rod of length a. The system is free to rotate in three dimensions 
about the (fixed) center of mass. 


(a) Show that the allowed energies of this rigid rotor are 


I 


i WLP 1 
Ey = Th (n+ l}; feel 2,---)}, where T = 1m2 3 


— qa 
(mi + ma) 


is the moment of inertia of the system. Hint: First express the (classical) 
energy in terms of the angular momentum. 

(b) What are the normalized eigenfunctions for this system? (Let 8 and o 
define the orientation of the rotor axis.) What is the degeneracy of the 
nth energy level? 

(c) What spectrum would you expect for this system? (Give a formula for the 
frequencies of the spectral lines.) Answer: 
vp =Aj/2rl, j =1,2,3,.... 

(d) Figure 4.13 shows a portion of the rotational spectrum of carbon 
monoxide (CO). What is the frequency separation (Av) between 
adjacent lines? Look up the masses of 12C and 1°O, and from m1, M3, 


and A p determine the distance between the atoms. 
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10 30) 50 70 
u(cm') 

Figure 4.13: Rotation spectrum of CO. Note that the frequencies are in 

spectroscopist’s units: inverse centimeters. To convert to Hertz, multiply by 

c= 3.00 x 19!% cm/s. Reproduced by permission from John M. Brown and 

Allan Carrington, Rotational Spectroscopy of Diatomic Molecules, Cambridge 

University Press, 2003, which in turn was adapted from E. V. Loewenstein, 


Journal of the Optical Society of America, 50, 1163 (1960). 
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4.4 Spin 


In classical mechanics, a rigid object admits two kinds of angular momentum: orbital (L =r x p), associated 
with motion of the center of mass, and spin (§ = fæ), associated with motion about the center of mass. For 
example, the earth has orbital angular momentum attributable to its annual revolution around the sun, and 
spin angular momentum coming from its daily rotation about the north-south axis. In the classical context 
this distinction is largely a matter of convenience, for when you come right down to it, S is nothing but the 
sum total of the “orbital” angular momenta of all the rocks and dirt clods that go to make up the earth, as they 
circle around the axis. But a similar thing happens in quantum mechanics, and here the distinction is 
absolutely fundamental. In addition to orbital angular momentum, associated (in the case of hydrogen) with 
the motion of the electron around the nucleus (and described by the spherical harmonics), the electron also 
carries another form of angular momentum, which has nothing to do with motion in space (and which is not, 
therefore, described by any function of the position variables r, ®, h) but which is somewhat analogous to 
classical spin (and for which, therefore, we use the same word). It doesn’t pay to press this analogy too far: 
The electron (as far as we know) is a structureless point, and its spin angular momentum cannot be 
decomposed into orbital angular momenta of constituent parts (see Problem 4.28). Suffice it to say that 
elementary particles carry intrinsic angular momentum (S) in addition to their “extrinsic” angular momentum 
(L). 

The algebraic theory of spin is a carbon copy of the theory of orbital angular momentum, beginning with 


the fundamental commutation relations: 


E mahde: [Sa Slam ihSy [Sede] hs: (4.134) 


It follows (as before) that the eigenvectors of 92 and §, satisfy 


5 *|sm) — hs (s +1) |sm); S.|sm) = hm|sm); (4.135) 
and 
S4 |sm) = hy/s(s+1)—m(m+£]1) ls (ma 1)}, (4.136) 


where Si = S, + i $,. But this time the eigenvectors are not spherical harmonics (theyre not functions of 8 
and @ at all), and there is no reason to exclude the half-integer values of s and m: 


(4.137) 
i — en ee ed an 


It so happens that every elementary particle has a specific and immutable value of s, which we call the spin 
of that particular species: 7 mesons have spin 0; electrons have spin 1/2; photons have spin 1; A baryons have 
spin 3/2; gravitons have spin 2; and so on. By contrast, the orbital angular momentum quantum number / (for 
an electron in a hydrogen atom, say) can take on any (integer) value you please, and will change from one to 
another when the system is perturbed. But s is fixed, for any given particle, and this makes the theory of spin 


comparatively simple. 


Problem 4.28 If the electron were a classical solid sphere, with radius 
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> 


e“ (4.138) 
p i 


Com : a 
Amr eqme- 


(the so-called classical electron radius, obtained by assuming the electron’s mass is 
attributable to energy stored in its electric field, via the Einstein formula 
E = mc), and its angular momentum is (1 /2) fi, then how fast (in m/s) would a 
point on the “equator” be moving? Does this model make sense? (Actually, the 
radius of the electron is known experimentally to be much less than Fe, but this 


only makes matters worse.) 
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4.4.1 Spin 1/2 


By far the most important case is s = 1/2, for this is the spin of the particles that make up ordinary matter 


(protons, neutrons, and electrons), as well as all quarks and all leptons. Moreover, once you understand spin 
1/2, it is a simple matter to work out the formalism for any higher spin. There are just ¢wo eigenstates: 55) 


which we call spin up (informally, ), and L (-4)}, spin down (|). Using these as basis vectors, the general 





state! of a spin-1/2 particle can be represented by a two-element column matrix (or spinor): 


a \ (4.139) 
yeme (5) =ayitby_., 
pi 
with 
1 (4.140) 


representing spin up, and 


0 (4.141) 
--0) 


for spin down. 
With respect to this basis the spin operators become 7 x 2 matrices, which we can work out by noting 


their effect on ¥+ and X—. Equation 4.135 says 


3 (4.142) 


3 : 
S yi = git x4 and S*y_ = gh x. 


If we write S? as a matrix with (as yet) undetermined elements, 


then the first equation says 


(© Doro e (= C0): 


so e = (3/4) jiz and e — 0. The second equation says 


EDO- = Q- 


so d = Qand f = (3/4) h2. Conclusion: 


> Bes ( ') (4.143) 


Similarly, 
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h A (4.144) 


ha 0 (4.145) 
mi ( ) 
Meanwhile, Equation 4.136 says 


S+x- =hyt, S-x+=ħx- S+x+ =5-x- =0, 


SO 
(0 1 (0 0 (4.146) 
s, =h() al S =n(‘ n 
Now Si = Sr Ei Sy, so $y = (1/2) (54 + S_) and Sy = (1/2i) (54 — S_), and hence 
r/o D i (0) -i eee 
Seih An s, => (' a! 


(4.148) 


0 =i 
— a "4 eE = 
1 0 = 


These are the famous Pauli spin matrices. Notice that S,, S,, S-, and g2 are all hermitian matrices (as they 





should be, since they represent observables). On the other hand, S, and S_ are not hermitian—evidently they 
are not observable. 


The eigenspinors of S, are (or course): 


w f h Oy f. | h (4.149) 
x+ = (oJ; eigenvalue Faj A-t i} eigenvalue Hh 


If you measure $, on a particle in the general state X (Equation 4.139), you could get + /i,/'2, with probability 
la|*, or — h/2, with probability |)|*. Since these are the on/y possibilities, 


lal? + |b? = 1 (4.150) 


(i.e. the spinor must be normalized: yy = 1). 
But what if, instead, you chose to measure $y? What are the possible results, and what are their 
respective probabilities? According to the generalized statistical interpretation, we need to know the 


eigenvalues and eigenspinors of $. The characteristic equation is 


hi 


{BNA 
|A M3) = 02? = (5) >i = E> 


B2 A| 


Not surprisingly (but it gratifying to see how it works out), the possible values for §y are the same as those for 


S.. The eigenspinors are obtained in the usual way: 
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STE 


a Nra 5 fe g a) 
k o) (al me (5) oF (5) = Ha) 
so P = +a. Evidently the (normalized) eigenspinors of §, are 


_(x) 1/42 BN Bi ei : BN (4.151) 
Xi = (M5). (eigenvalue + a eo = (es): (eigenvalue — z) 


As the eigenvectors of a hermitian matrix, they span the space; the generic spinor X (Equation 4.139) can be 


expressed as a linear combination of them: 


as ( +b\ S, (“ a ee, (4.152) 
A ae ja z pe. 


If you measure S$, the probability of getting + h/2 is (] 12) |a + bi, and the probability of getting — /i,'2 is 





(1/2) |a — b|*. (Check for yourself that these probabilities add up to 1.) 


Example 4.2 
Suppose a spin-1/2 particle is in the state 


(7) 


What are the probabilities of getting + fi/'2 and — fi/2, if you measure $; and §,? 


Solution: Here a = (1 + i) / 6 and b—? j (6, so for $; the probability of getting + fi/2 is 
| (1 +i) IE = 1/3, and the probability of getting — fi/2 is 2/./6|° — 2/3. For S, the 
probability of getting + /i/2 is (1/2) | (3 +i) I6 i — 5/6, and the probability of getting — hi/2 is 
(1/2) | (—1 +i) {/6 i = 1/6. Incidentally, the expectation value of §, is 


4 h T h\ A 
6 nht a) ee 


which we could also have obtained more directly: 


(Se) = x'ScX = (d =) {V6 2/ v6) Lee i ) e nad 7 ; 


Id like now to walk you through an imaginary measurement scenario involving spin 1/2, because it serves 
to illustrate in very concrete terms some of the abstract ideas we discussed back in Chapter 1. Let’s say we 
start out with a particle in the state X+. If someone asks, “What is the z-component of that particle’s spin 
angular momentum?”, we can answer unambiguously: + /i/'2. For a measurement of $- is certain to return 
that value. But if our interrogator asks instead, “What is the x-component of that particle’s spin angular 
momentum?” we are obliged to equivocate: If you measure §,, the chances are fifty-fifty of getting either h/2 


or — /i/'2. If the questioner is a classical physicist, or a “realist” (in the sense of Section 1.2), he will regard this 





as an inadequate—not to say impertinent—response: “Are you telling me that you don’t know the true state of 


that particle?” On the contrary; I know precisely what the state of the particle is: X+. “Well, then, how come 
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you can't tell me what the x-component of its spin is?” Because it simply does not have a particular x- 
component of spin. Indeed, it cannot, for if both §, and $, were well-defined, the uncertainty principle would 
be violated. 

At this point our challenger grabs the test-tube and measures the x-component of the particle’s spin; let’s 
say he gets the value + fi/2. “Aha!” (he shouts in triumph), “You /ied! This particle has a perfectly well- 
defined value of S,: fi/2.” Well, sure—it does now, but that doesn’t prove it had that value, prior to your 
measurement. “You have obviously been reduced to splitting hairs. And anyway, what happened to your 


uncertainty principle? I now know both $y and S-.” Pm sorry, but you do zor: In the course of your 
(x) 
4- 

, you no longer know the value of $. “But I was extremely careful not to disturb the particle when I measured 


measurement, you altered the particle’s state; it is now in the state y'*’, and whereas you know the value of S, 
Sx.” Very well, if you don’t believe me, check it out: Measure $z, and see what you get. (Of course, he may get 
+ fi,'2, which will be embarrassing to my case—but if we repeat this whole scenario over and over, half the 
time he will get — fi/2.) 

To the layman, the philosopher, or the classical physicist, a statement of the form “this particle doesn’t 
have a well-defined position” (or momentum, or x-component of spin angular momentum, or whatever) 
sounds vague, incompetent, or (worst of all) profound. It is none of these. But its precise meaning is, I think, 
almost impossible to convey to anyone who has not studied quantum mechanics in some depth. If you find 
your own comprehension slipping, from time to time (if you don’t, you probably haven’t understood the 
problem), come back to the spin-1/2 system: It is the simplest and cleanest context for thinking through the 


conceptual paradoxes of quantum mechanics. 


Problem 4.29 
(a) Check that the spin matrices (Equations 4.145 and 4.147) obey the 
fundamental commutation relations for angular momentum, Equation 

4 l4 
(b) Show that the Pauli spin matrices (Equation 4.148) satisfy the product 


rule 


ajk = ik +1 >. E ikl, (4.153) 
i 
where the indices stand for x, y, or z, and € jk! is the Levi-Civita symbol: 


+1 it yet = 123, 23L or 312; — 1 it JH = I3% 213, or 321; 0 


otherwise. 


K Problem 4.30 An electron is in the spin state 


4 Pi 
X=A\,)- 


(a) Determine the normalization constant A. 
(b) Find the expectation values of §,, $y, and S,. 
(c) Find the “uncertainties” FS, %5,, and Ts.. Note: These sigmas are 


standard deviations, not Pauli matrices! 


217 


KK 


www.urdukutabkhanapk.blogspot.com 


(d) Confirm that your results are consistent with all three uncertainty 
principles (Equation 4.100 and its cyclic permutations—only with S in 


place of L, of course). 


Problem 4.31 For the most general normalized spinor x (Equation 4.139), 





a 


compute {5S,), (S5) Seh, (Se), is2i, and (52). Check that 
(Sz) + (55) + (Sz) = {3°} 


Problem 4.32 
(a) Find the eigenvalues and eigenspinors of Sy. 


(b) If you measured 5, on a particle in the general state X (Equation 4.139), 





what values might you get, and what is the probability of each? Check 
that the probabilities add up to 1. Noze: a and 6 need not be real! 

(c) If you measured 52, what values might you get, and with what 
probabilities? | 


Problem 4.33 Construct the matrix $, representing the component of spin 


angular momentum along an arbitrary direction -. Use spherical coordinates, for 


which 


F = sinf cos Pi + sin 8 sing f + cos Ok. (4.154) 


Find the eigenvalues and (normalized) eigenspinors of S, Answer: 


(r) ( cos (6/2) ) (r) (5 sin r) (4.155) 
KE =| . = | 


~ Vel sin (0/2) = \ —cos (8/2 


Note: You're always free to multiply by an arbitrary phase factor—say, »!#—so 


your answer may not /ook exactly the same as mine. 


Problem 4.34 Construct the spin matrices (Sx Sy and S; ) for a particle of spin 
1. Hint: How many eigenstates of S; are there? Determine the action of S-, S4, 
and S_ on each of these states. Follow the procedure used in the text for spin 1/2. 
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4.4.2 Electron in a Magnetic Field 


A spinning charged particle constitutes a magnetic dipole. Its magnetic dipole moment, $t, is proportional to 


its spin angular momentum, S: 
p = yS; (4.156) 


the proportionality constant, Y, is called the gyromagnetic ratio. When a magnetic dipole is placed in a 


magnetic field B, it experiences a torque, ft x B, which tends to line it up parallel to the field (just like a 


compass needle). The energy associated with this torque is“ 


H = — fl B. (4.157) 


so the Hamiltonian matrix for a spinning charged particle, at rest ina magnetic field B, is 


H=—yB.-5, (4.158) 


where § is the appropriate spin matrix (Equations 4.145 and 4.147, in the case of spin 1/2). 


Example 4.3 
Larmor precession: Imagine a particle of spin 1/2 at rest in a uniform magnetic field, which points in 


the z-direction: 
B = Bok. (4.159) 


The Hamiltonian (Equation 4.158) is 


ie pep a _ y Boh l 0 ) (4.160) 


? 0 —-|] 

The eigenstates of H are the same as those of S.: 
y+. with energy E+ = — (y Boh) /2, (4.161) 

y—. with energy E- = + (y Boh) /2. 


The energy is lowest when the dipole moment is parallel to the field—just as it would be classically. 
Since the Hamiltonian is time independent, the general solution to the time-dependent 


Schrodinger equation, 


ay 4.162 
= Hy, l ) 
f 


can be expressed in terms of the stationary states: 


! as n 
se aie ae! ¥ Bat/- 
PEED q: yig rE tA O ( ) | 


X (£) = a x+E a | þe ŻY Bot /2 


The constants a and 4 are determined by the initial conditions: 


N ie 
x) = (5) 
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(of course, |a|? + |b|2 = 1). With no essential loss of generality*® TI write a = cos (œ/2) and 
la|- + |b| g ty 


b = sin (a /2), where d is a fixed angle whose physical significance will appear in a moment. Thus 


° ae e (œ /2) ety Bot/2 ) (4.163) 


; ; etar 7 
“in (œ /2) E iy Bot f2 


To get a feel for what is happening here, lets calculate the expectation value of S, as a function of 


time: 
(S = Sexi) 


: ia A i h. ; f ae PÀ iy Bot {2 
= (cos (a/2)e—'" Boll sin (a /2)e'” Bot!) ; r z) be (a/Z)e ) 


1 0) \sin (@/2)e iY Bol? 
Ae. | : (4.164) 
= 5 sina cos (y Bot). 
Similarly, 
eT en (4.165) 
(S,)} = x(t)! S, X (t) = — 5 Sina sin (y Bot), 
and 
(4.166) 


(S.) = x )'S.x(f) = 2 cos a. 


Thus {S} is tilted at a constant angle A to the z axis, and precesses about the field at the Larmor 


frequency 
w= y Bo, (4.167) 


just as it would classically“ (see Figure 4.14). No surprise here—Ehrenfest’s theorem (in the form 
derived in Problem 4.23) guarantees that {$} evolves according to the classical laws. But it’s nice to see 


how this works out in a specific context. 





t 


Figure 4.14: Precession of {§} in a uniform magnetic field. 
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Example 4.4 
The Stern—Gerlach experiment: In an inhomogeneous magnetic field, there is not only a ¢orque, but also 


a force, on a magnetic dipole:*® 
F = V (p - B). (4.168) 


This force can be used to separate out particles with a particular spin orientation. Imagine a beam of 
heavy neutral atoms,” traveling in the y direction, which passes through a region of static but 


inhomogeneous magnetic field (Figure 4.15 )—say 


B(x, y, z) = —ax? + (Bo + az) k, (4.169) 


where By is a strong uniform field and the constant a describes a small deviation from homogeneity. 
(Actually, what we'd prefer is just the z component of this field, but unfortunately that’s impossible—it 
would violate the electromagnetic law V . B = 0; like it or not, the x component comes along for the 


ride.) The force on these atoms is%® 


F = yo (—S:i 4 S-k) | 


Spin up 





Spin down 


Magnet 


Figure 4.15: The Stern-Gerlach apparatus. 


But because of the Larmor precession about Bo, Sx oscillates rapidly, and averages to zero; the net 


force is in the z direction: 


and the beam is deflected up or down, in proportion to the z component of the spin angular 
momentum. Classically we'd expect a smear (because $; would not be quantized), but in fact the beam 
splits into 7s + 1 separate streams, beautifully demonstrating the quantization of angular momentum. 
(If you use silver atoms, all the inner electrons are paired, in such a way that their angular momenta 
cancel. The net spin is simply that of the outermost—unpaired—electron, so in this case s = 1/2, 
and the beam splits in two.) 

The Stern—Gerlach experiment has played an important role in the philosophy of quantum 
mechanics, where it serves both as the prototype for the preparation of a quantum state and as an 
illuminating model for a certain kind of quantum measurement. We tend casually to assume that the 
initial state of a system is known (the Schrödinger equation tells us how it subsequently evolves)—but 
it is natural to wonder how you get a system into a particular state in the first place. Well, if you want 
to prepare a beam of atoms in a given spin configuration, you pass an unpolarized beam through a 


Stern—Gerlach magnet, and select the outgoing stream you are interested in (closing off the others 
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with suitable baffles and shutters). Conversely, if you want to measure the z component of an atom’s 
spin, you send it through a Stern—Gerlach apparatus, and record which bin it lands in. I do not claim 
that this is always the most practical way to do the job, but it is conceptually very clean, and hence a 


useful context in which to explore the problems of state preparation and measurement. 


Problem 4.35 In Example 4.3: 
(a) If you measured the component of spin angular momentum along the x 
direction, at time £, what is the probability that you would get + fi/2? 
(b) Same question, but for the y component. 


(c) Same, for the z component. 


xK Problem 4.36 An electron is at rest in an oscillating magnetic field 
B = Bocos (wt) k, 
where Bo and W are constants. 
(a) Construct the Hamiltonian matrix for this system. 
(b) ‘The electron starts out (at £ = 0} in the spin-up state with respect to the 
: 5 eT 8 i ; L : 
x axis (that is: x (0) = x ^N, Determine y(t) at any subsequent time. 
Beware: This is a time-dependent Hamiltonian, so you cannot get y{t}in 
the usual way from stationary states. Fortunately, in this case you can 
solve the time-dependent Schrödinger equation (Equation 4.162) 
directly. 
(c) Find the probability of getting — fi/'2, if you measure S,. Answer: 





(d) What is the minimum field (8g) required to force a complete flip in $y? 
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4.4.3 Addition of Angular Momenta 


Suppose now that we have zwo particles, with spins 5] and 52. Say, the first is in the state |$} m} and the 


second in the state |$+ m2}. We denote the composite state by |$1 52 mi moy: 


2 l 
SO” |si s2 my ma) = 81 (8) +1) Ae |si 82m, ma), (4.171) 
2 4 
SIs) 55 my mo) = 5 (So + DA? |) Smi ma), 
si) [Sy 82m, m2) = my hls, 2m, mM), 
se) [sy So M Ma) = Moh |s; omy, Ma}. 
Question: What is the ¢o¢a/ angular momentum, 
gs —st) r g2, (4.172) 


of this system? That is to say: what is the net spin, s, of the combination, and what is the z component, m? 


The z component is easy: 
S; |si 52m, m2) = S |si s2 my ma} + SO [s1 s2 mi ma), (4.173) 
= f(y + mo) |S 32M mo) = Am |51 52m mot, 
SO 
m = m1 +m (4.174) 


it’s just the sum. But s is much more subtle, so let’s begin with the simplest nontrivial example. 


Example 4.5 
Consider the case of two spin-] /2 particles—say, the electron and the proton in the ground state of 


hydrogen. Each can have spin up or spin down, so there are four possibilities in all:>1 





IN) =|} m=0 
Nees dh m=O, 
It) = FF} m=-—| 





This doesn’t look right: m is supposed to advance in integer steps, from — $ to + s, so it appears that 
s = |—but there is an “extra” state with m = 0. 

One way to untangle this problem is to apply the lowering operator, ¢ _ sf Yi ight *) to the state 
|tt }, using Equation 4.146: 


s_itty=(SOmyity+ ity (s? in) 
= (RIL DIP) HI GI) = BUT) FIND. 


Evidently the three states with 5 = | are (in the notation | sm }): 
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(4.175) 


ITT} 
(Ith) +Iit)) s= 1 (triplet). 


IL) 





(As a check, try applying the lowering operator to |10} what should you get? See Problem 4.37(a).) 


This is called the triplet combination, for the obvious reason. Meanwhile, the orthogonal state with 


m = (carries 5 = 0: 


| (4.176) 
— ([t4)—- Nt) 5 =0 (singlet). 


/2 





(If you apply the raising or lowering operator to ¢his state, you'll get zero. See Problem 4.37(b).) 

I claim, then, that the combination of two spin-1/2 particles can carry a total spin of 1 or 0, 
depending on whether they occupy the triplet or the singlet configuration. To confirm this, I need to 
prove that the triplet states are eigenvectors of g2 with eigenvalue 9j2, and the singlet is an 


eigenvector of ¢2 with eigenvalue 0. Now, 


gs? — (89 4 s®) (s l) + 5) = (soy 4 (sy 4 agil) | (2) (4.177) 


Using Equations 4.145 and 4.147, we have 
S SQ ny y= (80 It )) (SP ILD) + (50 It) (SP 140) + (8 It 9) (SP g) 


= ($10) (Find) + (Fi) (m) Gir) (Fu) 


7 


h 
ce 7 a : ` 
Similarly, 


ona ay he 
T = TAIN )— It). 


It follows that 


ae he (4.178) 
s,s 110) = —— (2144) -It } 4214) -i44 ) = 110), 
Tz 
and 
: Pe h (4.179) 
sD. S19 100) = TREN + a S e E ete Se * 100) 





Returning to Equation 4.177 (and using Equation 4.142), we conclude that 


3R 3R hE (4.180) 


S° |10) = 7 + +27) 110) = 27? 110), 
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so |10} is indeed an eigenstate of ¢2 with eigenvalue 752; and 


5 SA 3A 3A (4.181) 
5“ |00) = (=+ -25 ) 00} = 0, 


so |00} is an eigenstate of ¢2 with eigenvalue 0. (I will leave it for you to confirm that |11} and|1—1)} 


are eigenstates of §2, with the appropriate eigenvalue—see Problem 4.37(c).) 


What we have just done (combining spin 1/2 with spin 1/2 to get spin 1 and spin 0) is the simplest 
example of a larger problem: If you combine spin 5| with spin 52, what total spins s can you get??? The 
answer% is that you get every spin from {s1 + s2} down to {s1 — s2)—or {s2 — s1), if 52 > s|—in integer 


steps: 


(4.182) 





(Roughly speaking, the highest total spin occurs when the individual spins are aligned parallel to one another, 
and the lowest occurs when they are antiparallel.) For example, if you package together a particle of spin 3/2 
with a particle of spin 2, you could get a total spin of 7/2, 5/2, 3/2, or 1/2, depending on the configuration. 
Another example: If a hydrogen atom is in the state W,/,, the net angular momentum of the electron (spin 
plus orbital) is € + 1/2 or &—1/2; if you now throw in spin of the proton, the atom’s zotal angular 
momentum quantum number is # + ], #, or ¢ — | (and ¢ can be achieved in two distinct ways, depending on 
whether the electron alone is in the + 1/2 configuration or the ë — 1/2 configuration). 

The combined state |s71} with total spin s and z-component m will be some linear combination of the 
composite states |s] sai 172 ¥: 


jsm} = A. CF | sysom jim) (4.183) 


“HL | ADH 
Mj wis et 
(because the z-components add, the only composite states that contribute are those for which m] + m = m 
). Equations 4.175 and 4.176 are special cases of this general form, with s; = s2 = 1/2. The constants 
Cm imom ate called Clebsch-Gordan coefficients. A few of the simplest cases are listed in Table 4.8.24 For 
example, the shaded column of the ? ẹ | table tells us that 
i> 


| l [3 | 
30} = — |21} | 1— | = |20 + —|2- 
|30) TR l} 1—1} + yf 5 120} 110) + ja 1) 11) 


We 


If two particles (of spin 2 and spin 1) are at rest in a box, and the fofa/ spin is 3, and its z component is 0, then 
a measurement of si) could return the value } (with probability 1/5), or O (with probability 3/5), or — ft 
(with probability 1/ 5). Notice that the probabilities add up to 1 (the sum of the squares of any column on the 
Clebsch—Gordan table is 1). 


These tables also work the other way around: 


|s}s2mym2) = 2 Ci A sm}, (m = m] + ma). (4.184) 
$ 


For example, the shaded row in the 3/2 x | table tells us that 
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If you put particles of spin 3/2 and spin 1 in the box, and you know that the first has mı = 1/2 and the 
second has mə = Ü (so m is necessarily 1/2), and you measured the fofa/ spin, s, you could get 5/2 (with 
probability 3/5), or 3/2 (with probability 1/15), or 1/2 (with probability 1/3). Again, the sum of the 
probabilities is 1 (the sum of the squares of each row on the Clebsch—Gordan table is 1). 


Table 4.8: Clebsch—Gordan coefficients. (A square root sign 1s understood for every entry; the minus sign, if present, 
goes outside the radical.) 


MIO S15 
WS -I5 
Lig —25 


6 IO 
WS 





If you think this is starting to sound like mystical numerology, I don’t blame you. We will not be using 
the Clebsch—Gordan tables much in the rest of the book, but I wanted you to know where they fit into the 
scheme of things, in case you encounter them later on. In a mathematical sense this is all applied group theory 
—what we are talking about is the decomposition of the direct product of two irreducible representations of 


the rotation group into a direct sum of irreducible representations (you can quote that, to impress your 


friends). 


x Problem 4.37 
(a) Apply S_ to |10} (Equation 4.175), and confirm that you get „h| 1—1) 
(b) Apply Sz to |00} (Equation 4.176), and confirm that you get zero. 
(c) Show that |11}and|1—1) (Equation 4.175) are eigenstates of 52, with the 





appropriate eigenvalue. 


Problem 4.38 Quarks carry spin 1/2. Three quarks bind together to make a 
baryon (such as the proton or neutron); two quarks (or more precisely a quark and 
an antiquark) bind together to make a meson (such as the pion or the kaon). 
Assume the quarks are in the ground state (so the orbital angular momentum is 


zero). 
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(a) What spins are possible for baryons? 
(b) What spins are possible for mesons? 


Problem 4.39 Verify Equations 4.175 and 4.176 using the Clebsch—Gordan table. 


Problem 4.40 

(a) Aparticle of spin 1 and a particle of spin 2 are at rest in a configuration 
such that the total spin is 3, and its z component is fj. If you measured the 
z-component of the angular momentum of the spin-2 particle, what 
values might you get, and what is the probability of each one? Comment: 
Using Clebsch—Gordan tables is like driving a stick-shift—scary and 
frustrating when you start out, but easy once you get the hang of it. 

(b) An electron with spin down is in the state W510 of the hydrogen atom. If 
you could measure the total angular momentum squared of the electron 
alone (not including the proton spin), what values might you get, and 


what is the probability of each? 


Problem 4.41 Determine the commutator of ¢2 with S; D (where g = gil) 452) 


). Generalize your result to show that 
[s 3) — Ih (s\ . s2) (4.185) 


Comment: Because 5! l) does not commute with 2, we cannot hope to find states 
that are simultaneous eigenvectors of both. In order to form eigenstates of ¢2 we 
need /inear combinations of eigenstates of 5! l). This is precisely what the Clebsch- 
Gordan coefficients (in Equation 4.183) do for us. On the other hand, it follows 
by obvious inference from Equation 4.185 that the sum i1) 4 S(2) does commute 


with §2, which only confirms what we already knew (see Equation 4.103). | 
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4.5 Electromagnetic Interactions 


228 


www.urdukutabkhanapk.blogspot.com 


4.5.1 Minimal Coupling 
In classical electrodynamics% the force on a particle of charge g moving with velocity v through electric and 
magnetic fields E and B is given by the Lorentz force law: 


F =q (E +v x B). (4.186) 


This force cannot be expressed as the gradient of a scalar potential energy function, and therefore the 
Schrödinger equation in its original form (Equation 1.1) cannot accommodate it. But in the more 


sophisticated form 


DU (4.187) 


there is no problem. The classical Hamiltonian for a particle of charge g and momentum p, in the presence of 


electromagnetic fields js% 


E s 9 (4.188) 
H = ~— (p— gA)" + qf. 
al FT 


where A is the vector potential and ¥ is the scalar potential: 


E=-Vy-—-—dA/or, B=V xA. (4.189) 
Making the standard substitution p — —ifiV, we obtain the Hamiltonian operator” 
2 | p (4.190) 
H = — (-ihV — gA) + qo, 
2m 
and the Schrödinger equation becomes 
(4.191) 





This is the quantum implementation of the Lorentz force law; it is sometimes called the minimal coupling 


rule.28 


FEK Problem 4.42 
(a) Using Equation 4.190 and the generalized Ehrenfest theorem (3.73), 
show that 
dir) E ix; ss (4.192) 
—— = — {((P- 4å)) 
dt m 


Hint: This stands for three equations—one for each component. Work it 
out for, say, the x component, and then generalize your result. 


(b) As always (see Equation 1.32) we identify d {r} /dt with {v}. Show that 


div) (4.193) 





fi 


= q ; ; 44 
= q (E) + — (px B—B x p))—+ (A x B)). 
iit mm 
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(c) In particular, if the fields E and B are uniform over the volume of the 


wave packet, show that 


(4.194) 





OM liegt 
m Tı =q (E + (Vv) x D), 


so the expectation value of v moves according to the Lorentz force law, as 


we would expect from Ehrenfest’s theorem. 


kk Problem 4.43 Suppose 


Big s a _ gad 
A= | Gly) and y= Kz", 


where By and K are constants. 
(a) Find the fields E and B. 


(b) Find the allowed energies, for a particle of mass m and charge g, in these 
fields. Answer: 


E (nj, m) = (nı — +) hoo, + (n2 + +) hon, (nj, no — 0, 1,2, ...), 


(4.195) 
where w| = qBo/m and w = ,/2qg K /m. Comment: In two 


dimensions (x and y, with K = 0} this is the quantum analog to 


cyclotron motion; © is the classical cyclotron frequency, and @3 is zero. 


The allowed energies, (x i+ 5) lie), are called Landau Levels. 
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4.5.2. The Aharonov-Bohm Effect 


In classical electrodynamics the potentials A and ¥ are not uniquely determined; the physical quantities are the 

fields, E and B.% Specifically, the potentials 

i JA ; (4.196 

g3 = i = A = Å + VA 
dt 

(where A is an arbitrary real function of position and time) yield the same fields as # and A. (Check that for 

yourself, using Equation 4.189.) Equation 4.196 is called a gauge transformation, and the theory is said to be 
gauge invariant. 

In quantum mechanics the potentials play a more direct role (it is they, not the fields, that appear in the 


Equation 4.191), and it is of interest to ask whether the theory remains gauge invariant. It is easy to show 


(Problem 4.44) that 





Y = any (4.197) 


satisfies Equation 4.191 with the gauge-transformed potentials gw’ and 4’ (Equation 4.196). Since wr’ differs 
from W only by a phase factor, it represents the same physical state,°* and in this sense the theory is gauge 
invariant. For a long time it was taken for granted that there could be no electromagnetic influences in regions 
where E and B are zero—any more than there can be in the classical theory. But in 1959 Aharonov and 
Bohm® showed that the vector potential can affect the quantum behavior of a charged particle, even when the 


particle 1s confined to a region where the field itself 1S Zero. 


Example 4.6 

Imagine a particle constrained to move in a circle of radius 4 (a bead on a wire ring, if you like). Along 
the axis runs a solenoid of radius q =< þ, carrying a steady electric current J (see Figure 4.16). If the 
solenoid is extremely long, the magnetic field inside it is uniform, and the field outside is zero. But the 
vector potential outside the solenoid is not zero; in fact (adopting the convenient gauge condition 
V-A=0,4 


p a 4.198 
ÀA = —¢, (r>a), ( ) 


where  — ma? B is the magnetic flux through the solenoid. Meanwhile, the solenoid itself is 


uncharged, so the scalar potential # is zero. In this case the Hamiltonian (Equation 4.190) becomes 


(4.199) 


Mi. 


l 4 | 
Ĥ = — [-r?v? PEA + 2ihgA- v| 
ath 


(Problem 4.45(a)). But the wave function depends only on the azimuthal angle ọ (@ = 2/2 and 


r= b), so V > (¢ / b) (d /d@), and the Schrödinger equation reads 


1 [ R æ fata C0 


2m pi i (23) ta mhb? A Wip) = Ey (@). 
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|- 
a 


Figure 4.16: Charged bead on a circular ring through which a long solenoid passes. 


This is a linear differential equation with constant coefficients: 

















d? di (4.201) 
F _ 2p 4 ey =0, 
do do 
where 
` 
q® 2mb E 4 (4.202) 
= and = — p*. 
P nk Se a oe 
Solutions are of the form 
y= Ael*?. (4.203) 
with 
b 4.204 
A = Pb y B“ +e=—BPoa pY mE. ( ) 
5 
Continuity of W {(¢}, at ġ = 271, requires that } be an integer: 
an 4.205 
PE pN mE =n, ( ) 
7 
and it follows that 
R2 f g® ` 2 (4.206) 
= N z Y i 
" 2mb? (» 12) E oa a 


The solenoid lifts the two-fold degeneracy of the bead-on-a-ring (Problem 2.46): positive n, 
representing a particle traveling in the same direction as the current in the solenoid, has a somewhat 
lower energy (assuming g is positive) than negative n, describing a particle traveling in the opposite 
direction. More important, the allowed energies clearly depend on the field inside the solenoid, even 


though the field at the location of the particle is zero! 
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More generally, suppose a particle is moving through a region where B is zero (so V x A = 0), but A 
itself is not. (IIl assume that A is static, although the method can be generalized to time-dependent 
potentials.) The Schrödinger equation, 
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l s ag 9 ow (4.207) 
— (-1hV —gA) |Y =i1h—_., 


2m 


can be simplified by writing 


where 
"r A gi (4.209) 
g(r) = F) A(r)-dr, 
Ato ` 
and ¢@ is some (arbitrarily chosen) reference point. (Note that this definition makes sense only when 
V x A = 0 throughout the region in question® —otherwise the line integral would depend on the path 


taken from © to r, and hence would not define a function of r.) In terms of y”, the gradient of W is 
VY =e" (iVg) Y +e (Vw); 
but V g = (q /ħ) A, so 
(—ihV — qA) Y = ihe VY, (4.210) 


and it follows that 


(—ihV —qAY Y = hety y" (4.211) 
(Problem 4.45(b)). Putting this into Equation 4.207, and cancelling the common factor of p12, we are left 
with 

E aw’ (4.212) 
=-— We = ih—_ 
2m Í 


Evidently wi’ satisfies the Schrödinger equation without A. If we can solve Equation 4.212, correcting for the 





presence of a (curl-free) vector potential will be trivial: just tack on the phase factor g8. 

Aharonov and Bohm proposed an experiment in which a beam of electrons is split in two, and they pass 
either side of a long solenoid before recombining (Figure 4.17). The beams are kept well away from the 
solenoid itself, so they encounter only regions where B = 0. But A, which is given by Equation 4.198, is not 


zero, and the two beams arrive with different phases: 


_  g® 1P ee a Gh (4.213) 
= a fA ee (-4) (rag) Aa a 


The plus sign applies to the electrons traveling in the same direction as A—which is to say, in the same 
direction as the current in the solenoid. The beams arrive out of phase by an amount proportional to the 


magnetic flux their paths encircle: 


qP 4.214 
phase difference = = l ) 
i 


This phase shift leads to measurable interference, which has been confirmed experimentally by Chambers and 


others.©® 
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Figure 4.17: The Aharonov-Bohm effect: The electron beam splits, with half passing either side of a long 


solenoid. 


What are we to make of the Aharonov-Bohm effect? It seems our classical preconceptions are simply 
mistaken: There can be electromagnetic effects in regions where the fields are zero. Note, however, that this 


does not make A itself measurable—only the enclosed flux comes into the final answer, and the theory 


remains gauge invariant. 


Kk Problem 4.44 Show that yw’ (Equation 4.197) satisfies the Schrödinger equation 
(Equation 4.191 with the potentials p" and A’ (Equation 4.196). 





Problem 4.45 
(a) Derive Equation 4.199 from Equation 4.190. 
(b) Derive Equation 4.211, starting with Equation 4.210. 
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Further Problems on Chapter 4 


* Problem 4.46 Consider the three-dimensional harmonic oscillator, for which the 
potential is 
(4.215) 


: 3 9 
Vir} = zmo Tr”. 


(a) Show that separation of variables in cartesian coordinates turns this into 
three one-dimensional oscillators, and exploit your knowledge of the latter 


to determine the allowed energies. Answer: 


E, = (n + 3) hw. (4.216) 
(b) Determine the degeneracy d (m) of Ep 
kkk Problem 4.47 Because the three-dimensional harmonic oscillator potential (see 


Equation 4.215) is spherically symmetrical, the Schrödinger equation can also 
be handled by separation of variables in spherical coordinates. Use the power 
series method (as in Sections 2.3.2 and 4.2.1) to solve the radial equation. Find 
the recursion formula for the coefficients, and determine the allowed energies. 
(Check that your answer is consistent with Equation 4.216.) How is N related 
to n in this case? Draw the diagram analogous to Figures 4.3 and 4.6, and 


determine the degeneracy of nth energy level. 


xx] Problem 4.48 


(a) Prove the three-dimensional virial theorem: 


2(T} = ir- VV) (4.217) 


(for stationary states). Hint: refer to Problem 3.37. 


(b) Apply the virial theorem to the case of hydrogen, and show that 
(Ey == Bj (Vp = 2B (4.218) 


(c) Apply the virial theorem to the three-dimensional harmonic oscillator 


(Problem 4.46), and show that in this case 





(T) = (V) = E,,/2. (4.219) 


kk Problem 4.49 Warning: Attempt this problem only if you are familiar with vector 
calculus. Define the (three-dimensional) probability current by generalization 


of Problem 1.14: 


ih : 4.220 
= — (WV —wrvy). Fa 
2m ` 
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(a) Show that J satisfies the continuity equation 


d 3 (4.221) 
Vs J =—— It, 

at 
which expresses local conservation of probability. It follows (from the 


divergence theorem) that 


i | , 4.222 
$ J- da =-4 | Wider, 
5 dt 


where y is a (fixed) volume and § is its boundary surface. In words: The 
flow of probability out through the surface is equal to the decrease in 
probability of finding the particle in the volume. 

(b) FindJ for hydrogen in the state p = ?,/ = |, m = 1. Answer: 


hi i fr 
Discs a See 
zre sin Op. 


Ar ma- 


(c) Ifwe interpret m J as the flow of mass, the angular momentum is 


L m | mxf) d°r. 
Use this to calculate L; for the state W211, and comment on the result.“ 


Kk Problem 4.50 The (time-independent) momentum space wave function in three 


dimensions is defined by the natural generalization of Equation 3.54: 


| (4.223) 
pip) = 


~ (2nhy3/? 


(a) Find the momentum space wave function for the ground state of 
hydrogen (Equation 4.80). Hint: Use spherical coordinates, setting the 
polar axis along the direction of p. Do the 9 integral first. Answer: 


1 (9@\3/ | (4.224) 
pp) = — (+) ——— T 
a [1 + apih | 


(b) Check that @(p) is normalized. 

(c) Use @(p) to calculate | p°}, in the ground state of hydrogen. 

(d) What is the expectation value of the kinetic energy in this state? Express 
your answer as a multiple of E], and check that it is consistent with the 


virial theorem (Equation 4.218). 


pee Conk $ ad Problem 4.51 In Section 2.6 we noted that the finite square well (in one 
dimension) has at least one bound state, no matter how shallow or narrow it 
may be. In Problem 4.11 you showed that the finite spherical well (three 
dimensions) has no bound state, if the potential is sufficiently weak. Question: 


What about the finite circular well (two dimensions)? Show that (like the one- 
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dimensional case) there is always at least one bound state. Hin¢: Look up any 


information you need about Bessel functions, and use a computer to draw the 


graphs. 


Problem 4.52 


(a) 


(b) 


(c) 


Construct the spatial wave function (yr) for hydrogen in the state n = 3, 
' — 9, m = |. Express your answer as a function of r, 8, Q, and a (the 
Bohr radius) on/y—no other variables (pP, z, etc.) or functions (Y, v, etc.), 
or constants (4, €o, etc.), or derivatives, allowed (z is okay, and e, and 2, 
etc.). 

Check that this wave function is properly normalized, by carrying out the 
appropriate integrals over r, O, and Q. 


Find the expectation value of ;-* in this state. For what range of s (positive 


and negative) is the result finite? 


Problem 4.53 


(a) 


(b) 


(c) 


Construct the wave function for hydrogen in the state » = 4, # = 3, 
m = 3. Express your answer as a function of the spherical coordinates r, 
O, and È. 


Find the expectation value of r in this state. (As always, look up any 
nontrivial integrals.) 

If you could somehow measure the observable i + i- on an atom in 
this state, what value (or values) could you get, and what L the probability 


of each? 


Problem 4.54 What is the probability that an electron in the ground state of 


hydrogen will be found inside the nucleus? 


(a) 


(b) 


(c) 


(d) 


First calculate the exact answer, assuming the wave function (Equation 
4.80) is correct all the way down to p = (). Let be the radius of the 
nucleus. 

Expand your result as a power series in the small number € = 2b /'a, and 
show that the lowest-order term is the cubic: P œ (4 (3) (b ja). This 
should be a suitable approximation, provided that  < a (which it is). 
Alternatively, we might assume that yy {r} is essentially constant over the 
(tiny) volume of the nucleus, so that P = (4 /3)x be [W (0) |. Check that 
you get the same answer this way. 

Use h = 107 m and g = 0.5 x 107!" m to get a numerical estimate 
for P. Roughly speaking, this represents the “fraction of its time that the 


electron spends inside the nucleus.” 


Problem 4.55 


(a) 


Use the recursion formula (Equation 4.76) to confirm that when 


ë — n — | the radial wave function takes the form 


T i | rs af 
Raia—-l) — Nar” e x na 
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and determine the normalization constant N,, by direct integration. 

(b) Calculate ({r} and (r*} for states of the form Wy ()— lym 

(c) Show that the “uncertainty” in r (a) is {r} /4/2n + 1 for such states. 
Note that the fractional spread in r decreases, with increasing n (in this 
sense the system “begins to look classical,” with identifiable circular 
“orbits,” for large 7). Sketch the radial wave functions for several values of 


n, to illustrate this point. 


Problem 4.56 Coincident spectral lines.“ According to the Rydberg formula 
(Equation 4.93) the wavelength of a line in the hydrogen spectrum is 
determined by the principal quantum numbers of the initial and final states. 
Find two distinct pairs {mj.my} that yield the same }. For example, 
(6851, 6409} and {15283, 11687} will do it, but you're not allowed to use 


those! 


Problem 4.57 Consider the observables 4 — y2 and E = L.. 
(a) Construct the uncertainty principle for 747g. 
(b) Evaluate @g in the hydrogen state wy,,/,,;- 


(c) What can you conclude about {x y} in this state? 


Problem 4.58 An electron is in the spin state 


Als”) 


(a) Determine the constant 4 by normalizing x. 

(b) Ifyou measured $- on this electron, what values could you get, and what 
is the probability of each? What is the expectation value of $;? 

(c) Ifyou measured S$, on this electron, what values could you get, and what 
is the probability of each? What is the expectation value of $y? 

(d) Ifyou measured 5, on this electron, what values could you get, and what 


is the probability of each? What is the expectation value of Sy? 


ok Problem 4.59 Suppose two spin-1/2 particles are known to be in the singlet 
configuration (Equation 4.176). Let si 'be the component of the spin angular 
momentum of particle number 1 in the direction defined by the vector a. 
Similarly, let he be the component of 2’s angular momentum in the direction 
b. Show that 


DeD i. P ap (4.225) 
(s! Si, fe mg O 9, 


where 9 is the angle between a and b. 


kkt Problem 4.60 
(a) Work out the Clebsch-Gordan coefficients for the case sı = 1/2, 52 = 


anything. Hint: You're looking for the coefficients 4 and B in 
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5825 (m — +)) + B 








sm — Al 582 = (m + +). 


such that |sm} is an eigenstate of ¢2. Use the method of Equations 4.177 
through 4.180. If you can’t figure out what s” (for instance) does to 
Iso m2), refer back to Equation 4.136 and the line before Equation 4.147. 


Answer: 


|s? +m + 1/2 Fad sy Fm+1/2 


Dice ea, ee 
y 2941 — \ 257 +] 


where the signs are determined by s = s3 + 1/2. 


(b) Check this general result against three or four entries in Table 4.8. 


Problem 4.61 Find the matrix representing Sx for a particle of spin 3/2 (using as 
your basis the eigenstates of $+). Solve the characteristic equation to determine 


the eigenvalues of $.. 


ok Problem 4.62 Work out the spin matrices for arbitrary spin s, generalizing spin 
1/2 (Equations 4.145 and 4.147), spin 1 (Problem 4.34), and spin 3/2 
(Problem 4.61). Answer: 


5 0) 0) s 0 
0 s—l 0) s- 0 
Se Fo © 5—2 0) 
0 O 0) —s 
QO Ob, 0) 0) 0) 0) 
bs 0 bi 0) 0) 0) 
[2 ba U Be 0) 0) 
os flo 0 ho 0 0 
A 9 i | | 
0) 0) 0) 0) 0) b_s4] 
0) 0) 0) 0) Ge 0) 
QO —ib, 0) 0) 0) 0) 
| ib, 0) —ib,_| 0) 0) 0) 
QO rh] 0 —ib,_9 0) 0) 
vele 0 the q 0 0 
am 3 
0) 0) 0) 0) 0) —ith_,4) 
0) 0) 0) 0) ib s4] 0) 
where 
b; =V +j +l- j). 
kkk Problem 4.63 Work out the normalization factor for the spherical harmonics, as 


follows. From Section 4.1.2 we know that 
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Y" = Ktteim? P™ (cos 0); 


the problem is to determine the factor K;” (which I quoted, but did not derive, 
in Equation 4.32). Use Equations 4.120, 4.121, and 4.130 to obtain a 
recursion relation giving K mr in terms of K;". Solve it by induction on m to 
get K e up to an overall constant, C (f) = K x Finally, use the result of 
Problem 4.25 to fix the constant. You may find the following formula for the 


derivative of an associated Legendre function useful: 


yil P" 


-— 
(1 a = —4/] — x prt — mx P;". 


Problem 4.64 The electron in a hydrogen atom occupies the combined spin and 


position state 


Ra] (VIBY? x+ x JAY x- ] 3 


(a) Ifyou measured the orbital angular momentum squared ( Ey, what values 
might you get, and what is the probability of each? 
(b) Same for the z component of orbital angular momentum (L-). 


(c) Same for the spin angular momentum squared ( §*). 


(d) Same for the z component of spin angular momentum (S-). 


Let J = L + S be the /o/a/ angular momentum. 

(e) If you measured 72, what values might you get, and what is the 
probability of each? 

(f) Same for J. 

(g) Ifyou measured the position of the particle, what is the probability density 
for finding it at r, @, @? 

(h) Ifyou measured both the z component of the spin and the distance from 
the origin (note that these are compatible observables), what is the 


probability per unit r for finding the particle with spin up and at radius 7? 


xx Problem 4.65 If you combine bree spin-| /2 particles, you can get a total spin of 
3/2 or 1/2 (and the latter can be achieved in two distinct ways). Construct the 
quadruplet and the two doublets, using the notation of Equations 4.175 and 





4.176: 

3) = 2 

3) =P? 3 

3-1 | n mes (quadruplet) 
23) = 7 


a} D} 


(doublet 1) 


SS 
[a] — Bi — 
| bal 
— = 
——— 
| | 
T _ 
by 
| 
tJ | — 


pall 
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l | 
5 (doublet 2) 


SS, 


halj — ia — 
| bape 
KS 
—_— pa 
io) 
| 
+ +a 
sgl onl 
a _ 
| 
| 


Hint: The first one is easy: +3) = |tt }; apply the lowering operator to get 
theother states in the quadruplet. For the doublets you might start with the 
first two in thesinglet state, and tack on the third: 


| 
33), = IN) - WIN), 


Take it from there (make sure | 1 a8 is orthogonal to ls), and to ely Note: 





the two doublets are not uniquely determined—any linear combination of 
them would still carry spin 1/2. The point is to construct two independent 
doublets. 


Problem 4.66 Deduce the condition for minimum uncertainty in §, and $, (that 
is, equality in the expression Os, 05, = (f/2) |(S_)|), for a particle of spin 1/2 
in the generic state (Equation 4.139). Answer: With no loss of generality we 
can pick a to be real; then the condition for minimum uncertainty is that 4 is 


either pure real or else pure imaginary. 


*k Problem 4.67 Magnetic frustration. Consider three spin-1/2 particles arranged on 


the corners of a triangle and interacting via the Hamiltonian 
H = J(S,-S0+ 82-834 83-8). (4.227) 


where J is a positive constant. This interaction favors opposite alignment of 
neighboring spins (antiferromagnetism, if they are magnetic dipoles), but the 
triangular arrangement means that this condition cannot be satisfied 
simultaneously for all three pairs (Figure 4.18). This is known as geometrical 
“frustration.” 

(a) Show that the Hamiltonian can be written in terms of the square of the 

total spin, §2, where S = 3 ; Si. 
(b) Determine the ground state energy, and its degeneracy. 
(c) Now consider four spin-1/2 particles arranged on the corners of a square, 


and interacting with their nearest neighbors: 
H = J (8; -S2 + 82-53 +83 -84+84-5)). (4.228) 


In this case there is a unique ground state. Show that the Hamiltonian in 


this case can be written 


H = 3J [52 — 61 + 83)? — (S2 + 89°]. (4.229) 


What is the ground state energy? 
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Figure 4.18: The figure shows three spins arranged around a triangle, where 
there is no way for each spin to be anti-aligned with all of its neighbors. In 


contrast, there is no such frustration with four spins arranged around a square. 


a CRE Problem 4.68 Imagine a hydrogen atom at the center of an infinite spherical well 
of radius 4. We will take 4 to be much greater than the Bohr radius {a} , so the 
low-n states are not much affected by the distant “wall” at y = þ. But since 
u (b) = 0 we can use the method of Problem 2.61 to solve the radial equation 
(4.53) numerically. 

(a) Show that Uj; (in Problem 2.61) takes the form 


l 


26 f+ 1 b 
j je (N+l)a 
(b) We want Ar < a (so as to sample a reasonable number of points within 
the potential) and a < b (so the wall doesn’t distort the atom too much). 


Thus 


Lep gN. 


Let’s use 8 = 1/50 and N = 1000. Find the three lowest eigenvalues of 
H, for ¢=0, #@=1, and #=2, and plot the corresponding 
eigenfunctions. Compare the known (Bohr) energies (Equation 4.70). 
Note: Unless the wave function drops to zero well before p = h, the 
energies of this system cannot be expected to match those of free 
hydrogen, but they are of interest in their own right as allowed energies of 


“compressed” hydrogen.” 


4 Conk 4 x Problem 4.69 Find a few of the Bohr energies for hydrogen by “wagging the dog” 
(Problem 2.55), starting with Equation 4.53—or, better yet, Equation 4.56; in 





fact, why not use Equation 4.68 to set pp = 2n, and tweak n? We know that 
the correct solutions occur when 7 is a positive integer, so you might start with 
n = 0.9, 1.9, 2.9, etc., and increase it in small increments—the tail should 
wag when you pass 1, 2, 3, .... Find the lowest three ms, to four significant 
digits, first for ¢ — Q, and then for ¢ — | and ¢ — 3. Warning: Mathematica 
doesn’t like to divide by zero, so you might change p to {p + 0.000001) in 
the denominator. Noze: u (0) = Ü in all cases, but u” (0) = O only for & > | 
(Equation 4.59). So for ¢ = Q you can use uv (0) = 0, u’ (0) = 1. For £ > 0 
you might be tempted to use u (0) = 0 and wu’ (0) = 0, but Mathematica is 
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lazy, and will go for the trivial solution u() =; better, therefore, to use 


(say) Li (1) = | and,’ (0) — (). 


Problem 4.70 Sequential Spin Measurements. 

(a) At time ¢ = (ja large ensemble of spin-1/2 particles is prepared, all of 
them in the spin-up state (with respect to the z axis). They are not 
subject to any forces or torques. At time f} > 0 each spin is measured— 
some along the z direction and others along the x direction (but we aren’t 
told the results). At time f > fq their spin is measured again, this time 
along the x direction, and those with spin up (along x) are saved as a 
subensemble (those with spin down are discarded). Question: Of those 
remaining (the subensemble), what fraction had spin up (along z or x, 
depending on which was measured) in the first measurement? 

(b) Part (a) was easy—trivial, really, once you see it. Here’s a more pithy 
generalization: At time ¢ =Q an ensemble of spin-1/2 particles is 
prepared, all in the spin-up state along direction a. At time ft; > O their 
spins are measured along direction b (but we are not told the results), and 
at time f} > fı their spins are measured along direction c. Those with 
spin up (along c) are saved as a subensemble. Of the particles in this 
subensemble, what fraction had spin up (along b) in the first 
measurement? Hinz: Use Equation 4.155 to show that the probability of 
getting spin up (along b) in the first measurement is P m cos? (Gop /2) 
and (by extension) the probability of getting spin up in doth 
measurements is Py. = cos? (Bab / 2) cos? (Öbe 2). Find the other 
three probabilities (P,_, P_4, and P__). Beware: If the outcome of the 


first measurement was spin down, the relevant angle is now the supplement 


of Opo- Answer: [1 + tan? (6,,/2) tan? (4),./ 2) | 7 
ef À 1 | Problem 4.71 In molecular and solid-state applications, one often uses a basis of 
orbitals aligned with the cartesian axes rather than the basis Wpf used 


throughout this chapter. For example, the orbitals 


i 7 | xX ae ca | 
Wip, (F, ü, @) Te se reo) 
v32r a a 
E a og 
Vp, (F, a. @) a 2 "A 
| /32ra3 a 


| E ead 
Yap: (0, p) = eT 
l v 327 a a 


are a basis for the hydrogen states with n — 2 and ¢ = 1. 

(a) Show that each of these orbitals can be written as a linear combination of 
the orbitals Wngm with n = 2, € = l, and m = — 1, 0, 1. 

(b) Show that the states urs p; are eigenstates of the corresponding component 


of angular momentum: 7 ,. What is the eigenvalue in each case. 
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(c) Make contour plots (as in Figure 4.9) for the three orbitals. In 
Mathematica use ContourPlot3D. 


Problem 4.72 Consider a particle with charge g, mass m, and spin s, in a uniform 


magnetic field By. The vector potential can be chosen as 


l 
A= ae x Bo. 


(a) Verify that this vector potential produces a uniform magnetic field Bo. 
(b) Show that the Hamiltonian can be written 
J J 
y i qo pea i 32 
H = —— +qp — Bo - (yL + y5) + 5 [B = E Bo)? | 


2m Sim (4.230) 


where yọ = g/2m is the gyromagnetic ratio for orbital motion. 

Note: The term linear in By makes it energetically favorable for the magnetic 
moments (orbital and spin) to align with the magnetic field; this is the origin 
of paramagnetism in materials. The term quadratic in Bo leads to the 


opposite effect: diamagnetism.” 





Problem 4.73 Example 4.4, couched in terms of forces, was a quasi-classical 
explanation for the Stern—Gerlach effect. Starting from the Hamiltonian for a 
neutral, spin-]/2 particle traveling through the magnetic field given by 
Equation 4.169, 


use the generalized Ehrenfest theorem (Equation 3.73) to show that 


I 


m—s (z) = ya (5). 
dt2 al ¥ | 


Comment: Equation 4.170 is therefore a correct quantum-mechanical 


statement, with the understanding that the quantities refer to expectation 


values. 


Problem 4.74 Neither Example 4.4 nor Problem 4.73 actually solved the 
Schrodinger equation for the Stern—Gerlach experiment. In this problem we 
will see how to set up that calculation. The Hamiltonian for a neutral, spin- 


| /2 particle traveling through a Stern—Gerlach device is 


where B is given by Equation 4.169. The most general wave function for a 


spin-| /2 particle—including both spatial and spin degrees of freedom—is” 


Wier, t} = P4 (r,t) x+ + Y- (r, t) x 
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(a) Put W (r, ¢) into the Schrödinger equation 
2 pg 
H Y = ih— WY 
at 
to obtain a pair of coupled equations for W. Partial answer: 


Tam Pe eg ee) TEF a i 4.5 


(b) We know from Example 4.3 that the spin will precess in a uniform field 
le P P 
Bok- We can factor this behavior out of our solution—with no loss of 
generality—by writing 
rhe er). 
Find the coupled equations for w 4. Partial answer: 


Pid 


~ l ~ h T d ~ 
mA N Wer zrazy -5 ae rY We Ua Fy- 


(c) If one ignores the oscillatory term in the solution to (b)—on the grounds 
that it averages to zero (see discussion in Example 4.4)—one obtains 


uncoupled equations of the form 
Be ya ea AES 
—~— Vb, + VY = i—i. 
AM dt 


Based upon the motion you would expect for a particle in the “potential” 


V4, explain the Stern—Gerlach experiment. 


Problem 4.75 Consider the system of Example 4.6, now with a time-dependent 
flux @ (tf) through the solenoid. Show that 








J 
I F q(t), 
Cees E | d 
PEE Í PE, | ii ) i 


is a solution to the time-dependent Schrödinger equation. 


Problem 4.76 The shift in the energy levels in Example 4.6 can be understood 
from classical electrodynamics. Consider the case where initially no current 
flows in the solenoid. Now imagine slowly increasing the current. 

(a) Calculate (from classical electrodynamics) the emf produced by the 
changing flux and show that the rate at which work is done on the charge 


confined to the ring can be written 
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dW w 


dè ag" 


where W is the angular velocity of the particle. 


(b) Calculate the z component of the mechanical angular momentum,” 


Linechanical =P X mV =T x (p—qA), (4.231) 


for a particle in the state W, in Example 4.6. Note that the mechanical 
angular momentum is not quantized in integer multiples of ee 
(c) Show that your result from part (a) is precisely equal to the rate at which 


the stationary state energies change as the flux is increased: d Ep /d®. 





Iho Ie 


Tuo 


IS 


In 


ho loo WN Ian 


= 
=) 


In principle, this can be obtained by change of variables from the cartesian expression 4.5. However, there are much more efficient ways of 
getting it; see, for instance, M. Boas, Mathematical Methods in the Physical Sciences 3rd edn, Wiley, New York (2006), Chapter 10, Section 9. 
Note that there is no loss of generality here—at this stage # could be any complex number. Later on we'll discover that / must in fact be an 
integer, and it is in anticipation of that result that I express the separation constant in a way that looks peculiar now. 

Again, there is no loss of generality here, since at this stage m could be any complex number; in a moment, though, we will discover that m 
must in fact be an integer. Beware: The letter m is now doing double duty, as mass and as a separation constant. There is no graceful way to 
avoid this confusion, since both uses are standard. Some authors now switch to M or H for mass, but I hate to change notation in mid- 
stream, and I don’t think confusion will arise, a long as you are aware of the problem. 

This is more slippery than it looks. After all, the probability density (ip 2) is single valued regardless of m. In Section 4.3 we'll obtain the 
condition on m by an entirely different—and more compelling—argument. 

Some books (including earlier editions of this one) do not include the factor (— 1}™ in the definition of P is Equation 4.27 assumes that 


m = Ü; for negative values we define 


#1 ey 3 1 
m Emy 


Py (x} =D" — Py" (x). 
t (E+ m)! 
A few books (including earlier versions of this one) define P ‘a = Ps". I am adopting now the more standard convention used by 


Mathematica. 

Nevertheless, some authors call them (confusingly) “associated Legendre polynomials.” 

See, for instance, Boas (footnote 1), Chapter 5, Section 4. 

The normalization factor is derived in Problem 4.63. 

Those ms are masses, of course—the separation constant m does not appear in the radial equation. 

Actually, all we require is that the wave function be normalizable, not that it be finite: R(r) ~~ l/r at the origin is normalizable (because of 
the p 4 in Equation 4.31). For a compelling general argument that u{0) = 0, see Ramamurti Shankar, Principles of Quantum Mechanics, 2nd 
edn (Plenum, New York, 1994), p. 342. For further discussion see F. A. B. Coutinho and M. Amaku, Eur. J. Phys. 30, 1015 (2009). 

Milton Abramowitz and Irene A. Stegun, eds., Handbook of Mathematical Functions, Dover, New York (1965), Chapter 10, provides an 


extensive listing. 


= We shall use this notation (Vv — | as a count of the number of radial nodes, n for the order of the energy) with all central potentials. Both 7 


and N are by their nature integers (1, 2, 3, ...); 2 is determined by Nand (conversely, Nis determined by 7 and £), but the actual relation 
can (as here) be complicated. In the special case of the Coulomb potential, as we shall see, there is a delightfully simple formula relating the 
two. 

This is what goes into the Schrödinger equation—not the electric potential {e /4reqr ). 

Note, however, that the bound states by themselves are not complete. 

This argument does not apply when £ — 0 (although the conclusion, Equation 4.59, is in fact valid for that case too). But never mind: All I 
am trying to do is provide some mofivation for a change of variables (Equation 4.60). 

You might wonder why I didn’t use the series method directly on w{}—why factor out the asymptotic behavior before applying this 
procedure? Well, the reason for peeling off ptt! is largely aesthetic: Without this, the sequence would begin with a long string of zeros (the 
first nonzero coefficient being (+1); by factoring out ptt! we obtain a series that starts out with al. The »— factor is more critical—if 
you don’t pull that out, you get a three-term recursion formula, involving © +2, © j+1and € j (zry it!), and that is enormously more difficult 


to work with. 


= Why not drop the 1 in } + I? After all, Pm ignoring 2 {€ + 1) — gin the numerator, and 3/ + 2 in the denominator. In this 


approximation it would be fine to drop the 1 as well, but keeping it makes the argument a little cleaner. Try doing it without the 1, and 
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you ll see what I mean. 

This makes v{ø) a polynomial of order {N — |}, with (therefore) Ay — | roots, and hence the radial wave function has Ay — | nodes. 

It is customary to write the Bohr radius with a subscript: &ġ. But this is cumbersome and unnecessary, so I prefer to leave the subscript off. 
Again, n is the principal quantum number; it tells you the energy of the electron (Equation 4.70). For unfortunate historical reasons # is 
called the azimuthal quantum number and m the magnetic quantum number; as we'll see in Section 4.3, they are related to the angular 
momentum of the electron. 

An electron volt is the energy acquired by an electron when accelerated through an electric potential of 1 volt: 1 eV = 1 @9 x [g7!9J.- 

As usual, there are rival normalization conventions in the literature. Older physics books (including earlier editions of this one) leave off the 
factor { 1 'q!)}. But I think it is best to adopt the Mathematica standard (which sets La (0) = 1). As the names suggest, Lg {xand E 5 (x) 


are polynomials (of degree g) in x. Incidentally, the associated Laguerre polynomials can also be written in the form 





. r Pet di À 
TS q! dy. | 


& If you want to see how the normalization factor is calculated, study (for example), Leonard I. Schiff, Quantum Mechanics, 2nd edn, 


McGraw-Hill, New York, 1968, page 93. In books using the older normalization convention for the Laguerre polynomials (see footnote 22) 
the factor {7 + £)! under the square root will be cubed. 


< These planes aren’t visible in Figure 4.8 or 4.9, since these figures show the absolute value of ir, and the real and imaginary parts of the wave 


function vanish on different sets of planes. However, since both sets contain the z axis, the wave function itself must vanish on the z axis for 


m Æ Ü (see Figure 4.9). 


2 The idea is to reorder the operators in such a way that ff appears either to the left or to the right, because we know (of course) what ff Woo 


is. 


< By its nature, this involves a time-dependent potential, and the details will have to await Chapter 11; for our present purposes the actual 


mechanism involved is immaterial. 

The photon is a quantum of electromagnetic radiation; it’s a relativistic object if there ever was one, and therefore outside the scope of 
nonrelativistic quantum mechanics. It will be useful in a few places to speak of photons, and to invoke the Planck formula for their energy, 
but please bear in mind that this is external to the theory we are developing. 

Thanks to John Meyer for pointing this out. 

Because angular momentum involves the product of position and momentum, you might worry that the ambiguity addressed in Chapter 3 
(footnote 15, page 102) would arise. Fortunately, only different components of r and p are multiplied, and they commute (Equation 4.10). 
To reduce clutter (and avoid confusion with the unit vectors 7, Ñ E PĀ. a) I'm going to take the hats off operators for the rest of the 
chapter. 


= Formally, (E27) = (L2) — (L2 4 (LŽ), but { i y = (FILS f) = (Ly f|Lx f} = 0 (and likewise for Ly), so 


A= (L2) 4 (£2) 402 = pe. 

Actually, all we can conclude is that L fp is not normalizable—its norm could be infinite, instead of zero. Problem 4.21 explores this 
alternative. 

George Arfken and Hans-Jurgen Weber, Mathematical Methods for Physicists, 7th edn, Academic Press, Orlando (2013), Section 3.10. 

For an interesting discussion, see I. R. Gatland, Am. J. Phys. 74, 191 (2006). 

For a contrary interpretation, see Hans C. Ohanian, “What is Spin?”, Am. J. Phys. 54, 500 (1986). 

We shall take these as postulates for the theory of spin; the analogous formulas for orbital angular momentum (Equation 4.99) were derived 
from the known form of the operators (Equation 4.96). Actually, they both follow from rotational invariance in three dimensions, as we shall 
see in Chapter 6. Indeed, these fundamental commutation relations apply to a// forms of angular momentum, whether spin, orbital, or the 


combined angular momentum of a composite system, which could be partly spin and partly orbital. 


=~ Because the eigenstates of spin are not functions, I will switch now to Dirac notation. By the way, I’m running out of letters, so PI use m for 


the eigenvalue of $z, just as I did for L > (some authors write M} and Mx at this stage, just to be absolutely clear). 

Indeed, in a mathematical sense, spin 1/2 is the simplest possible nontrivial quantum system, for it admits just two basis states (recall 
Example 3.8). In place of an infinite-dimensional Hilbert space, with all its subtleties and complications, we find ourselves working in an 
ordinary two-dimensional vector space; instead of unfamiliar differential equations and fancy functions, we are confronted with 3 x 2 
matrices and two-component vectors. For this reason, some authors begin quantum mechanics with the study of spin. (An outstanding 
example is John S. Townsend, 4 Modern Approach to Quantum Mechanics, 2nd edn, University Books, Sausalito, CA, 2012.) But the price of 


mathematical simplicity is conceptual abstraction, and I prefer not to do it that way. 


= If it comforts you to picture the electron as a tiny spinning sphere, go ahead; I do, and I don’t think it hurts, as long as you don’t take it 


literally. 


= Pm only talking about the spin state, for the moment. If the particle is moving around, we will also need to deal with its position state {W }, 


but for the moment let’s put that aside. 


= I hate to be fussy about notation, but perhaps I should reiterate that a ket (such as |411}) is a vector in Hilbert space (in this case aj 25 + 1)- 


} in the 


dimensional vector space), whereas a spinor X is a set of components of a vector, with respect to a particular basis ( 


1. 


|= 





1 1 
+4) and 





l 
7 
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case of spin tj displayed as a column. Physicists sometimes write, for instance, i 9 = ¥, but technically this confuses a vector (which 


lives “out there” in Hilbert space) with its components (a string of numbers). Similarly, $ (for example) is an operator that acts on kets; it is 
represented (with respect to the chosen basis) by a matrix $+ (sans serif), which multiplies spinors—but again, $- = $+, though perfectly 
intelligible, is sloppy language. 


“= People often say that |g |2 is the “probability that the particle is in the spin-up state,” but this is bad language; what they mean is that if you 


measured S-, ja 2 is the probability you'd get fi,'2. See footnote 18, page 103. 
See, for example, David J. Griffiths, Introduction to Electrodynamics, 4th edn (Pearson, Boston, 2013), Problem 5.58. Classically, the 
gyromagnetic ratio of an object whose charge and mass are identically distributed is g Zm, where g is the charge and m is the mass. For 
reasons that are fully explained only in relativistic quantum theory, the gyromagnetic ratio of the electron is (almost) exactly ¢wice the 
classical value: 7 = —e/ m. 

Griffiths (footnote 43), Problem 6.21. 

If the particle is allowed to move, there will also be kinetic energy to consider; moreover, it will be subject to the Lorentz force (gv x B), 
which is not derivable from a potential energy function, and hence does not fit the Schrödinger equation as we have formulated it so far. PH 
show you later on how to handle this (Problem 4.42), but for the moment let’s just assume that the particle is free to rotate, but otherwise 
stationary. 

This does assume that a and 4 are real, you can work out the general case if you like, but all it does is add a constant to ¢. 

See, for instance, Richard P. Feynman and Robert B. Leighton, The Feynman Lectures on Physics (Addison-Wesley, Reading, 1964), Volume 
II, Section 34-3. Of course, in the classical case it is the angular momentum vector itself, not just its expectation value, that precesses around 
the magnetic field. 

Griffiths (footnote 43), Section 6.1.2. Note that F is the negative gradient of the energy (Equation 4.157). 

We make them neutral so as to avoid the large-scale deflection that would otherwise result from the Lorentz force, and heavy so we can 
construct localized wave packets and treat the motion in terms of classical particle trajectories. In practice, the Stern—Gerlach experiment 
doesn’t work, for example, with a beam of free electrons. Stern and Gerlach themselves used silver atoms; for the story of their discovery see 
B. Friedrich and D. Herschbach, Physics Today 56, 53 (2003). 

For a quantum mechanical justification of this equation see Problem 4.73. 

More precisely, the composite system is in a /inear combination of the four states listed. For spin | 2 I find the arrows more evocative than 
the four-index kets, but you can always revert to the formal notation if you're worried about it. 

I say spins, for simplicity, but either one (or both) could just as well be orbital angular momentum (for which, however, we would use the 
letter £). 

For a proof you must look in a more advanced text; see, for instance, Claude Cohen-Tannoudji, Bernard Diu, and Franck Laloé, Quantum 
Mechanics, Wiley, New York (1977), Vol. 2, Chapter X. 

The general formula is derived in Arno Bohm, Quantum Mechanics: Foundations and Applications, 2nd edn, Springer, 1986, p. 172. 

Readers who have not studied electrodynamics may want to skip Section 4.5. 

See, for example, Herbert Goldstein, Charles P. Poole, and John Safko, Classical Mechanics, 3rd edn, Prentice Hall, Upper Saddle River, NJ, 
2002, page 342. 

In the case of electrostatics we can choose A = 0, and q ¥ is the potential energy V. 

Note that the potentials are given, just like the potential energy Vin the regular Schrödinger equation. In quantum electrodynamics (QED) 
the fields themselves are quantized, but that’s an entirely different theory. 

Note that p does not commute with B, so {p x Bj Æ — (B x p), but A does commute with B, so {A x Bj = —(B x A). 

For further discussion see Leslie E. Ballentine, Quantum Mechanics: A Modern Development, World Scientific, Singapore (1998), 

Section 11.3. 

See, for example, Griffiths (footnote 43), Section 10.1.2. 

That is to say, {r}, d {r} ‘df, etc. are unchanged. Because A depends on position, {p} (with p represented by the operator — į h Ẹ) does 
change, but as you found in Equation 4.192, p does not represent the mechanical momentum {m ¥) in this context (in Lagrangian mechanics 


p = MY + qA is the so-called canonical momentum). 


= Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). For a significant precursor, see W. Ehrenberg and R. E. Siday, Proc. Phys. Soc. 


London B62, 8 (1949). 
See, for instance, Griffiths (footnote 43), Equation 5.71. 


= It is a peculiar property of superconducting rings that the enclosed flux is quantized: Ẹ = (27r hig) n“, where p” is an integer. In that case 


i À my, 
the effect is undetectable, since Ey, = he mb? \ (n + nY, and {n + mn‘) is just another integer. (Incidentally, the charge g here turns 
It f J 8 y 8€ q 


out to be ¢wice the charge of an electron; the superconducting electrons are locked together in pairs.) However, flux quantization is enforced 
by the superconductor (which induces circulating currents to make up the difference), not by the solenoid or the electromagnetic field, and it 


does not occur in the (nonsuperconducting) example considered here. 


°° The region in question must also be simply connected (no holes). This might seem like a technicality, but in the present example we need to 


excise the solenoid itself, and that leaves a hole in the space. To get around this we treat each side of the solenoid as a separate simply- 
connected region. If that bothers you, you're not alone; it seems to have bothered Aharanov and Bohm as well, since—in addition to this 


argument—they provided an alternative solution to confirm their result (Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959)). The 
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Aharonov-Bohm effect can also be cast as an example of Berry’s phase (see Chapter 11), where this issue does not arise (M. Berry, 

Proc. Roy. Soc. Lond. A 392, 45 (1984)). 

Use cylindrical coordinates centered on the axis of the solenoid; put © on the incoming beam, and let ọ run Q < zr on one side and 

Ü = —yr on the other, with r > a always. 

R. G. Chambers, Phys. Rev. Lett. 5, 3 (1960). 

Aharonov and Bohm themselves concluded that the vector potential has a physical significance in quantum mechanics that it lacks in 
classical theory, and most physicists today would agree. For the early history of the Aharonov-Bohm effect see H. Ehrlickson, Am. J. Phys. 
38, 162 (1970). 

For some damn reason energy levels are traditionally counted starting with 7» — 0, for the harmonic oscillator. That conflicts with good 
sense and with our explicit convention (footnote 12), but please stick with it for this problem. 

Schrodinger (Annalen der Physik 81, 109 (1926), Section 7) interpreted e J as the electric current density (this was before Born published his 
statistical interpretation of the wave function), and noted that it is time-independent (in a stationary state): “we may in a certain sense speak 
of a return to electrostatic and magnetostatic atomic models. In this way the lack of radiation in [a stationary] state would, indeed, find a 
startlingly simple explanation.” (I thank Kirk McDonald for calling this reference to my attention.) 

Nicholas Wheeler, “Coincident Spectral Lines” (unpublished Reed College report, 2001). 


— For a variety of reasons this system has been much studied in the literature. See, for example, J. M. Ferreyra and C. R. Proetto, Am. J. Phys. 


81, 860 (2013). 


— N. D. Mermin, Physics Today, October 2011, page 8. 
2 That’s not obvious but we'll prove it in Chapter 7. 
“In this notation, iw. (r) 2 dr gives the probability of finding the particle in the vicinity of r with spin up, and similarly measuring its 


spin along the z axis to be up, and similarly for WL (r) 2 dip with spin down. 


See footnote 62 for a discussion of the difference between the canonical and mechanical momentum. 


“ However, the electromagnetic fields a/so carry angular momentum, and the fofa/ (mechanical plus electromagnetic) is quantized in integer 


multiples of fj. For a discussion see M. Peshkin, Physics Reports 80, 375 (1981) or Chapter 1 of Frank Wilczek, Fractional Statistics and 
Anyon Superconductivity, World Scientific, New Jersey (1990). 
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5 


Identical Particles 


© 
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5.1 Two-Particle Systems 


For a single particle, ¥{r, £} is a function of the spatial coordinates, r, and the time, ¢ (I'll ignore spin, for the 
moment). The state of a ¢wo-particle system is a function of the coordinates of particle one {r1}, the 


coordinates of particle two {r2}, and the time: 
Wr], r2, f). (5.1) 


Its time evolution is determined by the Schrödinger equation: 


gp a 5.2 
dt 
where H is the Hamiltonian for the whole works: 
H =NI a Na VI) 
2m] 2m3 ~ 


(the subscript on Ẹ indicates differentiation with respect to the coordinates of particle 1 or particle 2, as the 


case may be). The statistical interpretation carries over in the obvious way: 


IWir).1ro, D|? d rid*ra (5.4) 


is the probability of finding particle 1 in the volume d?r; and particle 2 in the volume d?r»; as always, W 


must be normalized: 


5.5 
| IP {r], rs. t|? d°rjd°r =k Pe) 
For time-independent potentials, we obtain a complete set of solutions by separation of variables: 
Terni = wri, me Pl", (5.6) 
where the spatial wave function {W } satisfies the time-independent Schrodinger equation: 
h? h? (5.7) 
-> Vi ———_ Wav + Vv = Ep, 
2m | Jma ~“ 


and Æ is the total energy of the system. In general, solving Equation 5.7 is difficult, but two special cases can 
be reduced to one-particle problems: 
1. Noninteracting particles. Suppose the particles do not interact with one another, but each is subject to 
some external force. For example, they might be attached to two different springs. In that case the 
total potential energy is the sum of the two: 


Viri,r2) = Vi(ri) + (r2), (5.8) 
and Equation 5.7 can be solved by separation of variables: 


Wry. r2) = Walt) We (ra). (5.9) 
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Plugging Equation 5.9 into Equation 5.7, dividing by (r1. r2), and collecting the terms in r alone 


and in F2 alone, we find that yr, (r1) and pira) each satisfy the one-particle Schrodinger equation: 


Rs | | vat 
Fm e0 + AEE = Eaka li) 
h? 


2m Vi yel) + V2 (ri) We(r2) = Ep Wo(r2), 


and E = E,, + Ep. In this case the two-particle wave function is a simple product of one-particle wave 


functions, 


Wr], r2, t) = Walt Wa (raye (fat Eh (5.11) 


= (Ve (rye Eeth) (Wo(rr)e =A) = P (r1, 1), (1.1). 


and it makes sense to say that particle 1 is in state a, and particle 2 is in state 4. But any linear 
combination of such solutions will still satisfy the (time-dependent) Schrödinger equation—for 
instance 


: e Becco ma g 4o (5.12) 
Wir], r2, f) = z Valfi, t HTI, A g oi TET f}. 


In this case the state of particle 1 depends on the state of particle 2, and vice versa. If you measured the 
energy of particle 1, you might get E,, (with probability 9/25), in which case the energy of particle 2 is 
definitely Ep, or you might get E,. (probability 16/25), in which case the energy of particle 2 is Fy. 
We say that the two particles are entangled (Schrédinger’s lovely term). An entangled state is one that 


cannot be written as a product of single-particle states.4 


2. Central potentials. Suppose the particles interact on/y with one another, via a potential that depends 


on their separation: 
V(ri,r2) > Vilri — rol). (5.13) 


The hydrogen atom would be an example, if you include the motion of the proton. In this case the 


two-body problem reduces to an equivalent one-body problem, just as it does in c/assical mechanics 


(see Problem 5.1). 


In general, though, the two particles will be subject both to external forces and to mutual interactions, and this 
makes the analysis more complicated. For example, think of the two electrons in a helium atom: each feels the 


Coulomb attraction of the nucleus (charge ?¢), and at the same time they repel one another: 





Vir}, r2) = 


l ( Qe* 2e? g? ) (5.14) 


Arr eq lil lra] [ri — r2! 


We'll take up this problem in later sections. 
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and R = (miri +m2r2) / (m, +m) (the center of mass). 
(a) Show that rı = R + (u/mpr, ro = R -— (u/m2)r, and 
Vi = (H/m) Vpr + Vp V2 = (4/1) Vr — Vp where 


Mma (5.15) 


my, +m 


= 
Dam 
IIl 


is the reduced mass of the system. 


(b) Show that the (time-independent) Schrödinger equation (5.7) becomes 


57 5, 

-z VAV = iM w+ Viry = Ey. 

(c) Separate the variables, letting WR, r) = wWr(R)w,(r). Note that yp 
satisfies the one-particle Schrodinger equation, with the fofa/ mass 
(mı + m2) in place of m, potential zero, and energy Ep, while W, 
satisfies the one-particle Schrodinger equation with the reduced mass in 
place of m, potential V(r), and energy Ep. The total energy is the sum: 
E = Ep + E,. What this tells us is that the center of mass moves like a 
free particle, and the re/ative motion (that is, the motion of particle 2 with 
respect to particle 1) is the same as if we had a single particle with the 
reduced mass, subject to the potential V. Exactly the same decomposition 
occurs in classical mechanics;2 it reduces the two-body problem to an 


equivalent one-body problem. 


Problem 5.2 In view of Problem 5.1, we can correct for the motion of the nucleus 
in hydrogen by simply replacing the electron mass with the reduced mass. 

(a) Find (to two significant digits) the percent error in the binding energy of 
hydrogen (Equation 4.77) introduced by our use of m instead of U. 

(b) Find the separation in wavelength between the red Balmer lines 
(n = 3 — n = 2) for hydrogen and deuterium (whose nucleus contains 
a neutron as well as the proton). 

(c) Find the binding energy of positronium (in which the proton is replaced 
by a positron—positrons have the same mass as electrons, but opposite 
charge). 

(d) Suppose you wanted to confirm the existence of muonic hydrogen, in 
which the electron is replaced by a muon (same charge, but 206.77 times 
heavier). Where (i.e. at what wavelength) would you look for the 


“Lyman-d” line {n = 2 — n = 1}? 


Problem 5.3 Chlorine has two naturally occurring isotopes, Cl? and C187. Show 
that the vibrational spectrum of HCl should consist of closely spaced doublets, 
with a splitting given by Ay — 7.5] x 1Q7-*p, where V is the frequency of the 
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Problem 5.3 Chlorine has two naturally occurring isotopes, C13? and CB”. Show 
that the vibrational spectrum of HCl should consist of closely spaced doublets, 
with a splitting given by Ay — 7.5] x 104v, where V is the frequency of the 
emitted photon. Hint: ‘Think of it as a harmonic oscillator, with @ = fk, 
where HU is the reduced mass (Equation 5.15) and Å is presumably the same for 


both isotopes. 
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5.1.1 Bosons and Fermions 


Suppose we have two noninteracting particles, number 1 in the (one-particle) state (rr), and number 2 in 


the state yy, (rr). In that case (r1, Fr) is the product (Equation 5.9): 
Wirt, r2) = Walt )Wo(r2). (5.16) 


Of course, this assumes that we can tell the particles apart—otherwise it wouldn’t make any sense to claim 
that number 1 is in state W, and number 2 is in state Wp; all we could say is that one of them is in the state Wa 
and the other is in state Wp, but we wouldn’t know which is which. If we were talking classical mechanics this 
would be a silly objection: You can a/ways tell the particles apart, in principle—just paint one of them red and 
the other one blue, or stamp identification numbers on them, or hire private detectives to follow them around. 
But in quantum mechanics the situation is fundamentally different: You can’t paint an electron red, or pin a 
label on it, and a detective’s observations will inevitably and unpredictably alter its state, raising the possibility 
that the two particles might have secretly switched places. The fact is, all electrons are utterly identical, in a 
way that no two classical objects can ever be. It’s not just that we don’t know which electron is which; God 
doesn’t know which is which, because there is really no such thing as “this” electron, or “that” electron; all we 
can legitimately speak about is “an” electron. 

Quantum mechanics neatly accommodates the existence of particles that are indistinguishable in principle: 
We simply construct a wave function that is noncommittal as to which particle is in which state. There are 


actually two ways to do it: 


Wiri, ro) = A [Palri vp (r2) E Wer Wer); (5.17) 


the theory admits two kinds of identical particles: bosons (the plus sign), and fermions (the minus sign). 
Boson states are symmetric under interchange, W (r2, r1) = W4 (r1, r2); fermion states are antisymmetric 


under interchange, Ww— (r2, r1) = —y_—(r), r2). It so happens that 


all particles with integer spin are bosons, and (5.18) 


all particles with half integer spin are fermions. 


This connection between spin and statistics (bosons and fermions have quite different statistical properties) 
can be proved in relativistic quantum mechanics; in the nonrelativistic theory it is simply taken as an axiom. 
It follows, in particular, that zwo identical fermions (for example, two electrons) cannot occupy the same 


state. For if Wa = Wy), then 


We (ri.n) =A [Wa (ED Wa (r2) — Wa (ry) We (r2)| =p. 


and we are left with no wave function at all. This is the famous Pauli exclusion principle. It is not (as you 
may have been led to believe) a weird ad hoc assumption applying only to electrons, but rather a consequence 


of the rules for constructing two-particle wave functions, applying to a// identical fermions. 


Example 5.1 
Suppose we have two noninteracting (they pass right through one another...never mind how you 
would set this up in practice!) particles, both of mass m, in the infinite square well (Section 2.2). The 


one-particle states are 
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7 fs fhe 5 
Wa (x) == y rs sin (=), En =p“ K 


(where K = młh2 /2ma?). If the particles are distinguishable, with number 1 in state "į and number 


2 in state 2, the composite wave function is a simple product: 


, l Gis. 2 
Wa nz ÍX], x2) = Wai (| Wns (x2), En in — (nj + n>) K. 


For example, the ground state is 


| 2 a {atija fA | 
Wii = — sin | —— | sin . Ej =2K:; 
ad a . g 





the first excited state is doubly degenerate: 


J ; ae 
Ze £MELY o Parag . 
Wiz = — sin ( ) sin ( | En = 5K, 














cl ti a 
2 fe Ne [A0 

Wo) = — sin sin ( =), Papo 3k: 
a cl a 


and so on. If the two particles are identical bosons, the ground state is unchanged, but the first excited 


state is nondegenerate: 


SIT. TXIN . {2m o {2nxi AI 
— | sin (—) S1n + sin si ( ) 
a a \ a \ a a 


(still with energy 5 K ). And if the particles are identical fermions, there is no state with energy ? K; the 











ground state is 


JIT. FAx. 2x) _ f2wxy \ . xix 
— | šin (—) Sin | — Kin | SIM ( ) f 
a a a a a 


and its energy is 5 Ķ. 











x Problem 5.4 
(a) If W, and Wp are orthogonal, and both are normalized, what is the 
constant 4 in Equation 5.17? 
(b) If Wa = Wp (and it is normalized), what is A? (This case, of course, 


occurs only for bosons.) 


Problem 5.5 
(a) Write down the Hamiltonian for two noninteracting identical particles in 
the infinite square well. Verify that the fermion ground state given in 
Example 5.1 is an eigenfunction of 77, with the appropriate eigenvalue. 
(b) Find the next two excited states (beyond the ones given in the example)— 


wave functions, energies, and degeneracies—for each of the three cases 
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(distinguishable, identical bosons, identical fermions). 
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5.1.2 Exchange Forces 


To give you some sense of what the symmetrization requirement (Equation 5.17) actually does, Pm going to 
work out a simple one-dimensional example. Suppose one particle is in state W, {x}, and the other is in state 
Wp{x), and these two states are orthogonal and normalized. If the two particles are distinguishable, and 


number 1 is the one in state W, then the combined wave function is 


W(x, x2) = Wax) Yel); (5.19) 


if they are identical bosons, the composite wave function is (see Problem 5.4 for the normalization) 


l f xX q he =o F, xX | i Fh ~ i if i X Fi mk E 
+(x1, x2) A Walxi Wel) + Vb(41) Ya (22) 
and if they are identical fermions, it is 
| (5.21) 


W (xi, x) = Whedon (x2) — Welxi) Wa (x2)]. 


Let’s calculate the expectation value of the square of the separation distance between the two particles, 


TRE = (23) + (23) — 2feran} 6.22) 
Case 1: Distinguishable particles. For the wave function in Equation 5.19, 
42 i 
(xj) = | xt a(x1) dxi I Wo (x2) [dx = (x°), 
(the expectation value of 2 in the one-particle state W4), 
(63) = f pe) Pas f lyol) Pan = eh, 
and 
(x)x2) = | xy [Wa (x1)|"dxı | x2|Wp (x2) FP dx = ix) eles 
In this case, then, 
(5.23) 


((x1 —22)") = (0), + (22), -2 a (re 


(Incidentally, the answer would—of course—be the same if particle 1 had been in state Wp, and particle 2 in 
state Wa.) 
Case 2: Identical particles. For the wave functions in Equations 5.20 and 5.21, 
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5 lif ə 7 +: 
(x7) = 5 J x? 1Wa (xı) dx | |W, (x2) dx 


+ faa f 


+ | xT Wa (xi) Wo(x1 dx | Wo (x2) Wa (x2)d-x2 
Em | xi Wa (x1) Walx dx] | Wa (x2 )" Wp (x2) dx2 | 


Wa(x2) | da 





(Naturally, (x3) — lxt, since you can’t tell them apart.) But 


| TE à 
(xx) — > J X] Wa (xı) dx] | XI Wal) di 


+ | ae) Paa f 2 


+ | xi Wa (x1 )” Ya (x1 dx | x2Wo(x2)" Wa (x2 )dx2 
£ | xiy (xi) Wa(xi)dx | x2Wa(x2)° Wo (x2 )dx2 | 


l 
= 5 Cae ib t Gee he E (Xjab| X) ba E (X}balX jab) 


= (X) a (x}p ami |(x}ab 


Ya (x2) | dx? 





| 2 





where 
; (5.24) 
(x ab = | x Wa (x) “Wh (x jd x ' 
Thus 
(x1 = x2) A z (x), T SaM — Uja b 2) ol en 
Comparing Equations 5.23 and 5.25, we see that the difference resides in the final term: 
2. (5.26) 





((ax)) = ((Ax)") FE 2| (x}ab 


identical bosons (the upper signs) tend to be somewhat closer together, and identical fermions (the lower 
signs) somewhat farther apart, than distinguishable particles in the same two states. Notice that {x} „p vanishes 
unless the two wave functions actually overlap: if Wa{x)} is zero wherever Wp {x} is nonzero, the integral in 
Equation 5.24 is zero. So if W, represents an electron in an atom in Chicago, and Wp represents an electron in 
an atom in Seattle, it’s not going to make any difference whether you antisymmetrize the wave function or 


not. As a practical matter, therefore, it’s okay to pretend that electrons with non-overlapping wave functions 


260 


www.urdukutabkhanapk.blogspot.com 


are distinguishable. (Indeed, this is the only thing that allows chemists to proceed at al, for in principle every 
electron in the universe is linked to every other one, via the antisymmetrization of their wave functions, and if 
this really mattered, you wouldn't be able to talk about any ove unless you were prepared to deal with them a///) 

The interesting case is when the overlap integral (Equation 5.24) is not zero. The system behaves as 
though there were a “force of attraction” between identical bosons, pulling them closer together, and a “force 
of repulsion” between identical fermions, pushing them apart (remember that we are for the moment ignoring 
spin). We call it an exchange force, although it’s not really a force at all? —no physical agency is pushing on 
the particles; rather, it is a purely geometrical consequence of the symmetrization requirement. It is also a 


strictly quantum mechanical phenomenon, with no classical counterpart. 


x Problem 5.6 Imagine two noninteracting particles, each of mass m, in the infinite 


square well. If one is in the state yy, (Equation 2.28), and the other in state yy 





(l Æ n), calculate (xı — X f. assuming (a) they are distinguishable particles, (b) 


they are identical bosons, and (c) they are identical fermions. 


oo CRE Problem 5.7 ‘Two noninteracting particles (of equal mass) share the same 
harmonic oscillator potential, one in the ground state and one in the first excited 
state. 

(a) Construct the wave function, W(x,.x>), assuming (i) they are 
distinguishable, (ii) they are identical bosons, (iii) they are identical 
fermions. Plot |W (x1, x2)| 2 in each case (use, for instance, Mathematica’s 
Plot3D). 

(b) Use Equations 5.23 and 5.25 to determine | (x, — x) for each case. 

(c) Express each W(x], x2) in terms of the relative and center-of-mass 
coordinates F = x] — X7 and R = (x| +2) /2, and integrate over R to 


get the probability of finding the particles a distance |r | apart: 


P(lrl) = 2 | WIR, 2 aR 


(the 2 accounts for the fact that r could be positive or negative). Graph 
P (r) for the three cases. 
(d) Define the density operator by 


n(x) = Ys (x — xi); 


i=] 
(n (x)} dx is the expected number of particles in the interval dx. Compute 
(n (x)} for each of the three cases and plot your results. (The result may 


surprise you.) 
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Problem 5.8 Suppose you had ¢hree particles, one in state y,,(x), one in state 
Wp(x), and one in state W(x). Assuming Wa, Wh, and We are orthonormal, 
construct the three-particle states (analogous to Equations 5.19, 5.20, and 5.21) 
representing (a) distinguishable particles, (b) identical bosons, and (c) identical 


fermions. Keep in mind that (b) must be completely symmetric, under interchange 








of any pair of particles, and (c) must be completely anti-symmetric, in the same 
sense. Comment: There’s a cute trick for constructing completely antisymmetric 
wave functions: Form the Slater determinant, whose first row is Wa{x1), Wp (x1), 
y.(x] ), etc., whose second row is w(x), WiXa), W(x), etc., and so on (this 


device works for any number of particles).° 
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5.1.3 Spin 


It is time to bring spin into the story. The complete state of an electron (say) includes not only its position wave 


function, but also a spinor, describing the orientation of its spin: 


wir)x. (5.27) 


When we put together the two-particle state,” 


wir), ro)x C, 2) (5.28) 
it is the whole works, not just the spatial part, that has to be antisymmetric with respect to exchange: 
wry, ry (1. D = —wm. r))x (2. 1). (5.29) 


Now, a glance back at the composite spin states (Equations 4.175 and 4.176) reveals that the singlet 
combination is antisymmetric (and hence would have to be joined with a symmetric spatial function), whereas 
the three triplet states are all symmetric (and would require an antisymmetric spatial function). Thus the Pauli 
principle actually allows zwo electrons in a given position state, as long as their spins are in the singlet 


configuration (but they could not be in the same position state and in the same spin state—say, both spin up). 


xK Problem 5.9 In Example 5.1 and Problem 5.5(b) we ignored spin (or, if you 
prefer, we assumed the particles are in the same spin state). 
(a) Do it now for particles of spin 1/2. Construct the four lowest-energy 
configurations, and specify their energies and degeneracies. Suggestion: 
Use the notation Wy,» sm), where Wan is defined in Example 5.1 and 
|sm}in Section 4.4.3.? 
(b) Do the same for spin 1. Hint: First work out the spin-1 analogs to the 
spin-1/2 singlet and triplet configurations, using the Clebsch-Gordan 
coefficients, note which of them are symmetric and which 


antisymmetric.” 
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5.1.4 Generalized Symmetrization Principle 


I have assumed, for the sake of simplicity, that the particles are noninteracting, the spin and position are 
decoupled (with the combined state a product of position and spin factors), and the potential is time- 
independent. But the fundamental symmetrization/antisymmetrization requirement for identical 
bosons/fermions is much more general. Let us define the exchange operator, p, which interchanges the two 


particles: 


PIO 2)) —|@, 1)). (5.30) 


Clearly, p2 — 1, and it follows (prove it for yourself) that the eigenvalues of p are + |]. Now, if the two 
y, P | P y 8 P 

articles are identical, the Hamiltonian must treat them the same: m1 = m2 and V (r1, r2. D = Viro.r).f) 
P | 


. It follows that p and ff are compatible observables, 


|ê. À| = (5.31) 
and hence (Equation 3.73) 
d ( P| (5.32) 
dt 
If the system starts out in an eigenstate of p—symmetric ((P} = 1), or antisymmetric (( P) i | }—then it 


will stay that way forever. The symmetrization axiom says that for identical particles the state is not merely 


allowed, but required to satisfy 


Id, 2)) = | (2, 1)), (5.33) 


with the plus sign for bosons, and the minus sign for fermions. If you have n identical particles, of course, 


the state must be symmetric or antisymmetric under the interchange of any two: 


(5.34) 





This is the general statement, of which Equation 5.17 is a special case. 


ok Problem 5.10 For fwo spin-1/2 particles you can construct symmetric and 

antisymmetric states (the triplet and singlet combinations, respectively). For three 

spin-1/2 particles you can construct symmetric combinations (the quadruplet, in 
Problem 4.65), but no completely an¢i-symmetric configuration is possible. 

(a) Prove it. Hint: The “bulldozer” method is to write down the most general 


linear combination: 


xX0,2,3) =a |tt +4] ttl +eltlt) tal tld) tell tt) + fl ttl +a HEt +4] +4). 


What does antisymmetry under | +> 2 tell you about the coefficients? 
(Note that the eight terms are mutually orthogonal.) Now invoke 


antisymmetry under } +> 3. 
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(b) Suppose you put three identical noninteracting spin-1/2 particles in the 
infinite square well. What is the ground state for this system, what is its 
energy, and what is its degeneracy? Noze: You can't put all three in the 
position state yy) (why not?); you'll need two in W and the other in ya. 
But the symmetric configuration 


Turton) (rn ra aa) + V Cr ra ra) ir 3) + Wo or) i (rn a: 


is no good (because there’s no antisymmetric spin combination to go with 


athe! 
A r 


it), and you can’t make a completely antisymmetric combination of those 
three terms. ...In this case you simply cannot construct an antisymmetric 
product of a spatial state and a spin state. But you can do it with an 
appropriate /inear combination of such products. Hint: Form the Slater 
determinant (Problem 5.8) whose top row is Wi (xD |t}p Wi Cr) |b), 
Wo Oy) IP) 

(c) Show that your answer to part (b), properly normalized, can be written in 


the form 


aaa Sg PE AE) PE AIT EE OU) 


where Ẹ (i, j) is the wave function of two particles in the » — | state 


and the singlet spin configuration, 


ti Li) = |i tj) J2 
-a 


and œ (i) is the wave function of the ith particle in the m = 2 spin up 


® (i; j) = Wi œ) yı (xj) 


state: œ (i) = Wo (xi) |ti) Noting that @(7, j} is antisymmetric in 
i +> j, check that @(], 2,3) is antisymmetric in all three exchanges 


(1 <> 2,2 <> 3,and3 e 1). 


Problem 5.11 In Section 5.1 we found that for noninteracting particles the wave 
function can be expressed as a product of single-particle states (Equation 5.9)—or, 
for identical particles, as a symmetrized/antisymmetrized linear combination of 
such states (Equations 5.20 and 5.21). For interacting particles this is no longer 
the case. A famous example is the Laughlin wave function, which is an 
approximation to the ground state of N electrons confined to two dimensions in a 
perpendicular magnetic field of strength B (the setting for the fractional quantum 
Hall effect). The Laughlin wave function is 


N | N 
. F i I 
Ww (z1.22,---.zw)=A| [| (z; — ze)? | exp =- a aP 


jun 


where g is a positive odd integer and 
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leB 


y = Spe ti). 


(Spin is not at issue here; in the ground state all the electrons have spin down with 


respect to the direction of B, and that is a trivially symmetric configuration.) 


(a) Show that y has the proper antisymmetry for fermions. 


(b) For q = 1, y describes noninteracting particles (by which I mean that it 


(c) 


can be written as a single Slater determinant—see Problem 5.8). This is 
true for any N, but check it explicitly for N = 3. What single particle 
states are occupied in this case? 

For values of g greater than 1, yr cannot be written as a single Slater 
determinant, and describes interacting particles (in practice, Coulomb 
repulsion of the electrons). It can, however, be written as a sum of Slater 
determinants. Show that, for q = 3 and N = 3, ẹ can be written as a 
sum of two Slater determinants. 

Comment: In the noninteracting case (b) we can describe the wave 
function as “three particles occupying the three single-particle states Wy, 
Wp and We” but in the interacting case (c), no corresponding statement 
can be made; in that case, the different Slater determinants that make up 


yr correspond to occupation of different sets of single-particle states. 
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5.2 Atoms 


A neutral atom, of atomic number Z, consists of a heavy nucleus, with electric charge Ze, surrounded by Z 


electrons (mass m and charge — e). The Hamiltonian for this system is“ 


£ -2 2 i £ 2 (5.36) 
x 5 ha | Ze | | y € 
jA 2m Aneg/ Fj | 2 \ 41reg jah Ir pe ya 


The term in curly brackets represents the kinetic plus potential energy of the jth electron, in the electric field 





of the nucleus; the second sum (which runs over all values of j and & except j =k) is the potential energy 
associated with the mutual repulsion of the electrons (the factor of 1/2 in front corrects for the fact that the 


summation counts each pair twice). The problem is to solve Schrédinger’s equation, 


Hw = Ew. (5.37) 


for the wave function W(r|,1,...,0z) 

Unfortunately, the Schrödinger equation with Hamiltonian in Equation 5.36 cannot be solved exactly (at 
any rate, it hasn’t been), except for the very simplest case, Z = | (hydrogen). In practice, one must resort to 
elaborate approximation methods. Some of these we shall explore in Part IJ; for now I plan only to sketch 
some qualitative features of the solutions, obtained by neglecting the electron repulsion term altogether. In 
Section 5.2.1 we'll study the ground state and excited states of helium, and in Section 5.2.2 we'll examine the 


ground states of higher atoms. 


Problem 5.12 
(a) Suppose you could find a solution W (r1. r2, ..., Pz) to the Schrödinger 
equation (Equation 5.37), for the Hamiltonian in Equation 5.36. 





Describe how you would construct from it a completely symmetric 
function, and a completely antisymmetric function, which also satisfy the 
Schrodinger equation, with the same energy. What happens to the 
completely antisymmetric function if W (r1, r2, ..., rz} is symmetric in 
(say) its first two arguments {r] +> r2)? 

(b) By the same logic, show that a completely antisymmetric spin state for Z 


electrons is impossible, if Z => 3 (this generalizes Problem 5.10(a)). 
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5.2.1 Helium 


After hydrogen, the simplest atom is helium (Z = 2). The Hamiltonian, 


oe 
Im | 








he _, l =] | ht o, l A l e” (5.38) 
4 GR 7- 


Arr ép r] 2m 2 Arr ép Fi. | Arr €q Ir] = r+ | i 


consists of two hydrogenic Hamiltonians (with nuclear charge Jẹ), one for electron 1 and one for electron 2, 
together with a final term describing the repulsion of the two electrons. It is this last term that causes all the 
trouble. If we simply ignore it, the Schrodinger equation separates, and the solutions can be written as 


products of hydrogen wave functions: 


yr (r] s rs) = Vem (ri Wen't'm' (E2), (5.39) 


only with half the Bohr radius (Equation 4.72), and four times the Bohr energies (Equation 4.70)—if you 
don’t see why, refer back to Problem 4.19. The total energy would be 








E = 4 (En + En’), (5.40) 
where E, = —13.6 / n- eV. In particular, the ground state would be 
g sere poner (5.41) 
Wor. r2) = Wioo(P1)Vi100(t2) = —ze 24, 
Te 
(Equation 4.80), and its energy would be 
Fo = 8(—13.6eV) = —109eV. (5.42) 


Because yg is a symmetric function, the spin state has to be antisymmetric, so the ground state of helium 
should be a singlet configuration, with the spins “oppositely aligned.” The actual ground state of helium is 
indeed a singlet, but the experimentally determined energy is — 78.975 eV, so the agreement is not very good. 
But this is hardly surprising: We ignored electron—-electron repulsion, which is certainly not a small 
contribution. It is clearly positive (see Equation 5.38), which is comforting—evidently it brings the total 
energy up from — 109 to — 79 eV (see Problem 5.15). 

The excited states of helium consist of one electron in the hydrogenic ground state, and the other in an 


excited state: 


Wem ¥100- (5.43) 


(If you try to put both electrons in excited states, one immediately drops to the ground state, releasing enough 
energy to knock the other one into the continuum (E > 0), leaving you with a helium ion (He*) and a free 
electron. This is an interesting system in its own right—see Problem 5.13—but it is not our present concern.) 


We can construct both symmetric and antisymmetric combinations, in the usual way (Equation 5.17); the 





former go with the antisymmetric spin configuration (the singlet)—they are called parahelium—while the 
latter require a symmetric spin configuration (the triplet)—they are known as orthohelium. ‘The ground state is 


necessarily parahelium; the excited states come in both forms. Because the symmetric spatial state brings the 





electrons closer together (as we discovered in Section 5.1.2), we expect a higher interaction energy in 
parahelium, and indeed, it is experimentally confirmed that the parahelium states have somewhat higher 


energy than their orthohelium counterparts (see Figure 5.1). 
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Figure 5.1: Energy level diagram for helium (the notation is explained in Section 5.2.2). Note that parahelium 
energies are uniformly higher than their orthohelium counterparts. The numerical values on the vertical scale 
are relative to the ground state of ionized helium (He*): 4 x (— 13.6) eV = — 54.4 eV; to get the zotal energy 
of the state, subtract 54.4 eV. 


Problem 5.13 
(a) Suppose you put both electrons in a helium atom into the n = 2 state; 
what would the energy of the emitted electron be? (Assume no photons 
are emitted in the process.) 
(b) Describe (quantitatively) the spectrum of the helium ion, He*. That is, 
state the “Rydberg-like” formula for the emitted wavelengths. 


Problem 5.14 Discuss (qualitatively) the energy level scheme for helium if (a) 
electrons were identical bosons, and (b) if electrons were distinguishable particles 
(but with the same mass and charge). Pretend these “electrons” still have spin 1/2, 


so the spin configurations are the singlet and the triplet. 


Kk Problem 5.15 
(a) Calculate ((1/ |r) — r2|)} for the state Wo (Equation 5.41). Hint: Do the 


d°r> integral first, using spherical coordinates, and setting the polar axis 


269 


www.urdukutabkhanapk.blogspot.com 


along Ij, so that 


fas fF a seen” 
Ir) —rm| = yri + rz — 2riri cos bh. 


The @ integral is easy, but be careful to take the positive root. You'll have 
to break the F? integral into two pieces, one ranging from 0 to rj, the 
other from | to 00. Answer: 54a. 

(b) Use your result in (a) to estimate the electron interaction energy in the 
ground state of helium. Express your answer in electron volts, and add it 
to Eq (Equation 5.42) to get a corrected estimate of the ground state 
energy. Compare the experimental value. (Of course, we're still working 


with an approximate wave function, so don’t expect perfect agreement.) 


Problem 5.16 The ground state of lithium. Ignoring electron—electron repulsion, 
construct the ground state of lithium ( = 3). Start with a spatial wave function, 
analogous to Equation 5.41, but remember that only two electrons can occupy the 
hydrogenic ground state; the third goes to ¥roqq.1° What is the energy of this 
state? Now tack on the spin, and antisymmetrize (if you get stuck, refer back to 


Problem 5.10). What’s the degeneracy of the ground state? 
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5.2.2. The Periodic Table 


The ground state electron configurations for heavier atoms can be pieced together in much the same way. To 
first approximation (ignoring their mutual repulsion altogether) the individual electrons occupy one-particle 
hydrogenic states {n, Ë, m}, called orbitals, in the Coulomb potential of a nucleus with charge Ze. If electrons 
were bosons (or distinguishable particles) they would all shake down to the ground state (1,0, 0), and 
chemistry would be very dull indeed. But electrons are in fact identical fermions, subject to the Pauli exclusion 
principle, so only fwo can occupy any given orbital (one with spin up, and one with spin down—or, more 
precisely, in the singlet configuration). ‘There are „2 hydrogenic wave functions (all with the same energy Ep) 
for a given value of n, so the p — | shell has room for two electrons, the p — 2 shell holds eight, m — 3 takes 
18, and in general the mth shell can accommodate p2 electrons. Qualitatively, the horizonal rows on the 
Periodic Table correspond to filling out each shell (if this were the whole story, they would have lengths 2, 8, 
18, 32, 50, etc., instead of 2, 8, 8, 18, 18, etc.; we'll see in a moment how the electron—electron repulsion 
throws the counting off). 

With helium, the p = | shell is filled, so the next atom, lithium {Z = 3), has to put one electron into 
the n = 2 shell. Now, for n = 2 we can have # = Qor ¢ = 1; which of these will the third electron choose? 
In the absence of electron—electron interactions, they have the same energy (the Bohr energies depend on n, 
remember, but not on £). But the effect of electron repulsion is to favor the lowest value of ¢, for the following 
reason. Angular momentum tends to throw the electron outward, and the farther out it gets, the more 
effectively the inner electrons screen the nucleus (roughly speaking, the innermost electron “sees” the full 
nuclear charge Ze, but the outermost electron sees an effective charge hardly greater than e). Within a given 
shell, therefore, the state with lowest energy (which is to say, the most tightly bound electron) is ¢ = 0, and 
the energy increases with increasing #. Thus the third electron in lithium occupies the orbital (2,0,0). The 
next atom (beryllium, with 7 — 4) also fits into this state (only with “opposite spin”), but boron {Z = 5) has 
to make use of ¢ = |]. 

Continuing in this way, we reach neon {Z = 10), at which point the m = 2 shell is filled, and we 
advance to the next row of the periodic table and begin to populate the n = 3 shell. First there are two atoms 
(sodium and magnesium) with ¢ = 0, and then there are six with ¢ =| (aluminum through argon). 
Following argon there “should” be 10 atoms with » = 3 and ¢ = 3; however, by this time the screening effect 
is so strong that it overlaps the next shell; potassium {Z = 19) and calcium {Z = 20} choose n = 4, £ =O, 
in preference to p = 3, # = 2. After that we drop back to pick up the » = 3, ¢ = 2 stragglers (scandium 
through zinc), followed by » = 4, ¢ = | (gallium through krypton), at which point we again make a 
premature jump to the next row {n = 5), and wait until later to slip in the # — 2 and ¢ — 3 orbitals from the 
n = A shell. For details of this intricate counterpoint I refer you to any book on atomic physics. 

I would be delinquent if I failed to mention the archaic nomenclature for atomic states, because all 
chemists and most physicists use it (and the people who make up the Graduate Record Exam /ove this sort of 
thing). For reasons known best to nineteenth-century spectroscopists, #¢ = 0 is called s (for “sharp”), ¢ = | is 
p (for “principal”), ¢ = 2 is d (“diffuse”), and ¢ = 3 is f (“fundamental”); after that I guess they ran out of 
imagination, because it now continues alphabetically (g, 4, i, skip 7, just to be utterly perverse, , /, etc.). The 
state of a particular electron is represented by the pair né, with n (the number) giving the shell, and ¢ (the 
letter) specifying the orbital angular momentum; the magnetic quantum number m is not listed, but an 


exponent is used to indicate the number of electrons that occupy the state in question. Thus the configuration 
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(1s)? (2s)? (2p) (5.44) 


tells us that there are two electrons in the orbital (1,0,0), two in the orbital (2,0,0), and two in some 
combination of the orbitals (2,1,1), (2,1,0), and (2,1,-1). This happens to be the ground state of carbon. 

In that example there are two electrons with orbital angular momentum quantum number 1, so the fota/ 
orbital angular momentum quantum number, L (capital Z—not to be confused with the L denoting n = 2— 
instead of f, to indicate that this pertains to the fofa/, not to any one particle) could be 2, 1, or 0. Meanwhile, 
the two {ls} electrons are locked together in the singlet state, with total spin zero, and so are the two (2s) 
electrons, but the two {2 p} electrons could be in the singlet configuration or the triplet configuration. So the 
total spin quantum number S (capital, again, because it’s the fofa/) could be 1 or 0. Evidently the grand total 
(orbital plus spin), J, could be 3, 2, 1, or 0 (Equation 4.182). There exist rituals, known as Hund’s Rules (see 
Problem 5.18) for figuring out what these totals will be, for a particular atom. The result is recorded as the 


following hieroglyphic: 
Ay, (5.45) 


(where S and J are the numbers, and L the letter—capitalized, because we’re talking about the fota/s). The 
ground state of carbon happens to be 3 Po: the total spin is 1 (hence the 3), the total orbital angular 
momentum is 1 (hence the P), and the grand total angular momentum is zero (hence the 0). In Table 5.1 the 
individual configurations and the total angular momenta (in the notation of Equation 5.45) are listed, for the 


first four rows of the Periodic Table.% 


Table 5.1: Ground-state electron configurations for the first four rows of the Periodic Table. 


F 









Element Configuration 


EHu th — Sip | 
2 He (Is) 'So : 
4 Be (He)(2s)° So 
5 (He)(2s)*(2p) 






(He)(2s)°(2p?? 
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(He)(2s7(2p7 
(Hoas Opr 
(He)(2s)*(2pP 
(He)(2s)7(2p)* 
(Ne)(3s) 

(Ne)(3s* 
(NeW3s(3p) 
(Ne)(3s (3p 
(Nea apr 
(Nea apr 
(Nos Gp 
(Ne)(3s)*(3p)* 
(ArW4s) 

(Ars) 
(ADAD Gd) 
(Aris Bd) 
(Ars Gdy 
(Ar4s 3d P 
(ArAnA 
(Ar\(4s)*(3d )É 
(Ar\(4s)*(3d )! 
(Ars Bd E 
(Ar\(4s)(3d )!0 
(AnA Gd JO 
(ADAD Bd) Ap) 
(Ands Bd Ap 
(AAG d Ap 
(Ar(4s)2(3d)!"(4p)4 
(Ars ad Ap 
(Arn Gdp)’ 





x Problem 5.17 
(a) Figure out the electron configurations (in the notation of Equation 5.44) 
for the first two rows of the Periodic Table (up to neon), and check your 
results against Table 5.1. 
(b) Figure out the corresponding total angular momenta, in the notation of 


Equation 5.45, for the first four elements. List all the possibilities for 





boron, carbon, and nitrogen. 


Kk Problem 5.18 

(a) Hund’s first rule says that, consistent with the Pauli principle, the state 
with the highest total spin (5) will have the lowest energy. What would 
this predict in the case of the excited states of helium? 

(b) Hund’s second rule says that, for a given spin, the state with the highest 
total orbital angular momentum (ZL), consistent with overall 
antisymmetrization, will have the lowest energy. Why doesn’t carbon 
have |, =X Hint: Note that the “top of the ladder” (M; = L} is 


symmetric. 
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(c) Hund’s third rule says that if a subshell (n, E} is no more than half filled, 
then the lowest energy level has J = |L — S|; if it is more than half 
filled, then J = L +S has the lowest energy. Use this to resolve the 
boron ambiguity in Problem 5.17(b). 

(d) Use Hund’s rules, together with the fact that a symmetric spin state must 
go with an antisymmetric position state (and vice versa) to resolve the 
carbon and nitrogen ambiguities in Problem 5.17(b). Hint: Always go to 
the “top of the ladder” to figure out the symmetry of a state. 


Problem 5.19 The ground state of dysprosium (element 66, in the 6th row of the 
Periodic Table) is listed as ° Iz. What are the total spin, total orbital, and grand 
total angular momentum quantum numbers? Suggest a likely electron 


configuration for dysprosium. 
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5.3 Solids 


In the solid state, a few of the loosely-bound outermost valence electrons in each atom become detached, and 
roam around throughout the material, no longer subject only to the Coulomb field of a specific “parent” 
nucleus, but rather to the combined potential of the entire crystal lattice. In this section we will examine two 
extremely primitive models: first, the “electron gas” theory of Sommerfeld, which ignores a// forces (except the 
confining boundaries), treating the wandering electrons as free particles in a box (the three-dimensional 
analog to an infinite square well); and second, Bloch’s theory, which introduces a periodic potential 
representing the electrical attraction of the regularly spaced, positively charged, nuclei (but still ignores 
electron—electron repulsion). ‘These models are no more than the first halting steps toward a quantum theory 
of solids, but already they reveal the critical role of the Pauli exclusion principle in accounting for “solidity,” 
and provide illuminating insight into the remarkable electrical properties of conductors, semi-conductors, and 


insulators. 
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5.3.1 The Free Electron Gas 


Suppose the object in question is a rectangular solid, with dimensions ly, Ly /-, and imagine that an electron 


inside experiences no forces at all, except at the impenetrable walls: 


: D ‘Oe x 22, Oe are fh ee es: (5.46) 
Vix, F; Zz) =a | S ; ; 
oo, otherwise. 


The Schrödinger equation, 


GETE 
_ Wy = Ev, 


Jm 


separates, in Cartesian coordinates: W(x, y, D= X(x)¥(y)Z(z), with 


POL oy FOP py Wee 
2m dx? 0" * 2m dy? 7? 2m dz 4? 











and E = Ex + Ey + E». Letting 


_ _ afters | am Ey P (om E- 
c=" 2 3 = =. 4 
| hi | h h 


we obtain the general solutions 
X(x) = Ay sin (kyx) + By cos (kyx), Y (y) = A, sin (kyy) + B, cos (kyy), 
Z (z) = A; sin (k,z) + B, cos (kzz). 


The boundary conditions require that X(0) = Y(0)= Z(0)=0, so By = B,=B,=0, and 


Xy =F (i) =Z = 0, so 

kyly S= MA kyly =n kl, =ni, (5.47) 
where each 7 is a positive integer: 

Wet 1 2, 3) ey My Sh 2, Bj eg yp Se dy Byes os (5.48) 


The (normalized) wave functions are 


8 ot = nye Y nn (5.49) 
Waenyne = | —— Sin ( r] sin ( y) sin ( 2 z). 


and the allowed energies are 


hen n? n? n?i WRK (5.50) 
PtP É) 














E 
fly hy H- P. 
s ) i 2m 


where & is the magnitude of the wave vector, k = (kx, Ejk; if 
If you imagine a three-dimensional space, with axes k,, Ky, Kz, and planes drawn in at ky = (m; ly), 


NID Gris ..., ath, = [A,R h Sm ly) ..., and at R= ae), Bayh, Gary ..., 


276 


www.urdukutabkhanapk.blogspot.com 


each intersection point represents a distinct (one-particle) stationary state (Figure 5.2). Each block in this 


grid, and hence also each state, occupies a volume 


3 3 (5.51) 
ae 


a ee 
Foa 





of “k-space,” where V = lylyl; is the volume of the object itself. Suppose our sample contains NV atoms, and 
each atom contributes d free electrons. (In practice, V will be enormous—on the order of Avogadro’s number, 
for an object of macroscopic size—whereas d is a small number—1, 2, or 3, typically.) If electrons were bosons 
(or distinguishable particles), they would all settle down to the ground state, W11 1. But electrons are in fact 
identical fermions, subject to the Pauli exclusion principle, so only two of them can occupy any given state. 
They will fill up one octant of a sphere in k-space,” whose radius, kp, is determined by the fact that each pair 


of electrons requires a volume y> iV (Equation 5.51): 


1/4 4,\ Nd (x3 





Thus 
3 (5.52) 
kp = (3px ) | 
where 
Nd (5.53) 
P= _ 


is the free electron density (the number of free electrons per unit volume). 
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Figure 5.2: Free electron gas. Each intersection on the grid represents a stationary state. The shaded volume is 


one “block,” and there is one state (potentially two electrons) for every block. 


The boundary separating occupied and unoccupied states, in k-space, is called the Fermi surface (hence 


the subscript F). The corresponding energy is the Fermi energy, E p; for a free electron gas, 


ny” (5.54) 


The zożal energy of the electron gas can be calculated as follows: A shell of thickness dk (Figure 5.3) contains a 


volume 


l JX g 
= (4k?) dk, 
5 ( 
so the number of electron states in the shell is 


4 4 2 tL 
2/2 a] Va 
(jv) T 


m? 
Each of these states carries an energy h? k? /2m (Equation 5.50), so the energy of the electrons in the shell is 








Rev, ae 
gee Kdk, 
2m m? 
and hence the total energy of all the filled states is 
t Oe am 0 002m 10x 2m i 
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Figure 5.3: One octant of a spherical shell in &-space. 


This quantum mechanical energy plays a role rather analogous to the internal thermal energy {U} of an 
ordinary gas. In particular, it exerts a pressure on the walls, for if the box expands by an amount dV, the total 


energy decreases: 


LR Br NaF gy 2 dV 


and this shows up as work done on the outside (d W = PdV } by the quantum pressure P. Evidently 


j 33 
2 Eto 2 KKS (3x Ji h? Ky Pe 
P= we F = pr! 3 

3 V 3 1007m 5m | 








Here, then, is a partial answer to the question of why a cold solid object doesn’t simply collapse: ‘There is a 
stabilizing internal pressure, having nothing to do with electron—electron repulsion (which we have ignored) 
or thermal motion (which we have excluded), but is strictly quantum mechanical, and derives ultimately from 
the antisymmetrization requirement for the wave functions of identical fermions. It is sometimes called 


degeneracy pressure, though “exclusion pressure” might be a better term.” 


Problem 5.20 Find the average energy per free electron {Etot Nd), as a fraction 
of the Fermi energy. Answer: (3/5) E F. 


Problem 5.21 The density of copper is 8.96 g/cm”, and its atomic weight is 63.5 
g/mole. 
(a) Calculate the Fermi energy for copper (Equation 5.54). Assume q = |], 
and give your answer in electron volts. 
(b) What is the corresponding electron velocity? Hint: Set Ep = (1 /2)m y2. 
Ís it safe to assume the electrons in copper are nonrelativistic? 
(c) At what temperature would the characteristic thermal energy (kpT, 
where kp is the Boltzmann constant and T is the Kelvin temperature) 


equal the Fermi energy, for copper? Comment: This is called the Fermi 
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temperature, Tr. As long as the actual temperature is substantially below 
the Fermi temperature, the material can be regarded as “cold,” with most 
of the electrons in the lowest accessible state. Since the melting point of 
copper is 1356 K, solid copper is a/ways cold. 

(d) Calculate the degeneracy pressure (Equation 5.57) of copper, in the 


electron gas model. 


Problem 5.22 Helium-3 is fermion with spin 1/2 (unlike the more common 
isotope helium-4 which is a boson). At low temperatures {T < Tr), helium-3 
can be treated as a Fermi gas (Section 5.3.1). Given a density of 82 kg/m’, 
calculate Tr (Problem 5.21(c)) for helium-3. 


Problem 5.23 The bulk modulus of a substance is the ratio of a small decrease in 
pressure to the resulting fractional increase in volume: 

a dP 

dV 

Show that B = (5/3) P, in the free electron gas model, and use your result in 
Problem 5.21(d) to estimate the bulk modulus of copper. Comment: The observed 
value is 13.4 x 19/0 N/m, but don’t expect perfect agreement—after all, we're 
neglecting all electron—nucleus and electron—electron forces! Actually, it is rather 


surprising that this calculation comes as close as it does. 
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5.3.2 Band Structure 


We're now going to improve on the free electron model, by including the forces exerted on the electrons by 
the regularly spaced, positively charged, essentially stationary nuclei. The qualitative behavior of solids is 
dictated to a remarkable degree by the mere fact that this potential is periodic—its actual shape is relevant only 
to the finer details. To show you how it goes, Pm going to develop the simplest possible model: a one- 
dimensional Dirac comb, consisting of evenly spaced delta-function spikes (Figure 5.4). But first I need to 


introduce a powerful theorem that vastly simplifies the analysis of periodic potentials. 





-2a =i 0 a 2a Aa da ña G 


Figure 5.4: The Dirac comb, Equation 5.64. 


A periodic potential is one that repeats itself after some fixed distance a: 
Vix +a4)= V(x). (5.58) 


Bloch’s theorem tells us that for such a potential the solutions to the Schrodinger equation, 


he d7w (5.59) 
In ae (x) yr y 


can be taken to satisfy the condition 


w(x +a) = e w(x), (5.60) 
for some constant g (by “constant” I mean that it is independent of x; it may well depend on FE) Ina 
moment we will discover that g is in fact rea/, so although W (x) itself is not periodic, | yy (x)| 2 is: 

w(x +a)? = lyol, (5.61) 


as one would certainly expect. 

Of course, no real solid goes on forever, and the edges are going to spoil the periodicity of V (x), and 
render Bloch’s theorem inapplicable. However, for any macroscopic crystal, containing something on the 
order of Avogadro’s number of atoms, it is hardly imaginable that edge effects can significantly influence the 
behavior of electrons deep inside. This suggests the following device to salvage Bloch’s theorem: We wrap the 
x axis around in a circle, and connect it onto its tail, after a large number AY = 1023 of periods; formally, we 


impose the boundary condition 
Wix + Na) = W(x). (5.62) 
It follows (from Equation 5.60) that 


eI ix) = w(x). 


so gi Nga — ], or Nga = 2r n, and hence 
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Ti 
= eed ott AF (5.63) 
Na 





q@ = 


In particular, g is necessarily real. The virtue of Bloch’s theorem is that we need only solve the Schrödinger 
equation within a single cell (say, on the interval 0 < x < a); recursive application of Equation 5.60 generates 
the solution everywhere else. 


Now, suppose the potential consists of a long string of delta-function spikes (the Dirac comb): 


N-1 (5.64) 
Vix) =a) 8 (x — ja). 
j=0 
(In Figure 5.4 you must imagine that the x axis has been “wrapped around”, so the Mth spike actually appears 
at x = —a.) No one would pretend that this is a realistic model, but remember, it is only the effect of 


1 


periodicity that concerns us here; the classic Kronig-Penney model“ used a repeating rectangular pattern, and 


many authors still prefer that one. In the region () = x < q the potential is zero, so 


hie d7 ur 
= a. 
2m dx? i 


or 





vV2mE (5.65) 


as usual. 


The general solution is 
w(x) = A sin (kx) + B ceos (kx), (Q<=x <a). (5.66) 
According to Bloch’s theorem, the wave function in the cell immediately to the /e/t of the origin is 
We (x) =e "9 (Asin [k(x +a)] + Boos [k(x +a)]}, (-a <x <0). (5.67) 
At x = 0, yy must be continuous, so 
B =e '4 [Asin (ka) + B cos (ka)]: (5.68) 


its derivative suffers a discontinuity proportional to the strength of the delta function (Equation 2.128, with 





the sign of a switched, since these are spikes instead of wells): 


D 2mo 5.69 
kA —e7"4k[A cos (ka) — Bsin (ka)] = ZB, ae 
5 


Solving Equation 5.68 for A sin (ka) yields 


A sin (ka) = jen — cos (ka) | B. (5.70) 
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Substituting this into Equation 5.69, and cancelling 4B, we find 








Ci — cos (ka)| | —e ‘27 ops (ka) | +e 4 sin? (ka) = 2 sin (ka), 
„y 
which simplifies to 
Q 
cos (qa) = cos (ka) + a sin (ka). oe 
LA 


This is the fundamental result, from which all else follows.” 


Equation 5.71 determines the possible values of k, and hence the allowed energies. To simplify the 


notation, let 


Te 
z=ka, and p= ieee! (5.72) 


so the right side of Equation 5.71 can be written as 


sin (z (5.73) 
f(z} = cos (z) + 8 — A 


er 
Ae 





The constant B is a dimensionless measure of the “strength” of the delta function. In Figure 5.5 I have plotted 
f(z), for the case 8 = 10. The important thing to notice is that f(z) strays outside the range (—1, +1), and 


in such regions there is no hope of solving Equation 5.71, since |cos (ga)|, of course, cannot be greater than 





1. These gaps represent forbidden energies; they are separated by bands of allowed energies. Within a given 
band, virtually any energy is allowed, since according to Equation 5.63, ga = 2r n/N, where N is a huge 
number, and z can be any integer. You might imagine drawing N horizontal lines on Figure 5.5, at values of 
cos (27 n/N) ranging from +1 {n = 0) down to — | (n = N/2), and back almost to +1 (mn = N — l)}—at 
this point the Bloch factor piga recycles, so no new solutions are generated by further increasing n. The 
intersection of each of these lines with f(z) yields an allowed energy. Evidently there are N states in each 


band, so closely spaced that for most purposes we can regard them as forming a continuum (Figure 5.6). 


VAT LO 
FIA. 
FTA 
Vile 








ü pi 21 4 4n 


Figure 5.5: Graph of f(z) (Equation 5.73) for 6 = 10, showing allowed bands separated by forbidden gaps. 
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+ band 
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Figure 5.6: The allowed energies for a periodic potential form essentially continuous bands. 


So far, we've only put one electron in our potential. In practice there will be Nd of them, where d is again 
the number of “free” electrons per atom. Because of the Pauli exclusion principle, only two electrons can 
occupy a given spatial state, so if d = 1, they will half fill the first band, if q — 2 they will completely fill the 
first band, if d = 3 they half fill the second band, and so on. (In three dimensions, and with more realistic 
potentials, the band structure may be more complicated, but the existence of allowed bands, separated by 
forbidden gaps, persists—band structure is the signature of a periodic potential.’ ) 

Now, if the topmost band is only partly filled, it takes very little energy to excite an electron to the next 
allowed level, and such a material will be a conductor (a metal). On the other hand, if the top band is 
completely filled, it takes a relatively large energy to excite an electron, since it has to jump across the forbidden 
zone. Such materials are typically insulators, though if the gap is rather narrow, and the temperature 
sufficiently high, then random thermal energy can knock an electron over the hump, and the material is a 
semiconductor (silicon and germanium are examples). In the free electron model a// solids should be metals, 
since there are no large gaps in the spectrum of allowed energies. It takes the band theory to account for the 


extraordinary range of electrical conductivities exhibited by the solids in nature. 


Problem 5.24 
(a) Using Equations 5.66 and 5.70, show that the wave function for a particle 


in the periodic delta function potential can be written in the form 
w(x) = C | sin(kx) + e7!% sink (a — x 0 O<x<a). 


(Don’t bother to determine the normalization constant C.) 
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(b) At the top of a band, where z = jm, (a) yields w(x) = 0/0 
(indeterminate). Find the correct wave function for this case. Note what 


happens to yr at each delta function. 


Problem 5.25 Find the energy at the bottom of the first allowed band, for the case 
P = 10, correct to three significant digits. For the sake of argument, assume 


aja = leV. 


Problem 5.26 Suppose we use delta function wells, instead of spikes (i.e. switch the 
sign of d in Equation 5.64). Analyze this case, constructing the analog to Figure 


5.5. This requires no new calculation, for the positive energy solutions (except that 


B is now negative; use 8 = — 1.5 for the graph), but you do need to work out the 
negative energy solutions (let « = ,/—2mE/h and z = —xa, for E < 0); your 


graph will now extend to negative z). How many states are there in the first 


allowed band? 


Problem 5.27 Show that most of the energies determined by Equation 5.71 are 
doubly degenerate. What are the exceptional cases? Hint: ‘Try it for 
N = 1, 2,3, 4,..., to see how it goes. What are the possible values of cos (qa) 


in each case? 


Problem 5.28 Make a plot of E vs. g for the band structure in Section 5.3.2. Use 
œ = | (in units where m = ħ =a = |). Hint: In Mathematica, ContourPlot 
will graph E(q) as defined implicitly by Equation 5.71. On other platforms the 


plot can be obtained as follows: 


e Choose a large number (say 30,000) of equally-spaced values for the energy in 
the range E — (hand £ = 30. 
e For each value of E, compute the right-hand side of Equation 5.71. If the 


result is between — | and 1, solve for g from Equation 5.71 and record the pair 


of values {q, E } and {—-q, E} (there are two solutions for each energy). 


You will then have a list of pairs { {ql,E1},{q2,E2}, ... } which you can 
plot. 
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Further Problems on Chapter 5 


Problem 5.29 Suppose you have three particles, and three distinct one-particle 
states {Wa (x), W,(x), and y,.(x«)) are available. How many different three- 
particle states can be constructed (a) if they are distinguishable particles, (b) if 
they are identical bosons, (c) if they are identical fermions? (The particles need 
not be in different states—rg (x )Wa( x2 )Wa(x3) would be one possibility, if 
the particles are distinguishable.) 


Problem 5.30 Calculate the Fermi energy for electrons in a ¢wo-dimensional 


infinite square well. Let O be the number of free electrons per unit area. 


Problem 5.31 Repeat the analysis of Problem 2.58 to estimate the cohesive energy 


for a three-dimensional metal, including the effects of spin. 


Problem 5.32 Consider a free electron gas (Section 5.3.1) with unequal numbers 
of spin-up and spin-down particles (N, and N_ respectively). Such a gas 


would have a net magnetization (magnetic dipole moment per unit volume) 


(A ae] (5.74) 


M = ja pk = Mk, 


where jt = efi/2m, is the Bohr magneton. (The minus sign is there, of 

course, because the charge of the electron is negative.) 

(a) Assuming that the electrons occupy the lowest energy levels consistent 
with the number of particles in each spin orientation, find Etot. Check 
that your answer reduces to Equation 5.56 when Ny = N_. 

(b) Show that for M/jiip < p =(Ni+ N_)/V (which is to say, 
IN} — N_| < (MN. + N_)), the energy density is 


3 5/3 
| Eorp a. Bs 
=o Pim a ee 
V lOr +m | 9 \ pig. 


The energy is a minimum for Af = Q, so the ground state will have zero 





magnetization. However, if the gas is placed in a magnetic field (or in the 
presence of interactions between the particles) it may be energetically 
favorable for the gas to magnetize. This is explored in Problems 5.33 and 
5.34. 


Problem 5.33 Pauli paramagnetism. If the free electron gas (Section 5.3.1) is 
placed in a uniform magnetic field Ẹ — pj, the energies of the spin-up and 


spin-down states will be different:32 
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as Lee a 2 pi 
4 eee {a "j W 
E cren => are Sgr T + uUpB. 
2m j = : 


There will be more spin-down states occupied than spin-up states (since they 

are lower in energy), and consequently the system will acquire a magnetization 

(see Problem 5.32). 

(a) In the approximation that M/j1g < p, find the magnetization that 
minimizes the total energy. Hint: Use the result of Problem 5.32(b). 

(b) The magnetic susceptibility is 


dM 
dB 





xX = Ho 


Calculate the magnetic susceptibility for aluminum 


(a= 18.1 x 10cm?) and compare the experimental value of 


22 x 1076. 


Problem 5.34 The Stoner criterion. The free-electron gas model (Section 5.3.1) 
ignores the Coulomb repulsion between electrons. Because of the exchange 


force (Section 5.1.2), Coulomb repulsion has a stronger effect on two electrons 





with antiparallel spins (which behave in a way like distinguishable particles) 
than two electrons with parallel spins (whose position wave function must be 
antisymmetric). As a crude way to take account of Coulomb repulsion, pretend 
that every pair of electrons with opposite spin carries extra energy U, while 
electrons with the same spin do not interact at all; this adds AE = U Ny N_ 
to the total energy of the electron gas. As you will show, above a critical value 
of U, it becomes energetically favorable for the gas to spontaneously magnetize 
(N4 Æ N_); the material becomes ferromagnetic. 
(a) Rewrite AE in terms of the density p and the magnetization M 
(Equation 5.74). 
(b) Assuming that M/ jt, < p, for what minimum value of U is a non-zero 
magnetization energetically favored? Hint: Use the result of 


Problem 5.32(b). 


kk Problem 5.35 Certain cold stars (called white dwarfs) are stabilized against 
gravitational collapse by the degeneracy pressure of their electrons (Equation 

5.57). Assuming constant density, the radius R of such an object can be 

calculated as follows: 

(a) Write the total electron energy (Equation 5.56) in terms of the radius, the 
number of nucleons (protons and neutrons) N, the number of electrons 
per nucleon d, and the mass of the electron m. Beware: In this problem we 
are recycling the letters Nand d for a slightly different purpose than in the 
text. 

(b) Look up, or calculate, the gravitational energy of a uniformly dense 


sphere. Express your answer in terms of G (the constant of universal 
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(c) 


gravitation), R, N, and M (the mass of a nucleon). Note that the 
gravitational energy is negative. 
Find the radius for which the total energy, (a) plus (b), is a minimum. 


Answer: 


GmM NUS” 


( Orr yo h2d/3 
R = | — 


(d) 


(e) 


(Note that the radius decreases as the total mass increases’ Put in the actual 
numbers, for everything except N, using d = 1/2 (actually, d decreases a 
bit as the atomic number increases, but this is close enough for our 
purposes). Answer: R — 7.6 x 105 N13 m. 

Determine the radius, in kilometers, of a white dwarf with the mass of 
the sun. 

Determine the Fermi energy, in electron volts, for the white dwarf in (d), 
and compare it with the rest energy of an electron. Note that this system 


is getting dangerously relativistic (see Problem 5.36). 


k> Problem 5.36 We can extend the theory of a free electron gas (Section 5.3.1) to 


the relativistic domain by replacing the classical kinetic energy, E = p? /2m, 


with the relativistic formula, E — if pre mre mec?. Momentum is 


related to the wave vector in the usual way: p = Ak. In particular, in the 


extreme relativistic limit, E = pe = heck. 


(a) 


(b) 


(c) 


Replace fi7k- /2m in Equation 5.55 by the ultra-relativistic expression, 

hick, and calculate Etot in this regime. 

Repeat parts (a) and (b) of Problem 5.35 for the ultra-relativistic electron 
gas. Notice that in this case there is no stable minimum, regardless of R; if 
the total energy is positive, degeneracy forces exceed gravitational forces, 
and the star will expand, whereas if the total is negative, gravitational 
forces win out, and the star will collapse. Find the critical number of 
nucleons, N,, such that gravitational collapse occurs for N => N, This is 
called the Chandrasekhar limit. Answer: 3 Q4 x 1057. What is the 
corresponding stellar mass (give your answer as a multiple of the sun’s 
mass). Stars heavier than this will not form white dwarfs, but collapse 
further, becoming (if conditions are right) neutron stars. 

At extremely high density, inverse beta decay, e + pt —> n +v, 
converts virtually all of the protons and electrons into neutrons (liberating 
neutrinos, which carry off energy, in the process). Eventually neutron 
degeneracy pressure stabilizes the collapse, just as electron degeneracy does 
for the white dwarf (see Problem 5.35). Calculate the radius of a neutron 
star with the mass of the sun. Also calculate the (neutron) Fermi energy, 
and compare it to the rest energy of a neutron. Is it reasonable to treat a 


neutron star nonrelativistically? 
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ef ži oa Problem 5.37 An important quantity in many calculations is the density of states 
G (EE): 


G(E)dE =number of states with energy between E and E+dE. 


For a one-dimensional band structure, 


: = dg 
Cee =A (4). 





where dg / (27 ;'Na) counts the number of states in the range dg (see 
Equation 5.63), and the factor of 2 accounts for the fact that states with g and 





— q have the same energy. Therefore 


l l | 
a SE SS oa 
Na ed mw |dE/dq| 


(a) Show that for œ = () (a free particle) the density of states is given by 


| | | m 


— Gree (E) = — I —. 
Na free (È) why 2E 


(b) Find the density of states for œ # 0 by differentiating Equation 5.71 with 
respect to g to determine d E / dg. Note: Your answer should be written as 
a function of E only (well, and A, m, fi, a, and N) and must not contain g 
(use £ as a shorthand for „mE /h if you like). 

(c) Make a single plot showing G (E) /Na for both œ = Q0 and œ = | (in 
units where m = i =a = |). Comment: The divergences at the band 


edges are examples of van Hove singularities.» 


KK Problem 5.38 The harmonic chain consists of N equal masses arranged along a 


line and connected to their neighbors by identical springs: 


N ne N 


— a -mw [Xi] — Xj 
2m — Jr? —— |) i i 
j—1 / j=l 





where Xj is the displacement of the jth mass from its equilibrium position. 
This system (and its extension to two or three dimensions—the harmonic 


crystal) can be used to model the vibrations of a solid. For simplicity we will 





use periodic boundary conditions: *v+1 = X1, and introduce the ladder 
operators% 

N i l E a 5.75 
z l O rikin | [MOR | h d ( ) 

i EN pig d i i ! 7 
at = > € ap Abala oe a 
SN y 2h \ 2mo Ox; 
j=l 


where k = ],..., N — | and the frequencies are given by 
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agr = 2 sin | — |. 
\ N 


(a) Prove that, for integers k and j-’ between 1 and Ñ — 1, 


ps 
ln j(k-k')/N _ 
=E E if ), = fp 4 
N 4 
j=! 
i 
eee 
—— E Jf ) = Ok! N—k- 
N £ 
j=l 


Hint: Sum the geometric series. 


(b) Derive the commutation relations for the ladder operators: 
[är s ay | = Ok k and [ay : a. ve = | a4 : ay | — (). (5.76) 


(c) Using Equation 5.75, show that 


———$<$——— 





| 
l TEE OB e 
‘ = = om ix} iN 
xj =R+—— ) 4 a (ay + Gy—p4) E TI 
JN N Jmk ` ' 
d z l a Ly [mer i leie E 
əx; NƏR +o V 2a : 


where R = ae xj/N is the center of mass coordinate. 
(d) Finally, show that 


s | 
= hoo | ap ay — 
— ƏR? 53 » (2 — +3) 


Comment: Written in this form above, the Hamiltonian describes NÑ — | 
independent oscillators with frequencies @, (as well as a center of mass that 
moves as a free particle of mass Nm). We can immediately write down the 


allowed energies: 


N-l 





EK | 
E => + hos (m + 5) 
2 (Nim) 3 á 3 
where } K is the momentum of the center of mass and n} = 0, 1, ... is the 


energy level of the kth mode of vibration. It is conventional to call nę the 
number of phonons in the kth mode. Phonons are the quanta of sound 
(atomic vibrations), just as photons are the quanta of light. The ladder 
operators &k+ and aj— are called phonon creation and annihilation operators 


since they increase or decrease the number of phonons in the kth mode. 


Problem 5.39 In Section 5.3.1 we put the electrons in a box with impenetrable 
walls. The same results can be obtained using periodic boundary conditions. 


We still imagine the electrons to be confined to a box with sides of length /,, 
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ly, and l; but instead of requiring the wave function to vanish on each wall, we 


require it to take the same value on opposite walls: 
Y (x,y,z) =V G +r, 2 =Y (x, y+ ly z) = Y Œ yz +k): 
In this case we can represent the wave functions as ¢raveling waves, 


l fer l j (kr xtky yv+k-z) 





rather than as standing waves (Equation 5.49). Periodic boundary conditions— 
while certainly not physical—are often easier to work with (to describe 
something like electrical current a basis of traveling waves is more natural than 
a basis of standing waves) and if you are computing bulk properties of a 
material it shouldn’t matter which you use. 


(a) Show that with periodic boundary conditions the wave vector satisfies 
kyl, = 2ny It, Kyly — 2n, kl; -= Fae 


where each 7 is an integer (of necessarily positive). What is the k-space 
volume occupied by each block on the grid (corresponding to Equation 
Soul) 

(b) Compute kr, Ep, and Ej, for the free electron gas with periodic 
boundary conditions. What compensates for the larger volume occupied 
by each k-space block (part (a)) to make these all come out the same as in 


Section 5.3.1? 





Iho Ihe 


loo 


The classic example of an entangled state is two spin-1/2 particles in the singlet configuration (Equation 4.176). 

See, for example, Jerry B. Marion and Stephen T. Thornton, Classical Dynamics of Particles and Systems, 4th edn, Saunders, Fort Worth, TX 
(1995), Section 8.2. 

It seems strange that re/ativity should have anything to do with it, and there has been a lot of discussion as to whether it might be possible to 





prove the spin-statistics connection in other ways. See, for example, Robert C. Hilborn, Am. J. Phys. 63, 298 (1995); Ian Duck and 

E. C. G. Sudarshan, Pauli and the Spin-Statistics Theorem, World Scientific, Singapore (1997). For a comprehensive bibliography on spin 
and statistics see C. Curceanu, J. D. Gillaspy, and R. C. Hilborn, Am. J. Phys. 80, 561 (2010). 

I'm still leaving out the spin, don’t forget—if this bothers you (after all, a spinless fermion is an oxymoron), assume they're in the same spin 
state. PI show you how spin affects the story in Section 5.1.3 

For an incisive critique of this terminology see W. J. Mullin and G. Blaylock, Am. J. Phys. 71, 1223 (2003). 

To construct a completely symmetric configuration, use the permanent (same as determinant, but without the minus signs). 

In the absence of coupling between spin and position, we are free to assume that the state is separable in its spin and spatial coordinates. This 
just says that the probability of getting spin up is independent of the /ocation of the particle. In the presence of coupling, the general state 
would take the form of a linear combination: ry (rxy + yr_ (ir) x. as in Problem 4.64. 

Pll let ¥ (1, 2) stand for the combined spin state; in Dirac notation it is some linear combination of the states |) #371 | 17}. I assume that 
the state is again a simple product of a position state and a spin state; as you'll see in Problem 5.10, this is not always true when three or 
more electrons are involved—even in the absence of coupling. 

Of course, spin requires three dimensions, whereas we ordinarily think of the infinite square well as existing in one dimension. But it could 
represent a particle in three dimensions that is confined to a one-dimensional wire. 

This problem was suggested by Greg Elliott. 

P switches the particles {1 +> 2); this means exchanging their positions, their spins, and any other properties they might possess. If you 
like, it switches the /adel/s, 1 and 2. I claimed (in Chapter 1) that all our operators would involve multiplication or differentiation; that was a 


lie. The exchange operator is an exception—and for that matter so is the projection operator (Section 3.6.2). 
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~ It is sometimes alleged that the symmetrization requirement (Equation 5.33) is forced by the fact that P and ff commute. This is false: It is 


perfectly possible to imagine a system of two distinguishable particles (say, an electron and a positron) for which the Hamiltonian is 
symmetric, and yet there is no requirement that the state be symmetric (or antisymmetric). But identical particles have to occupy symmetric 
or antisymmetric states, and this is a new fundamental law—on a par, logically, with Schrodinger’s equation and the statistical interpretation. 
Of course, there didn’t have to be any such things as identical particles; it could have been that every single particle in the universe was 
distinguishable from every other one. Quantum mechanics allows for the possibility of identical particles, and nature (being lazy) seized the 


opportunity. (But don’t complain—this makes matters enormously simpler!) 
Pp P y simp 


= “Robert B. Laughlin—Nobel Lecture: Fractional Quantization.” Nobelprize.org. Nobel Media AB 2014. { 


http://www.nobelprize.org/nobel_prizes/physics/laureates/1998/laughlin-lecture. html}. 


— Tm assuming the nucleus is stationary. The trick of accounting for nuclear motion by using the reduced mass (Problem 5.1) works only for 


the ¢wo-body problem; fortunately, the nucleus is so much heavier than the electrons that the correction is extremely small even in the case 
of hydrogen (see Problem 5.2(a)), and it is smaller still for other atoms. There are more interesting effects, due to magnetic interactions 
associated with electron spin, relativistic corrections, and the finite size of the nucleus. We'll look into these in later chapters, but all of them 


are minute corrections to the “purely coulombic” atom described by Equation 5.36. 


= Because the Hamiltonian (5.36) makes no reference to spin, the product wr {r], r3, .. ., fF )y (51; 52, ..., 87) still satisfies the 


Schrödinger equation. However, for Z = 3 such product states cannot in general meet the (anti-)symmetrization requirement, and it is 
necessary to construct linear combinations, with permuted indices (see Problem 5.16). But that comes at the end of the story; for the 
moment we are only concerned with the spatial wave function. 

Actually, ¢ — | would do just as well, but electron—electron repulsion favors  — 0, as we shall see. 

This standard argument has been called into question by W. Stacey and F. Marsiglio, EPL, 100, 43002 (2012). 

See, for example, Ugo Fano and L. Fano, Basic Physics of Atoms and Molecules, Wiley, New York (1959), Chapter 18, or the classic by 
Gerhard Herzberg, Atomic Spectra and Atomic Structure, Dover, New York (1944). 

The shells themselves are assigned equally arbitrary nicknames, starting (don’t ask me why) with K: The K shell is 7 — |, the L shell is 
n = 2, Mis n = 3, and so on (at least they're in alphabetical order). 


& After krypton—element 36—the situation gets more complicated (fine structure starts to play a significant role in the ordering of the states) 


so it is not for want of space that the table terminates there. 


& Im assuming there is no appreciable thermal excitation, or other disturbance, to lift the solid out of its collective ground state. If you like, 


Im talking about a “cold” solid, though (as you will see in Problem 5.21(c)), typical solids are still “cold,” in this sense, far above room 


temperature. 


& Because Nis such a huge number, we need not worry about the distinction between the actual jagged edge of the grid and the smooth 


spherical surface that approximates it. 


= We derived Equations 5.52, 5.54, 5.56, and 5.57 for the special case of an infinite rectangular well, but they hold for containers of any shape, 


as long as the number of particles is extremely large. 


=£ It would be more natural to let the delta functions go down, so as to represent the attractive force of the nuclei. But then there would be 


negative energy solutions as well as positive energy solutions, and that makes the calculations more cumbersome (see Problem 5.26). Since all 
we're trying to do here is explore the consequences of periodicity, it is simpler to adopt this less plausible shape; if it comforts you, think of 
the nuclei as residing at t a/2, + 3a/2, + 5a/2, .... 

The proof of Bloch’s theorem will come in Chapter 6 (see Section 6.2.2). 

Indeed, you might be tempted to reverse the argument, starting with Equation 5.61, as a way of proving Bloch’s theorem. It doesn’t work, 
for Equation 5.61 alone would allow the phase factor in Equation 5.60 to be a function of x. 

R. de L. Kronig and W. G. Penney, Proc. R. Soc. Lond., ser. A, 130, 499 (1930). 

See, for instance, David Park, Introduction to the Quantum Theory, 3nd edn, McGraw-Hill, New York (1992). 

For the Kronig—Penney potential (footnote 27, page 221), the formula is more complicated, but it shares the qualitative features we are 
about to explore. 

Regardless of dimension, if d is an odd integer you are guaranteed to have partially-filled bands and you would expect metallic behavior. If d 
is an even integer, it depends on the specific band structure whether there will be partially-filled bands or not. Interestingly, some materials, 
called Mott insulators, are nonconductors even though d is odd. In that case it is the interactions between electrons that leads to the 
insulating behavior, not the presence of gaps in the single-particle energy spectrum. 

Semiconductors typically have band gaps of 4 eV or less, small enough that thermal excitation at room temperature (k BT = 0.025 eV) 
produces perceptible conductivity. The conductivity of a semiconductor can be controlled by doping: including a few atoms of larger or 
smaller d, this puts some “extra” electrons into the next higher band, or creates some holes in the previously filled one, allowing in either case 
for weak electric currents to flow. 

Here we are considering only the coupling of the spin to the magnetic field, and ignoring any coupling of the orbital motion. 

Strictly speaking, the susceptibility is d MW /dH, but the difference is negligible when, as here, y <& I. 

For some metals, such as copper, the agreement is not so good—even the sign is wrong: copper is diamagnetic {¥ = 0}. The explanation 
for this discrepancy lies in what has been left out of our model. In addition to the paramagnetic coupling of the spin magnetic moment to an 


applied field there is a coupling of the orbital magnetic moment to an applied field and this has both paramagnetic and diamagnetic 
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contributions (see Problem 4.72). In addition, the free electron gas model ignores the tightly-bound core electrons and these also couple to 


the magnetic field. In the case of copper, it is the diamagnetic coupling of the core electrons that dominates. 


= These one-dimensional Van Hove singularities have been observed in the spectroscopy of carbon nanotubes; see J. W. G. Wildöer et al., 


Nature, 391, 59 (1998). 


= Ifyou are familiar with the classical problem of coupled oscillators, these ladder operators are straightforward to construct. Start with the 


normal mode coordinates you would use to decouple the classical problem, namely 


N 





E EE 
E iin jkiN Xj. 


The frequencies «{ are the classical normal mode frequencies, and you simply create a pair of ladder operators for each normal mode, by 


analogy with the single-particle case (Equation 2.48). 
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Symmetries & Conservation Laws 
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6.1 Introduction 


Conservation laws (energy, momentum, and angular momentum) are familiar from your first course in classical 
mechanics. These same conservation laws hold in quantum mechanics; in both contexts they are the result of 
symmetries. In this chapter we will explain what a symmetry is and what it means for something to be 
conserved in quantum mechanics—and show how the two are related. Along the way we'll investigate two 
related properties of quantum systems—energy level degeneracy and the selection rules that distinguish 
allowed from “forbidden” transitions. 

What is a symmetry? It is some transformation that leaves the system unchanged. As an example 
consider rotating a square piece of paper, as shown in Figure 6.1. If you rotate it by 30° about an axis through 
its center it will be in a different orientation than the one it started in, but if you rotate it by 90” it will resume 
its original orientation; you wouldn’t even know it had been rotated unless (say) you wrote numbers on the 
corners (in which case they would be permuted). A square therefore has a discrete rotational symmetry: a 
rotation by nz /2 for any integer n leaves it unchanged.* If you repeated this experiment with a circular piece 
of paper, a rotation by any angle would leave it unchanged; the circle has continuous rotational symmetry. We 


will see that both discrete and continuous symmetries are important in quantum mechanics. 





E 





gaama a a 


Figure 6.1: A square has a discrete rotational symmetry; it is unchanged when rotated by 7r /2 or multiples 


thereof. A circle has continuous rotational symmetry; it is unchanged when rotated by any angle a. 


Now imagine that the shapes in Figure 6.1 refer not to pieces of paper, but to the boundaries of a two- 
dimensional infinite square well. In that case the potential energy would have the same rotational symmetries 
as the piece of paper and (because the kinetic energy is unchanged by a rotation) the Hamiltonian would also 
be invariant. In quantum mechanics, when we say that a system has a symmetry, this is what we mean: that 


the Hamiltonian is unchanged by some transformation, such as a rotation or a translation. 
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6.1.1 Transformations in Space 


In this section, we introduce the quantum mechanical operators that implement translations, inversions, and 
rotations. We define each of these operators by how it acts on an arbitrary function. The translation operator 


takes a function and shifts it a distance a. The operator that accomplishes this is defined by the relation 


T (a) W(x) =W' (x) = V(r —a). (6.1) 


The sign can be confusing at first; this equation says that the translated function yr’ at x is equal to the 
untranslated function y at x — a (Figure 6.2)—the function itself has been shifted to the right by an amount 


a. 





Figure 6.2: A wave function yf (x) and the translated wave function yy" (x) = T (a) wW (x). Note that the 


value of yr’ at x is equal to the value of yr at x — a. 


The operator that reflects a function about the origin, the parity operator in one dimension, is defined by 


Ny (x) = W(x) = Y (Hx). 


The effect of parity is shown graphically in Figure 6.3. In three dimensions parity changes the sign of all three 


coordinates: y (x, y, Z) = W (>x, — y, = 
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Figure 6.3: A function y (x) and the function yy" (x) = My (x) = W (—x) after a spatial inversion. The 


value of wr" at x is equal to the value of W at — x. 
q 


Finally, the operator that rotates a function about the z axis through an angle # is most naturally 


expressed in polar coordinates as 


R: (P) W (7.8.6) =W (r, 8,6) =W (1.6.6 — p). (6.2) 


When we take up the study of rotations in Section 6.5, we will introduce expressions for rotations about 


arbitrary axes. The action of the rotation operator on a function W is illustrated in Figure 6.4. 





Figure 6.4: A function W (r, @) and the rotated function W" (r, ġ) = W (r, œ — @) after a counter-clockwise 


rotation about the vertical axis by an angle %. 


x Problem 6.1 Consider the parity operator in three dimensions. 
(a) Show that Ay (r) = w' (r) = Ww (—r) is equivalent to a mirror 
reflection followed by a rotation. 
(b) Show that, for yy expressed in polar coordinates, the action of the parity 


operator is 


Ny (r0, p) =Y (rm — 0, p+r). 


(c) Show that for the hydrogenic orbitals, 


Nv, fm (F, ü, @) a oe 1)" Wn fm (F, 0, @) 


That is, Wey) is an eigenstate of the parity operator, with eigenvalue 
(—1)'. Note: This result actually applies to the stationary states of any 
central potential V (r) = V (r). For a central potential, the eigenstates 
may be written in the separable form Rne (r) Y;" (89, @) where only the 
radial function F,,;—which plays no role in determining the parity of the 


state—depends on the specific functional form of V (7). 
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6.2 The Translation Operator 


Equation 6.1 defines the translation operator. We can express T {a} in terms of the momentum operator, to 











which it is intimately related. To that end, we replace w (x — a) by its Taylor series? 
: ag: n 
Ee E uns es Pee er 
T (a) ¥ (x) =W (x —a) = D(a)" Vs) 
n=0 
oo) r . H 
` | fian.. 
= bJ i ( 7 ô) wW (x). 
n=0 | 
The right-hand side of this equation is the exponential function, so 
(6.3) 
We say that momentum is the “generator” of translations.” 
Note that T (qq) 1S a unitary operator: 
Tal = fiaj =T ia. (6.4) 


The first equality is obvious physically (the inverse operation of shifting something to the right is shifting it by 
an equal amount to the left), and the second equality then follows from taking the adjoint of Equation 6.3 (see 
Problem 6.2). 


Problem 6.2 Show that, for a Hermitian operator Ọ, the operator U = exp li ô| 


is unitary. Hint: First you need to prove that the adjoint is given by 


ut = exp |-i ô| then prove that ¢y*¢7 — 1. Problem 3.5 may help. 
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6.2.1 How Operators Transform 


So far I have shown how to translate a function; this has an obvious graphical interpretation via Figure 6.2. We 
can also consider what it means to ¢ranslate an operator. The transformed operator Q' is defined to be the 


operator that gives the same expectation value in the untranslated state Wy as does the operator O in the 
translated state yr’: 


(y ‘| Olu ') = ( ur v) 


There are two ways to calculate the effect of a translation on an expectation value. One could actually shift the 


Th. 


Q Q' 














wave function over some distance (this is called an active transformation) or one could leave the wave function 
where it was and shift the origin of our coordinate system by the same amount in the opposite direction (a 
passive transformation). The operator Q' is the operator in this shifted coordinate system. 


Using Equation 6.1, 


lotl- (ló) es 


Here I am using the fact that the adjoint of an operator is defined such that, if T HIT f} then 
CF fl (Fl Tt (see Problem 3.5). Because Equation 6.5 is to hold for all yr, it follows that 


(6.6) 





The transformed operator for the case O — x is worked out in Example 6.1. Figure 6.5 illustrates the 


equivalence of the two ways of carrying out the transformation. 


Example 6.1 

Find the operator " obtained by applying a translation through a distance a to the operator ¢. That is, 
what is the action of ¢’, as defined by Equation 6.6, on an arbitrary f(x)? 

Solution: Using the definition of +’ (Equation 6.6) and a test function f(x) we have 


£ f(x) = Tia) £T(a) FQ), 

and since TÝ (a} = T (—a) (Equation 6.4), 

# f(x) = Fi-a) ê fla) f(a). 

From Equation 6.1 

£ fx) = Ti-a) x f(x —a), 

and from Equation 6.1 again, Ti =d) [x f(x- a)| =(x +a) f(x), so 


Y f(x) =(x +4) f(x). 
Finally we may read off the operator 


= ff 


eo ee: (6.7) 
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As expected, Equation 6.7 corresponds to shifting the origin of our coordinates to the left by a so that 


positions in these transformed coordinates are greater by a than in the untransformed coordinates. 


(a) 


<a 


(b) E ——> 
> 





Figure 6.5: Active vs. passive transformations: (a) depicts the original function, (b) illustrates an active 
transformation in which the function is shifted to the right by an amount a, and (c) illustrates a passive 
transformation where the axes are shifted to the left by an amount a. A point on the wave a distance 4 from 
the origin before the transformation is a distance a + h from the origin after the transformation in either (b) 


or (c); this is the equivalence of the two pictures. 


In Problem 6.3 you will apply a translation to the momentum operator to show that p= Tİ pT — 
the momentum operator is unchanged by this transformation. Physically, this is because the particle’s 


momentum is independent of where you place the origin of your coordinates, depending only on differences in 


300 


www.urdukutabkhanapk.blogspot.com 


position: p = mdx/dt. Once you know how the position and momentum operators behave under a 


translation, you know how any operator does, since 


Q' (x, p) = T'O (x, p) T= O (x, p’) = O (x +a, p) (6.8) 


Problem 6.4 will walk you through the proof. 


Problem 6.3 Show that the operator p obtained by applying a translation to the 


operator pis p' = TI pT = p 


Problem 6.4 Prove Equation 6.8. You may assume that Q (x, >) can be written in 


a power series 


a Oa 
Arre A ee ; AM SN 
Q(x. p) = i ) unk p 


m=O n=—0 


for some constants mn. 


301 


www.urdukutabkhanapk.blogspot.com 


6.2.2 Translational Symmetry 


So far we have seen how a function behaves under a translation and how an operator behaves under a 
translation. I am now in a position to make precise the notion of a symmetry that I mentioned in the 
introduction. A system is translationally invariant (equivalent to saying it has translational symmetry) if the 


Hamiltonian is unchanged by the transformation: 


a, 


= TCA =. 
Because 7 is unitary (Equation 6.4) we can multiply both sides of this equation by F to get 
HT =TH. 
Therefore, a system has translational symmetry if the Hamiltonian commutes with the translation operator: 


[4.7] =o. ee 


For a particle of mass m moving in a one-dimensional potential, the Hamiltonian is 


According to Equation 6.8, the transformed Hamiltonian is 


=D 
A Fo 
Po! E E A 
2m 


so translational symmetry implies that 
V (x +a) = V (x). (6.10) 


Now, there are two very different physical settings where Equation 6.10 might arise. The first is a constant 
potential, where Equation 6.10 holds for every value of a; such a system is said to have continuous 
translational symmetry. The second is a periodic potential, such as an electron might encounter in a crystal, 
where Equation 6.10 holds only for a discrete set of as; such a system is said to have discrete translational 


symmetry. The two cases are illustrated in Figure 6.6. 
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V (x) 


V (x) 





Figure 6.6: Potentials for a system with continuous (top) and discrete (bottom) translational symmetry. In the 
former case the potential is the same when shifted right or left by any amount; in the latter case the potential 


is the same when shifted right or left by an integer multiple of a. 
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Discrete Translational Symmetry and Bloch’s Theorem 


What are the implications of translational symmetry? For a system with a discrete translational symmetry, the 
most important consequence is Bloch’s theorem; the theorem specifies the form taken by the stationary states. 
We used this theorem in Section 5.3.2; I will now prove it. 

In Section A.5 it is shown that if two operators commute, then they have a complete set of simultaneous 
eigenstates. This means that if the Hamiltonian is translationally invariant (which is to say, if it commutes 
with the translation operator), then the eigenstates w(x) of the Hamiltonian can be chosen to be 


simultaneously eigenstates of T: 


Hy (x)= Ey (x), T(a)v(x) = Ay a), 


where 4 is the eigenvalue associated with 7. Since 7 is unitary, its eigenvalues have magnitude 1 (see 
Problem A.30), which means that 4, can be written as } — ¢'# for some real number 6. By convention we 
write ¢ = —gqa where lig is called the crystal momentum. Therefore, the stationary states of a particle of 


mass m moving in a periodic potential have the property 


_—iga 


w(x —a) =e ur (x). (6.11) 


There is a more illuminating way to write Equation 6.11:/ 


(6.12) 





where U(X) is a periodic function of x: u (x +a) = u(x) and gigs is a traveling wave (recall that a traveling 
wave by itself describes a free particle—Section 2.4) with wavelength 2yr jq. Equation 6.12 is Bloch’s theorem 
and it says that the stationary states of a particle in a periodic potential are periodic functions multiplying 
traveling waves. Note that just because the Hamiltonian is translationally invariant, that doesn’t mean the 
stationary states themselves are translationally invariant, it simply means that they can be chosen to be 
eigenstates of the translation operator. 

Bloch’s theorem is truly remarkable. It tells us that the stationary states of a particle in a periodic 
potential (such as an electron in a crystal) are, apart from a periodic modulation, traveling waves. As such, they 
have a nonzero velocity. This means that an electron could travel through a perfect crystal without scattering! 


That has dramatic implications for electronic conduction in solids. 
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Continuous Translational Symmetry and Momentum Conservation 


If a system has continuous translation symmetry then the Hamiltonian commutes with J (q) for any choice of 


a. In this case it is useful to consider an infinitesimal translation 


fis) =e 98" wi 7 §; 


where 0 is an infinitesimal length.’ 
If the Hamiltonian has continuous translational symmetry, then it must be unchanged under any 


translation, including an infinitesimal one; equivalently it commutes with the translation operator, and hence 
A ii - A me p A, i 
|à, T (3) = A. | -izi =0 5 (à, p| = 0. 
: 


So if the Hamiltonian has continuous translational symmetry, it must commute with the momentum 
operator. And if the Hamiltonian commutes with momentum, then according to the “generalized Ehrenfest’s 


theorem” (Equation 3.73) 


d I Es g (6.13) 
— {p} = -([ Â, |) = 0. 
dt h 
This is a statement of momentum conservation and we have now shown that continuous translational 
symmetry implies that momentum is conserved. This is our first example of a powerful general principle: 
symmetries imply conservation laws + 

Of course, if we're talking about a single particle of mass m moving in a potential V(x), the only 
potential that has continuous translational symmetry is the constant potential, which is equivalent to the free 
particle. And it is pretty obvious that momentum is conserved in that case. But the analysis here readily 
extends to a system of interacting particles (see Problem 6.7). The fact that momentum is conserved in that 


case as well (so long as the Hamiltonian is translationally invariant) is a highly nontrivial result. In any event, 


the point to remember is that conservation of momentum 1s a consequence of translational symmetry. 


Problem 6.5 Show that Equation 6.12 follows from Equation 6.11. Hint First 
write r(x) = FEEST (x), which is certainly true for some u(x), and then show 


that u{X)is necessarily a periodic function of x. 


Zz i : : 5 . aa . 

sexe Cw, | Problem 6.6 Consider a particle of mass m moving in a potential V(x) with 
period a. We know from Bloch’s theorem that the wave function can be written in 
the form of Equation 6.12. Noze: It is conventional to label the states with 
quantum numbers n and q as Wag (x) = gin Ung (x) where Eng is the nth 
energy for a given value of g. 


(a) Show that u satisfies the equation 





Im dx? m dx 





FD ae ! 
h° d'ung ihg dung 
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(b) Use the technique from Problem 2.61 to solve the differential (6.14) 
equation for Hng. You need to use a two-sided difference for the first 
derivative so that you have a Hermitian matrix to diagonalize: 


aa oe MIHI- Wy-1 HH =L, For the potential in the interval 0 to a let 
dx 2Ax 


—Vo af4<x =< 3a/4 


y= 0 else 


with Vy = IAA /2ma?- (You will need to modify the technique slightly 
to account for the fact that the function “ng is periodic.) Find the lowest 
two energies for the following values of the crystal momentum: q4 =— x, 
— 7/2, 0, w/2, 2. Note that g and q + 27 /a describe the same wave 
function (Equation 6.12), so there is no reason to consider values of qa 
outside of the interval from — 7 to x. In solid state physics, the values of 
g inside this range constitute the first Brillouin zone. 

(c) Make a plot of the energies Elg and £2, for values of g between — x /a 
and ia. If youve automated the code that you used in part (b), you 
should be able to show a large number of g values in this range. If not, 


simply plot the values that you computed in (b). 


Problem 6.7 Consider two particles of mass Mt] and m32 (in one dimension) that 
interact via a potential that depends only on the distance between the particles 


V (|x| — X2), so that the Hamiltonian is 


p he a he 8? 


Acting on a two-particle wave function the translation operator would be 


T (a) W(X x2) = Yxi ad, Xo —-—a). 
(a) Show that the translation operator can be written 


iat P 


T (a) =p ee, 


where P — pi + pris the total momentum. 


(b) Show that the total momentum is conserved for this system. 
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6.3 Conservation Laws 


In classical mechanics the meaning of a conservation law is straightforward: the quantity in question is the 
same before and after some event. Drop a rock, and potential energy is converted into kinetic energy, but the 
total is the same just before it hits the ground as when it was released; collide two billiard balls and 
momentum is transferred from one to the other, but the total remains unchanged. But in quantum mechanics 
a system does not in general have a definite energy (or momentum) before the process begins (or afterward). 
What does it mean, in that case, to say that the observable Q is (or is not) conserved? Here are two 


possibilities: 
e First definition: The expectation value {Q} is independent of time. 
e Second definition: The probability of getting any particular value is independent of time. 


Under what conditions does each of these conservation laws hold? 

Let us stipulate that the observable in question does not depend explicitly on time: dQ /dt = Ü. In that 
case the generalized Ehrenfest theorem (Equation 3.73) tells us that the expectation value of Q is independent 
of time if The operator O commutes with the Hamiltonian. It so happens that the same criterion guaranatees 
conservation by the second definition. 

I will now prove this result. Recall that the probability of getting the result fn in a measurement of Q at 
time ¢ is (Equation 3.43) 


P (gn) = | fal (O)1?. (6.15) 


where f, is the corresponding eigenvector: O | f.\ = ¢ \. H We know that the time evolution of the wave 
a P 8 1g i J: H {n ni 


function is (Equation 2.17) 


[P ()) = J e et ee lures) 


mm 
where the |, } are the eigenstates of yy, and therefore 


7 


P (gn) = oS et Emt ihe (f nm) 


mm 


Now the key point: since O and 77 commute we can find a complete set of simultaneous eigenstates for them 


(see Section A.5); without loss of generality then | fa} = |W,,}. Using the orthonormality of the |W}, 





7 


, . =EE ith. pce penne 
PGS | yee Wall] Sel 


fi 


which is clearly independent of time. 
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6.4 Parity 
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6.4.1 Parity in One Dimension 
A spatial inversion is implemented by the parity operator fJ; in one dimension, 
Ny (x) = y (x) = Y (x). 


Evidently, the parity operator is its own inverse: f]-! — yy in Problem 6.8 you will show that it is 


Hermitian: t — yy. Putting this together, the parity operator is unitary as well: 
a~ =A=. (6.16) 
Operators transform under a spatial inversion as 
O'= lM’ on. (6.17) 


I won't repeat the argument leading up to Equation 6.17, since it is identical to the one by which we arrived at 





Equation 6.6 in the case of translations. The position and momentum operators are “odd under parity” 
(Problem 6.10): 
# =Â iÂ å, (6.18) 
p =A pA =- p, (6.19) 
and this tells us how any operator transforms (see Problem 6.4): 


M =. 


O (x, 2) =I 0 (2 p) Tl = 0 (zp). 
A system has inversion symmetry if the Hamiltonian is unchanged by a parity transformation: 


a, 


H' = AHA =H, 
or, using the unitarity of the parity operator, 


E ñ| eg (6.20) 
If our Hamiltonian describes a particle of mass m in a one-dimensional potential V (x), then inversion 


symmetry simply means that the potential is an even function of position: 
V(x} = V {x}. 


The implications of inversion symmetry are two: First, we can find a complete set of simultaneous 


eigenstates of J and zy. Let such an eigenstate be written W; it satisfies 
8 [I H 8 n 


Nw, (x) = Wn (—x} = EPn (x), 


since the eigenvalues of the parity operator are restricted to + | (Problem 6.8). So the stationary states of a 
potential that is an even function of position are themselves even or odd functions (or can be chosen as such, 
in the case of degeneracy). This property is familiar from the simple harmonic oscillator, the infinite square 
well (if the origin is placed at the center of the well), and the Dirac delta function potential, and you proved it 
in general in Problem 2.1. 


Second, according to Ehrenfest’s theorem, if the Hamiltonian has an inversion symmetry then 
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d | ee 
a) = 5 ([4- M1) =0 


so parity is conserved for a particle moving in a symmetric potential. And not just the expectation value, but the 
probability of any particular outcome in a measurement, in accord with the theorem of Section 6.3. Parity 
conservation means, for example, that if the wave function of a particle in a harmonic oscillator potential is 


even at ¢ — () then it will be even at any later time 4 see Figure 6.7. 








mn HE HF HF FF FF FF FF FF FF FF FF FF FF FF FF FF FF SS FF FF & ë 


Figure 6.7: This filmstrip shows the time evolution of a particular wave function (Yo (E) = AÈ leE r) for 
a particle in the harmonic oscillator potential. The solid and dashed curves are the real and imaginary parts of 
the wave function respectively, and time increases from top to bottom. Since parity is conserved, a wave 
function which is initially an even function of position (as this one is) remains an even function at all later 


times. 
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Problem 6.8 
(a) Show that the parity operator fq is Hermitian. 
(b) Show that the eigenvalues of the parity operator are + 1. 
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6.4.2 Parity in Three Dimensions 


The spatial inversion generated by the parity operator in three dimensions is 


lw (r) = r= Ctr). 
The operators f and p transform as 


ë= n fh =- È, (6.21) 


oi 


p= pl = P. (6.22) 


Any other operator transforms as 
6’ (ê, p) = Ât Ô (ê. p) Â = Ô (~ê. —) (6.23) 


Example 6.2 
Find the parity-transformed angular momentum operator f; — []7L[], in terms of [.. 


Solution: Since L = r x p, Equation 6.23 tells us that 
Lili =f x p’ = (—f) , (—p) a Hr al + L: (6.24) 


We have a special name for vectors like f, that are even under parity. We call them pseudovectors, 
since they don’t change sign under parity the way “true” vectors, such as f or p, do. Similarly, scalars 
that are odd under parity are called pseudoscalars, since they do not behave under parity the way that 
“true” scalars (such as f . f which is even under parity) do. See Problem 6.9. Noze: The labels scalar 
and vector describe how the operators behave under rotations, we will define these terms carefully in 
the next section. “True” vectors and pseudovectors behave the same way under a rotation—they are 


both vectors. 


In three dimensions, the Hamiltonian for a particle of mass m moving in a potential V (r) will have 
inversion symmetry if V(—r) = V(r). Importantly, any central potential satisfies this condition. As in the 
one-dimensional case, parity is conserved for such systems, and the eigenstates of the Hamiltonian may be 
chosen to be simultaneously eigenstates of parity. In Problem 6.1 you proved that the eigenstates of a particle 


in a central potential, written Wném (r,@,@) = Rne (r) Fy (0, a), are eigenstates of parity:4° 
Ny, im (F, O, Pp) = (— 1) Wn ém UW, O, p) : 


x Problem 6.9 


(a) Under parity, a “true” scalar operator does not change: 
M'PA = f 
whereas a pseudoscalar changes sign. Show therefore that (ñ, f| =g 


for a “true” scalar, whereas (ñ, f = Ü for a pseudoscalar. Note: the 
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anti-commutator of two operators A and B is defined as 
| A, Bt = AB + BA. 
(b) Similarly, a “true” vector changes sign 


Ca 


o'vn =—V, 
whereas a pseudovector is unchanged. Show therefore that (ñ, v = 0) 


for a “true” vector and jf, v| = () for a pseudovector. 
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6.4.3 Parity Selection Rules 


Selection rules tell you when a matrix element is zero based on the symmetry of the situation. Recall that a 
matrix element is any object of the form (h| O la); an expectation value is a special case of a matrix element 
with a = b = W. One operator whose selection rules are physically important is the electric dipole moment 


operator 


De = qr. 
The selection rules for this operator—the operator itself is nothing more than the charge of the particle times 


its position—determine which atomic transitions are allowed and which are forbidden (see Chapter 11). It is 


odd under parity since the position vector f is odd: 


i ĝe [1 = — Pe. (6.25) 


Now consider the matrix elements of the electric dipole operator between two states Wry jj) and Wry! yt! 


(we label the corresponding kets |nëm } and |n" f'm" Y). Using Equation 6.25 we have 


(n' Em! n ém) =— (n'e 'm' it pM 


— (ne'm (— De Pe (— i" 


= (—1) ++! 


ne m) 














*. 
De 


në m) 








(n'em | D, In Em). 
From this we see immediately that 
(n'e'm' | Pe |n€m) = 0 if € + £' is even. (6.26) 


This is called Laporte’s rule; it says that matrix elements of the dipole moment operator vanish between states 
with the same parity. The reasoning by which we obtained Equation 6.26 can be generalized to derive 
selection rules for any operator, as long as you know how that operator transforms under parity. In particular, 
Laporte’s rule applies to any operator that is odd under parity. The selection rule for an operator that is even under 


parity, such as 7, is derived in Problem 6.11. 


Problem 6.10 Show that the position and momentum operators are odd under 


parity. That is, prove Equations 6.18, 6.19, and, by extension, 6.21 and 6.22. 


x Problem 6.11 Consider the matrix elements of f, between two definite-parity 
states: (n!' é'm'|L| ném}. Under what conditions is this matrix element guaranteed 
to vanish? Note that the same selection rule would apply to any pseudovector 


“ ” 
operator, or any “true” scalar operator. 


Problem 6.12 Spin angular momentum, Ç, is even under parity, just like orbital 


angular momentum f; 
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sis or fi, J — Ü., (6.27) 


Acting on a spinor written in the standard basis (Equation 4.139), the parity 





operator becomes a ? x 2 matrix. Show that, due to Equation 6.27, this matrix 





must be a constant times the identity matrix. As such, the parity of a spinor isn’t 
very interesting since both spin states are parity eigenstates with the same 
eigenvalue. We can arbitrarily choose that parity to be + 1, so the parity operator 


has no effect on the spin portion of the wave function.~“ 


Problem 6.13 Consider an electron in a hydrogen atom. 
(a) Show that if the electron is in the ground state, then necessarily {pe} = 0. 
No calculation allowed. 
(b) Show that if the electron is in an p = 3 state, then {pe} need not vanish. 
Give an example of a wave function for the energy level p — 2 that has a 


non-vanishing (p,} and compute {Pe} for this state. 
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6.5 Rotational Symmetry 
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6.5.1 Rotations About the z Axis 
The operator that rotates a function about the z axis by an angle # (Equation 6.2) 


R. (P) Y (7,0, 6) = W (r,6,6) = Y (r,8,ġ — p) (6.28) 


is closely related to the z component of angular momentum (Equation 4.129). By the same reasoning that led 
to Equation 6.3, 
S ig» (6.29) 
R; (9) = exp age et 5 
z 
and we say that L, is the generator of rotations about the z axis (compare Equation 6.3). 


How do the operators * and p transform under rotations? To answer this question we use the 


infinitesimal form of the operator: 


(I used Equation 4.122 for the commutator). Similar calculations show that ẹ' = y + 6x and 7’ = $. We can 


combine these results into a matrix equation 


y | = ĝ I O0 y 
FE 10 0 |] F 
That doesn’t look quite right for a rotation. Shouldn’t it be 
x’ \ f cose —sing O0 x (6.31) 
y |=] sing cosg 0 y 1? 
D 0) 0) | 7 


Yes, but don’t forget, we are assuming w — 4 is infinitesimal, so (dropping terms of order §2 and higher) 


cos g — landsing > 6» 


kK Problem 6.14 In this problem you will establish the correspondence between 
Equations 6.30 and 6.31. 
16 


(a) Diagonalize the matrix 


f E sg” 
m= ( p/N l ) 


to obtain the matrix 
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M' = SMS~!” 
where &§-!l is the unitary matrix whose columns are the (normalized) 


eigenvectors of Ml. 
(b) Use the binomial expansion to show that lim y— a, (M) is a diagonal 
matrix with entries »—'¥ and p® on the diagonal. 


(c) Transform back to the original basis to show that 


lim M¥ =8 | lim ("| S 


No Da 


agrees with the matrix in Equation 6.31. 
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6.5.2 Rotations in Three Dimensions 


Equation 6.29 can be generalized in the obvious way to a rotation about an axis along the unit vector n: 


(6.32) 





Just as linear momentum is the generator of translations, angular momentum is the generator of rotations. 
Any operator (with three components) that transforms the same way as the position operator under 

rotations is called a vector operator. By “transforms the same way” we mean that y’ — Py where D is the 

same matrix as appears in #' — Dp. In particular for a rotation about the z axis, we would have 


(Equation 6.31) 


s cosy —sing 0} V, 
V; = sing cosg O0 Vy 
wv | 0 o 1/\y¥ 


a, 


This transformation rule follows from the commutation relations“ 


(6.33) 





(see Problem 6.16), and we may take Equation 6.33 as the definition of a vector operator. So far we have 


encountered three such operators, fr, pand f; 
| fF; | Da hej jer, Ei, ĵ; | = ihe: jk Pk, L È; | —— thee Lk 


(see Equations 4.99 and 4.122). 
A scalar operator is a single quantity that is unchanged by rotations; this is equivalent to saying that the 


operator commutes with |; 


(6.34) 





We can now classify operators as either scalars or vectors, based on their commutation relations with f, (how 
they transform under a rotation), and as “true” or pseudo-quantities, based on their commutators with fī (how 


they transform under parity). These results are summarized in Table 6.1.48 


Table 6.1: Operators are classified as vectors or scalars based on their commutation relations with ic which encode 
how they transform under a rotation, and as pseudo- or “true” quantities based on their commutation relations with T] 
, which encode how they transform under a spatial inversion. The curly brackets in the first column denote the anti- 
commutator, defined in Problem 6.9. To include the spin gin this table, one simply replaces L; everywhere it appears 
in the third column with J; — L; + S; (Problems 6.12 and 6.32, respectively, discuss the effect of parity and 


rotations on spinors). Q, like |, is then a pseudovector and p- S isa pseudoscalar. 


319 


true vector V 
pseudovector V 
true scalar f 


pseudoscalar f 


www.urdukutabkhanapk.blogspot.com 


parity 


rotations 


Li. | =j ħé€ijk Vi 


Li, v| = 1 fi€ijk Vi 
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continuous rotational symmetry 
For a particle of mass m moving in a potential V {r}, the Hamiltonian 


aI 


x p` , 
H= 
2m 


is rotationally invariant if V (r) = V (r) (the central potentials studied in Section 4.1.1). In this case the 


Hamiltonian commutes with a rotation by any angle about an arbitrary axis 


|À, Rn y) == {). ae 
In particular, Equation 6.35 must hold for an infinitesimal rotation 
, oO a 
Ro (å) ma l — 4- - L. 
hh 
which means that the Hamiltonian commutes with the three components of L: 
Ẹ L| _9 (6.36) 
What, then, are the consequences of rotational invariance? 
From Equation 6.36 and Ehrenfest’s theorem 
(6.37) 


METOE 


for a central potential. Thus, angular momentum conservation is a consequence of rotational invariance. And 
beyond the statement 6.37, angular momentum conservation means that the probability distributions (for each 
component of the angular momentum) are independent of time as well—see Section 6.3. 

Since the Hamiltonian for a central potential commutes with all three components of angular 
momentum, it also commutes with ; 2. The operators 77, Ee, and f2 form a complete set of compatible 


observables for the bound states of a central potential. Compatible means that they commute pairwise 


A, i] =0. eae 


so that the eigenstates of jy can be chosen to be simultaneous eigenstates of f 2 and f.. 


AVntm = EnWntm: 
L, Wiem = Maem, 
L Wntm = €(€ + 1) Vn em. 
Saying they are complete means that the quantum numbers n, ¢, and m uniquely specify a bound state of the 


Hamiltonian. This is familiar from our solution to the hydrogen atom, the infinite spherical well, and the 


three-dimensional harmonic oscillator, but it is true for any central potential.“ 
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Problem 6.15 Show how Equation 6.34 guarantees that a scalar is unchanged by a 


a. 


rotation: re — Rİ fR = f. 


Problem 6.16 Working from Equation 6.33, find how the vector operator y 
transforms for an infinitesimal rotation by an angle Ò about the y axis. That is, 


find the matrix D in 


Y= DV. 


Problem 6.17 Consider the action of an infinitesimal rotation about the n axis of 


an angular momentum eigenstate Wym. Show that 


Rn (å) Wem = a. Dnt Wai mi 

m” 
and find the complex numbers D n'm (they will depend on 0, n, and ¢ as well as m 
and ym"). This result makes sense: a rotation doesn’t change the magnitude of the 
angular momentum (specified by £) but does change its projection along the z axis 


(specified by m). 
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6.6 Degeneracy 


Symmetry is the source of most*? degeneracy in quantum mechanics. We have seen that a symmetry implies 


the existence of an operator O that commutes with the Hamiltonian 
jA. ô pen (6.39) 


So why does symmetry lead to degeneracy in the energy spectrum? The basic idea is this: if we have a 
stationary state |y/,,}, then ey = O |W} is a stationary state with the same energy. The proof is 
straightforward: 


A |v),) = Ê (Ô lvn)) = OF ln) = OEn IYn) = En (Ô Yn) ) = En |W): 


For example, if you have an eigenstate of a spherically-symmetric Hamiltonian and you rotate that state about 
some axis, you must get back another state of the same energy. 

You might think that symmetry would a/ways lead to degeneracy, and that continuous symmetries would 
lead to infinite degeneracy, but that is not the case. The reason is that the two states |W} and |y} might be 
the same. As an example, consider the Hamiltonian for the harmonic oscillator in one dimension; it 
commutes with parity. All of its stationary states are either even or odd, so when you act on one with the 
parity operator you get back the same state you started with (perhaps multiplied by — |, but that, physically, is 
the same state). There is therefore no degeneracy associated with inversion symmetry in this case. 

In fact, if there is only a single symmetry operator O (or if there are multiple symmetry operators that all 
commute), you do not get degeneracy in the spectrum. The reason is the same theorem we've now quoted 
many times: since O and 77 commute, we can find simultaneous eigenstates |W, } of O and gy and these states 
transform into themselves under the symmetry operation: O Wat =n Wn) 

But what if there are ¢wo operators that commute with the Hamiltonian (call them O and A), but do nor 
commute with each other? In this case, degeneracy in the energy spectrum is inevitable. Why? 

First, consider a state | } that is an eigenstate of both yy and O with eigenvalues E,, and 4m respectively. 
Since #7 and 4 commute we know that the state | g} = A |W } is also an eigenstate of fy with eigenvalue F,,. 
Since O and Ą do nof commute we know (Section A.5) that there cannot exist a complete set of simultaneous 
eigenstates of all three operators ( O, A and H ). Therefore, there must be some |y } such that A |yr is distinct 
from |} (specifically, it is not an eigenstate of A) meaning that the energy level E,, is at least doubly 
degenerate. The presence of multiple non-commuting symmetry operators guarantees degeneracy of the energy 
spectrum. 

This is precisely the situation we have encountered in the case of central potentials. Here the 
Hamiltonian commutes with rotations about any axis (or equivalently with the generators TA Le and Li 
but those rotations don’t commute with each other. So we know that there will be degeneracy in the spectrum 
of a particle in a central potential. The following example shows exactly how much degeneracy is explained by 


rotational invariance. 


Example 6.3 


Consider an eigenstate of a central potential Wpf with energy E,,. Use the fact that the Hamiltonian 
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for a central potential commutes with any component of L. and therefore also with f + and f ,to 
show that Wy, are necessarily also eigenstates with the same energy as Wy gm” 


Solution: Since the Hamiltonian commutes with f 4 we have 


M, 


(Ais = L+H) Wném = 
SO 


HLY Em — LAH Yn im =E Lay Em 


or 


H Yntmt] = E Wt) 


(I canceled the constant fi,/# (E +1) — m (m +1) from both sides in the last expression). This 
argument could obviously be repeated to show that Wy +2 has the same energy as Wp], and so on 
until you've exhausted the ladder of states. ‘Therefore, rotational invariance explains why states which 
differ only in the quantum number m have the same energy, and since there are ?' + | different values of 


m, 2ë + | is the “normal” degeneracy for energies in a central potential. 


Of course, the degeneracy of hydrogen (neglecting spin) is p2 {= 1, 4, 9,...) (Equation 4.85) which is 


a...) Evidently hydrogen has more degeneracy than is explained by 


greater than 2€ + 1 (=1,3,5 
rotational invariance alone. The source of the extra degeneracy is an additional symmetry that is unique to the 
| / r potential; this is explored in Problem 6.34.44 

In this section we have focused on continuous rotational symmetry, but discrete rotational symmetry, as 
experienced (for instance) by an electron in a crystal, can also be of interest. Problem 6.33 explores one such 


system. 


Problem 6.18 Consider the free particle in one dimension: H= p- /2m- This 
Hamiltonian has both translational symmetry and inversion symmetry. 

(a) Show that translations and inversion don’t commute. 

(b) Because of the translational symmetry we know that the eigenstates of Fy 
can be chosen to be simultaneous eigenstates of momentum, namely 
fp (x) (Equation 3.32). Show that the parity operator turns fp (X) into 
f—p (X); these two states must therefore have the same energy. 

(c) Alternatively, because of the inversion symmetry we know that the 
eigenstates of #7 can be chosen to be simultaneous eigenstates of parity, 


namely 


ne & and Tne es 


Show that the translation operator mixes these two states together; they 





therefore must be degenerate. 
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Note: Both parity and translational invariance are required to explain the 


degeneracy in the free-particle spectrum. Without parity, there is no reason for 


fp (x) and fp» (x) to have the same energy (I mean no reason based on 


symmetries discussed thus far ...obviously you can plug them in to the time- 


independent Schrédinger equation and show it’s true). 


Problem 6.19 For any vector operator y one can define raising and lowering 


operators as 


Vi=V, bir 


(a) Using Equation 6.33, show that 


i. 
i 


(b) 


: 2 = 2A Va $ hV L, = 2V, La. 


Show that, if y is an eigenstate of f2 and L.: with eigenvalues 
EE +1) ji? and (fi respectively, then either V W is zero or V 4 Ur is also 
an eigenstate of f2 and Ie with eigenvalues (f + 1) (f+ 2) h2 and 
(Ë + 1) A respectively. This means that, acting on a state with maximal 
my = É, the operator y f either “raises” both the ¢ and m values by 1 or 


destroys the state. 
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6.7 Rotational Selection Rules 


The most general statement of the rotational selection rules is the Wigner-Eckart Theorem; as a practical 
matter, it is arguably the most important theorem in all of quantum mechanics. Rather than prove the 
theorem in full generality I will work out the selection rules for the two classes of operators one encounters 
most often: scalar operators (in Section 6.7.1) and vector operators (in Section 6.7.2). In deriving these 
selection rules we consider only how the operators behave under a rotation; therefore, the results of this 
section apply equally well to “true” scalars and pseudoscalars, and those of the next section apply equally well 
to “true” vectors and pseudeovectors. These selection rules can be combined with the parity selection rules of 


Section 6.4.3 to obtain a larger set of selection rules for the operator. 
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6.7.1 Selection Rules for Scalar Operators 


The commutation relations for a scalar operator F with the three components of angular momentum 


(Equation 6.34) can be rewritten in terms of the raising and lowering operators as 


[Êz f| = (6.40) 


(6.41) 


(6.42) 


We derive selection rules for F by sandwiching these commutators between two states of definite angular 
momentum, which we will write as |ném} and |n'&'m"). These might be hydrogenic orbitals, but they need 
not be (in fact they need not even be eigenstates of any Hamiltonian but I'll leave the quantum number n 
there so they look familiar); we require only that |nëm} is an eigenstate of f 2 and Ee with quantum numbers 
¢ and m respectively.” 

Sandwiching Equation 6.40 between two such states gives 


[is 


( nëm’ 








në m) = {) 


or 











(ntm L: f n im) — (n'e'm'| f L zin tm) =0 


and therefore 


(m — m) (n’ E'm’ | F (6.43) 





n em) — 0 


(using the hermiticity of i.) Equation 6.43 says that the matrix elements of a scalar operator vanish unless 


m’ —m = Am = 0. Repeating this procedure with Equation 6.42 we get 














(n E m (£? f| n em) =0 Sia 
(n' E m | Ê? fin em) — (ne'm | fL ngm) =0 
[e (e+ 1)-e(€+1)] (n' £ m' | fin em) =0 





This tells us that the matrix elements of a scalar operator vanish unless ¢' — ¢ = Af — 0- These, then, are 
the selection rules for a scalar operator: Af’ = Qand Am = O. 
However, we can get even more information about the matrix elements from the remaining 


commutators: (I'll just do the + case and leave the — case for Problem 6.20) 


(n' em’ [£+ F| /nem)=0 (6.45) 
E.F | nem) z (n' E'm | fi |nem) =0 


f 


(n' E'm 





Bm (n' E (m' — 1) | f | n em) — AP (n E'm” 








né(m+ 1)) = (), 


327 


www.urdukutabkhanapk.blogspot.com 


where (from Problem 4.21) 


Ap =hfl(£+1)—mim + l), and By = haf £(£+ 1) —m (m — 1). 


(I also used the fact that f 1 is the Hermitian conjugate of lx (ur | fa = { Law)“ Both terms in 


Equation 6.45 are zero unless m” = m + | and ¢' — ¢, as we proved in Equations 6.43 and 6.44. When these 


conditions are satisfied, the two coefficients are equal (ap z An) and Equation 6.45 reduces to 











(n'èm f n £m) = (n'e (m + l) | f me (ma + 1)). ene 
Evidently the matrix elements of a scalar operator are independent of m. 
The results of this section can be summarized as follows: 
(6.47) 


(ne'm | f | ne m) = See" mm (n€ | f | n £). 





The funny-looking matrix element on the right, with two bars, is called a reduced matrix element and is just 


shorthand for “a constant that depends on 7, /’, and y’, but not m.” 


Example 6.4 
(a) Find {p4} for all four of the degenerate p — 2 states of a hydrogen atom. 
Solution: From Equation 6.47 we have, for the states with #¢ — |, the following equality: 


(211 21 —1) = (21 |221}. 


To calculate the reduced matrix element we simply pick any one of these expectation values: 


(21 


7 


r? |211} = (210 210) = (21 tr r? 


























7 
p“ 








r? 21) = (210 








210) 
=fr Woo (r)? der 


me á 3 
a rt IRn (Par f |Y? 0.9) dQ. 
() 





The spherical harmonics are normalized (Equation 4.31), so the angular integral is 1, and the radial 


functions Ry,» are listed in Table 4.7, giving 


(21|? 21) = | ee ee: 
“iW OWE Jo Mæ a? = Wa". 





That determines three of the expectation values. The final expectation value is 
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(20 r? 20) = (200 r?/200) 
= | Wav (r)|?d°r 
ee 4 5 | 0 |2 
Eee e 9 lr - oi 
_ wl oe ii 
=| } 703 (i ) € dr 
= 42a’. 
Summarizing: 
(211 |r2|211) (6.48) 
(200|r?|200) = 420”, (210|r2/210) } = 30a?. 








(21 — 1|r*|21 — 1} 


(b) Find the expectation value of „2 for an electron in the superposition state 


Iv) = F (1200) — i |211)). 


Solution: We can expand the expectation value as 




















(viry) = ; ((200| + i (2111) r? (1200) — i |211)) 
= : ((200 r? 200) + i (211 r? 200) — i (200 r? 211} 
+ (211 r? 211)). 








From Equation 6.47 we see that two of these matrix elements vanish, and 


n (6.49) 


M. 


Problem 6.20 Show that the commutator = f | = Ü leads to the same rule, 





Equation 6.46, as does the commutator |E i | = 0. 


x Problem 6.21 For an electron in the hydrogen state 


| 
y = Wr (yan + Y-i), 


find {r} after first expressing it in terms of a single reduced matrix element. 
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6.7.2 Selection Rules for Vector Operators 


We now move on to the selection rules for a vector operator \- This is significantly more work than the scalar 
case, but the result is central to understanding atomic transitions (Chapter 11). We begin by defining, by 


analogy with the angular momentum raising and lowering operators, the operators? 


Written in terms of these operators, Equation 6.33 becomes 


[Èz A = (6.50) 

Le P| EEA (6.51) 
|ts, | e (6.52) 
La. A = FAVE (6.53) 
(6.54) 


i s| —+2AV, 


as you will show in Problem 6.22(a).~ Just as for the scalar operator in Section 6.7.1, we sandwich each of 
these commutators between two states of definite angular momentum to derive (a) conditions under which 
the matrix elements are guaranteed to vanish and (b) relations between matrix elements with differing values 
of m or different components of Ẹ. 


From Equation 6.51, 


; Ja = ; aoa DE re E Ea 
(nem L- V4 jn em) = (n'e'm" Vel; ném) — +h (n'e'm' Vi ném), 














and since our states are eigenstates of L, this simplifies to 


[m" — (mx 1) | (n'e'm' V4 n im) =f). (6.55) 


Equation 6.55 says that either m' = m + J, or else the matrix element of y , must vanish. Equation 6.50 


works out similarly (see Problem 6.22) and this first set of commutators gives us the selection rules for m: 














(n e'm'| Vi |ne m) — () unless m” =m + l (6.56) 
(n' m' |V| ngm ) — 0 unless m” = m (6.57) 
(n' Ctm |V Ing m) —() unless m =m — 1. (6.58) 








Note that, if desired, these expressions can be turned back into selection rules for the x- and y-components of 


our operator, since 
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Ca 


(n'U'm" V, Vln tm) 4 (n't m” V4 




















a, 


V, 


| | , 
nN m) => (n'e Th n tm) 
I 
J 


r fm) — - (n'tm H im)). 


The remaining commutators, Equations 6.52—6.54, yield a selection rule on ¢ and relations among the 


(n' Um" V_|n tm) — (n'e'm' Vy 



































nonzero matrix elements. As shown in Problem 6.24, the results may be summarized as 
mee EF si efie iy aÀ (6.59) 
(n'e m| Va nem) = — C ay (nE l V | nE) 
(n'em V nem) = vias, (n€’ | V | ng) (6.60) 
(6.61) 


l fait fiT 
(n £m | Vz mm" 





nem) = CELE (ne || V || ne). 


The constants pa a F in these expressions are precisely the Clebsch-Gordan coefficients that appeared in 
ee 


the addition of angular momenta (Section 4.4.3). The Clebsch—Gordan coefficient C a i vanishes unless 
M=m,+m (since the gz-components of angular momentum add) and unless 


J=jf+h.j + jl... |j — j| (Equation 4.182). In particular, the matrix elements of any 


component of a vector operator, {n é'm"| V;|n€m), are nonzero only if 


(6.62) 


AE = 0, +i, and Am =0, +1. 





Example 6.5 
Find all of the matrix elements of f between the states with n = 2, £ = |] andn’ = 3, #° = 2: 


(32m [ri 2 Im) 


where m = — 1.0, 1, m” = —2, —1,0, 1,2, and" = ¥, Y, Z. 
Solution: With the vector operator y — fy our components are V; =z, V} =x +iy, and 


VL = x — i y. We start by calculating one of the matrix elements, 


(320|z| 210) = J rat r coso Yaiolr) d'r 


m | Rao(r)* r Ror) r? dr | Fr (0, p)* cosd Y @, p) dQ 


212 33.4/3 
= Ta 


From Equation 6.61 we can then determine the reduced matrix element 


Ea 
(320|z|210) = Cii 321V 1121) 
21233 4/3 EI 





Pa 
=i y3 2V2). 
Therefore 
a 21234 (6.63) 
(32||V 21) = a. 
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We can now find all of the remaining matrix elements from Equations 6.59—6.60 with the help of the 
Clebsch—Gordan table. The relevant coefficients are shown in Figure 6.8. The nonzero matrix 


elements are 


(322 | V,|21 H2 (32 || V || 21) = —v2 (32|| V || 21) 





= 
j= 


(321 | Ñ, |210 


V2C 
-V2 Coit B21 V 121) = — (32| V 1121) 
_Jic 


(320| V4 |21- ı C_{ip B21 V 121) = -e (321V 121) 


y 


| 
(320| _ |211} = Vici 621V 121) =; 6 2 {| V 121) 
j- 


32- 1| V- |210 J2c}!2 (321V 121) = (321V 1121) 
(32 -2| Ñ [21 7 | = V2C_!13 (32 V 121) = v2 62v 120 
cle l 
(321 | & |211) = ci; (321 V121) = (821V 1121) 


. 2 
(320| ¥, |210) = Cód (321 V 121) = EZ (32 || V 1121) 


(32-1) ¥,|21-1)}=C_h3 621 v120 = = (32 V 21), 


s\-" 


with the reduced matrix element given by Equation 6.63. The other thirty-six matrix elements vanish 
due to the selection rules (Equations 6.56—6.58 and 6.62). We have determined all forty-five matrix 
elements and have only needed to evaluate a sing/e integral. I’ve left the matrix elements in terms of V4 


and V_ but it’s straightforward to write them in terms of x and y using the expressions on page 259. 






2 

+] 

+] 0 1/2 
QO +l 1/2 -1/2 


Figure 6.8: The Clebsch-Gordan coefficients for] & 1. 


It is no coincidence that the Clebsch-Gordan coefficients appear in Equations 6.59-6.61. States have 


angular momentum, but operators also carry angular momentum. A scalar operator (Equation 6.34) has ¢ = Q 
—it is unchanged by a rotation—just as a state of angular momentum 0 is unchanged. A vector operator 


(Equation 6.33) has ¢ = ]; its three components transform into each other under a rotation in the same way 
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the triplet of states with angular momentum ¢ = | transform into each other.*! When we act on a state with 
an operator, we add together the angular momentum of the state and the operator to obtain the angular 
momentum of the resultant state; this addition of angular momenta is the source of the Clebsch—Gordan 


coefficients in Equations 6.59-6.61.°4 


x Problem 6.22 
(a) Show that the commutation relations, Equations 6.50-6.54, follow from 





the definition of a vector operator, Equation 6.33. If you did 
Problem 6.19 you already derived one of these. 
(b) Derive Equation 6.57. 


Problem 6.23 The Clebsch-Gordan coefficients are defined by Equation 4.183. 
Adding together two states with angular momentum jı and j? produces a state 
with total angular momentum J according to 


JJM) = y Che ar Jaia. Con 


MM 
Mq, M2 





(a) From Equation 6.64, show that the Clebsch-Gordan coefficients satisfy 


hpt (6.65) 


mimoz 


(jijpmimald M}. 


(b) Apply J} = ie an 8 i? to Equation 6.64 to derive the recursion 


relations for Clebsch—Gordan coefficients: 


M elit — pipih! m eji jd (6.66) 
AJ Cin mi M+l 7 — Bi Cin I ma M + B; Cin masl M 

Mel pe — ampih? hiji jad 
By Cin mi M-17 Aj, Cnh ma M ai Aj, Cn, məsl M 


xK Problem 6.24 
(a) Sandwich each of the six commutation relations in Equations 6.52-6.54 
between (7)'é'rm"| and |n £2} to obtain relations between matrix elements 
of y. As an example, Equation 6.52 with the upper signs gives 


Be in’ (mm! — 1)| V4 | Em) = AP in’ €'m'|V4. In€(m + 1)). 


(b) Using the results in Problem 6.23, show that the six expressions you 
wrote down in part (a) are satisfied by Equations 6.59-6.61. 


x Problem 6.25 Express the expectation value of the dipole moment P, for an 


electron in the hydrogen state 
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ur 


| 
a (Yo + Wio) 


in terms of a single reduced matrix element, and evaluate the expectation value. 


Note: this is the expectation value of a vector so you need to compute all three 


components. Don’t forget Laporte’s rule! 
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6.8 Translations in Time 


In this section we study time-translation invariance. Consider a solution Y (x,f) to the time-dependent 


Schrodinger equation 
a =d : 
AW (x,t) = iħh— Y (x,t). 
dt 
We can define the operator that propagates the wave function forward in time, {Ù (r) by 


U (t) V(x, 0) = Y (x,t); (6.67) 


Uy {f} can be expressed in terms of the Hamiltonian, and doing so is straightforward if the Hamiltonian is not 


itself a function of time. In that case, expanding the right-hand side of Equation 6.67 in a Taylor series 








gives“ 
D - 
: | n (6.68) 
Û (t) Yx, 0) = (x,t) = X — Wix.t)| r" 
! at” 
n=O t=0 
Spy se. Ae | (6.69) 
Poal A P(x. 0). 
‘in! h | 
a= j i 
Therefore, in the case of a time-independent Hamiltonian, the time-evolution operator is 
(6.71) 





We say that the Hamiltonian is the generator of translations in time. Note that Ui (f} is a unitary operator 
(see Problem 6.2). 
The time-evolution operator offers a compact way to state the procedure for solving the time-dependent 


Schrödinger equation. To see the correspondence, write out the wave function at time =() as a 
superposition of stationary states (A Wem Be, } 


E Me > cnn (x). 


i 


Then 


W (x,t) =U (1) ¥ (x, 0) =D) ca (t) in (x) 


fi 


—iArfh ae . .-fE,tjh nos 
= T t Bee Wry (x) = » ChE PENA Wr (x}. 
n 


H 


In this sense Equation 6.71 is shorthand for the process of expanding the initial wave function in terms of 
stationary states and then tacking on the “wiggle factors” to obtain the wave function at a later time 


(Section 2.1). 
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6.8.1 The Heisenberg Picture 


Just as for the other transformations studied in this chapter, we can examine the effect of applying time 
translation to operators, as well as to wave functions. The transformed operators are called Heisenberg-picture 


operators and we follow the convention of giving them a subscript H rather than a prime: 


(6.72) 





Example 6.6 


A particle of mass m moves in one dimension in a potential V (x): 


aI 


Find the position operator in the Heisenberg picture for an infinitesimal time translation Ò. 


Solution: From Equation 6.71, 


; mae 
U (8) 1] i=. 
h 


Applying Equation 6.72, we have 





ee O iam 
fy (8) & (i sipa) ( ipa) 





SO 


XH (8) © xy (0) + — PH (0) ô 


(making use of the fact that the Heisenberg-picture operators at time 0 are just the untransformed 
operators). This looks exactly like classical mechanics: x (6) = x (0) + v (0) å. The Heisenberg 
picture illuminates the connection between classical and quantum mechanics: the quantum operators 


obey the classical equations of motion (see Problem 6.29). 


Example 6.7 


A particle of mass m moves in one dimension in a harmonic-oscillator potential: 


Find the position operator in the Heisenberg picture at time ¢. 
Solution: Consider the action of x; on a stationary state y,,. (Introducing W, allows us to replace the 
operator „—i Hi/h with the number o—iEnt/h, since pi He | hi Wy, = et En Pay.) Writing ¥¢ in terms of 


raising and lowering operators we have (using Equations 2.62, 2.67, and 2.70) 
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CH (t) Yn (x) = ÚT (t) 8U (1) Yn (x) (c=) 
= gilt nf as (i, +â) emih, (x) 
= — ei Ent/R oi AUK (A, tâ ) Wala) 
= J E eri Patih ei Ath [STET OE) 
z EE en | nF lel ER (x) 
+ Vive! Fath y,_1(x)| 
= — l ntle”! vn (x) Nne" bn (x) 
Thus? 
== y IMa [râs ia aiota] 


Or, using Equation 2.48 to express A+ in terms of ¢ and p, 


‘ à I ae eae ae (6.74) 
Yy (t) = Xy(O) cos(wt) + ae PH (O) sin(ewt). 
fe a 


As in Example 6.6 we see that the Heisenberg-picture operator satisfies the classical equation of 


motion for a mass on a spring. 


In this book we have been working in the Schrödinger picture, so-named by Dirac because it was the 
picture that Schrodinger himself had in mind. In the Schrödinger picture, the wave function evolves in time 


according to the Schrödinger equation 


HW (x; ) = ihow (x, t}. 


The operators ¢ = x and p = —iha, have no time dependence of their own, and the time dependence of 


expectation values (or, more generally, matrix elements) comes from the time dependence of the wave 


function:2£ 


(0) = (vo |ô | vo). 


In the Heisenberg picture, the wave function is constant in time, Wy (x) = Y (x, 0), and the operators 
evolve in time according to Equation 6.72. In the Heisenberg picture, the time dependence of expectation 


values (or matrix elements) is carried by the operators. 
(ô) = (Wu | On ()/ Yu), 


Of course, the two pictures are entirely equivalent since 
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ÛtOÛ |Y 0) = (Ya Ôn O |Y): 








(v jâ o) =(YO) 


A nice analogy for the two pictures runs as follows. On an ordinary clock, the hands move in a clockwise 
direction while the numbers stay fixed. But one could equally well design a clock where the hands are 
stationary and the numbers move in the counter-clockwise direction. The correspondence between these two 
clocks is roughly the correspondence between the Schrödinger and Heisenberg pictures, the hands 
representing the wave function and the numbers representing the operator. Other pictures could be 


introduced as well, in which both the hands of the clock and the numbers on the dial move at intermediate 


rates such that the clock still tells the correct time.“ 


x Problem 6.26 Work out py, (t) for the system in Example 6.7 and comment on 


the correspondence with the classical equation of motion. 


Kk Problem 6.27 Consider a free particle of mass m. Show that the position and 


momentum operators in the Heisenberg picture are given by 


Xy(t) = Xy (Ü) + = PuH(Q) t 
Pu(t) = Pu (0). 
Comment on the relationship between these equations and the classical equations 


of motion. Hint: you will first need to evaluate the commutator E H "} this will 


allow you to evaluate the commutator E Ò | 
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6.8.2. Time-Translation Invariance 


If the Hamiltonian is time-dependent one can still write the formal solution to the Schrodinger equation in 


terms of the time-translation operator, [/: 


W (x,t) = U (t. t) Y (x. to). (6.75) 


but ¢7 no longer takes the simple form 6.71.22 (See Problem 11.23 for the general case.) For an infinitesimal 


time interval 0 (see Problem 6.28) 


A f a 6.76 
U (fo +ô, tfo) = 1 — pa (fo) ô. oa 


Time-translation invariance means that the time evolution is independent of which time interval we are 


considering. In other words 


Ü (ti +8, t1) = U (n +8, t) (6.77) 


for any choice of fj and t+. This ensures that if the system starts in state |œ} at time f] and evolves for a time 0 
then it will end up in the same state |f} as if the system started in the same state |œ} at time f2 and evolved for 
the same amount of time 0; i.e. the experiment proceeds the same on Thursday as it did on Tuesday, 
assuming identical conditions. Plugging Equation 6.76 into Equation 6.77 we see that the requirement for 
this to be true is H (ti) = H (f) and since this must hold true for all fı and fz, it must be that the 


Hamiltonian is in fact time-independent after all (for time-translation invariance to hold): 


JH 
~—=0 
gf 


In that case the generalized Ehrenfest theorem says 


Therefore, energy conservation is a consequence of time-translation invariance. 

We have now recovered all the classical conservation laws: conservation of momentum, energy, and 
angular momentum, and seen that they are each related to a continuous symmetry of the Hamiltonian (spatial 
translation, time translation, and rotation, respectively). And in quantum mechanics, discrete symmetries 


(such as parity) can also lead to conservation laws. 


Problem 6.28 Show that Equations 6.75 and 6.76 are the solution to the 
Schrödinger equation for an infinitesimal time 0. Hint: expand W (x, f) in a 


Taylor series. 


x Problem 6.29 Differentiate Equation 6.72 to obtain the Heisenberg equations of 


motion 
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7 (6.78) 


(for O and yy independent of time). Plug in O — y and O = p to obtain the 
differential equations for fa and py in the Heisenberg picture for a single 


particle of mass m moving in a potential V (x). 


Problem 6.30 Consider a time-independent Hamiltonian for a particle moving in 


one dimension that has stationary states W, (x) with energies Ep. 


(a) Show that the solution to the time-dependent Schrödinger equation can 


be written 
W (x,t) = U (t) Y (x. 0) = | K (x, x,t) ¥ (x, 0) dx’, 
where K (x, x", t), known as the propagator, is 


K (x, t t) = >, s (x') g Enti ii (x). (6.79) 


Here | 14,52) is is the probability for a quantum mechanical particle 
to travel from position y” to position x in time ¢. 
(b) Find K for a particle of mass m in a simple harmonic oscillator potential 


of frequency W. You will need the identity 


| £44? —~2E nz eee eee | | 
mA e -e = e" el DIa Han). 
40 


n=0 
(c) Find W (x, t} if the particle from part (a) is initially in the state 


aay 14 ; 


T 


Compare your answer with Problem 2.49. Note: Problem 2.49 is a special 
case with a = mw /2fi. 
(d) Find K for a free particle of mass m. In this case the stationary states are 


continuous, not discrete, and one must make the replacement 


90 
> a L dp 


in Equation 6.79. 
(e) Find (x, t} for a free particle that starts out in the state 


Compare your answer with Problem 2.21. 
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Further Problems on Chapter 6 


Problem 6.31 In deriving Equation 6.3 we assumed that our function had a ‘Taylor 
series. The result holds more generally if we define the exponential of an 


operator by its spectral decomposition, 


ee 6.80 
T (a) = | e@P!" |p) (pl dp, oe 


rather than its power series. Here I’ve given the operator in Dirac notation; 
acting on a position-space function (see the discussion on page 123) this 
means 

ae ee ae ee ee (6.81) 
Faya | et?!" p, (x) o (py dp. 


-00 


where Ẹ { p) is the momentum space wave function corresponding to W (x) 
and fp (x) is defined in Equation 3.32. Show that the operator T (a), as given 
by Equation 6.81, applied to the function 


v(x) = Vie 
(whose first derivative is undefined at x = 0} gives the correct result. 


** Problem 6.32 Rotations on spin states are given by an expression identical to 


Equation 6.32, with the spin angular momentum replacing the orbital angular 





momentum: 


Ra p) = exp | —i =n , S| | 
7 
In this problem we will consider rotations of a spin-] /2 state. 
(a) Show that 
(a-o)(b-o7)=a-b+i(ax b)-o, 


where the 9; are the Pauli spin matrices and a and þ are ordinary vectors. 
Use the result of Problem 4.29. 
(b) Use your result from part (a) to show that 


eX l-i Ti J = cos( £) -=i sin(=) n-o 
Tl kd Nay o 


Recall that S = (h/2) a. 
(c) Show that your result from part (b) becomes, in the standard basis of spin 


up and spin down along the z axis, the matrix 


pt Os (5) E — isin (=) = cos  sinĝe™? 
O Aa I ~ N27 \ sinde'? —cosð , 


344 


www.urdukutabkhanapk.blogspot.com 


(d) 
(e) 


(f) 


(g) 


where 6 and @ are the polar coordinates of the unit vector n that describes 
the axis of rotation. 

Verify that the matrix Rp in part (c) is unitary. 

Compute explicitly the matrix S. — R's, R where R is a rotation by an 
angle ¥ about the z axis and verify that it returns the expected result. 
Hint: rewrite your result for S‘, in terms of § , and Sy. 

Construct the matrix for a 7 rotation about the x axis and verify that it 
turns an up spin into a down spin. 

Find the matrix describing a 27 rotation about the z axis. Why is this 


answer surprising? 


ef 2 1, Problem 6.33 Consider a particle of mass m in a two-dimensional infinite square 


well with sides of length L. With the origin placed at the center of the well, 


the stationary states can be written as 


ce wy gn (tet (_ L\) [yt (LY) 
Ba HY) = 7 sin] —(x— 5 } | sin] (ya J] 


with energies 


Va 
Mane ey ‘ 
Enyny = —— (n: + n3) : 








2m L« 


for positive integers My and /y. 


(a) 


The two states Wap and Wha for a Æ b are clearly degenerate. Show that a 
rotation by 90e counterclockwise about the center of the square carries one 


into the other, 


R ur ab & W Das 


(b) 


Wi = 


(c) 


and determine the constant of proportionality. Hint: write Wp in polar 
coordinates. 
Suppose that instead of Wap and Wha we choose the basis W4 and y_ for 


our two degenerate states: 


W ab = ur ba 


af 2 


Show that if a and 4 are both even or both odd, then W} and yr_ are 
eigenstates of the rotation operator. 

Make a contour plot of the state w_ for q = 5 and þ = 7 and verify 
(visually) that it is an eigenstate of every symmetry operation of the square 
(rotation by an integer multiple of m2, reflection across a diagonal, or 
reflection along a line bisecting two sides). The fact that yy, and yr_ are 
not connected to each other by any symmetry of the square means that 
there must be additional symmetry explaining the degeneracy of these two 


states.“2 
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KKK Problem 6.34 The Coulomb potential has more symmetry than simply rotational 
invariance. This additional symmetry is manifest in an additional conserved 
quantity, the Laplace-Runge—Lenz vector 

~ px L—Lxp 


M + Virjr, 


2m 


where V (r) is the potential energy, V (r) = =. Jáne” The complete set 


of commutators for the conserved quantities in the hydrogen atom is 


+ 


(i) (À, Mi | =0 


—, 
cad 
pa: 

San 

— 
no» 
[> 

O y 
| 
D 


(iii) ba i,| = thes jp Le 


(iv) Li M| = ihe; jn My, 
Se me R hi A og 
(v) Mi. M1 | = 7éijkLk— H. 
I m 
The physical content of these equations is that (i) M is a conserved quantity, 
(ii) L is a conserved quantity, (iii) L is a vector, and (iv) M is a vector ((v) has 
no obvious interpretation). There are two additional relations between the 


quantities [,, Wf, and yy. They are 





wi) a = ( j ) +24 (+r) 


Areg m 
(vii) M-L=0. 
(a) From the result of Problem 6.19, and the fact that yj is a conserved 


quantity, we know that M Wnet = CneWn(é+lé+b for some constants 
Cnt. Apply (vii) to the state yy, ¢¢ to show that 


| | 
= E aal eWne+le- 
(b) Use (vi) to show that 


Ao A 2 
smite fo ge 3 E+" ys 
M_M Ynet = ( ) [ — ( ) | vac vn 
Arr ey n 


(c) From your results to parts (a) and (b), obtain the constants Cy”. You 


M; W nét = 








should find that Cng is nonzero unless #¢ — p — |. Hint: Consider 
| f |MiWrem |*d-r and use the fact that M4 are Hermitian conjugates. 
Figure 6.9 shows how the degenerate states of hydrogen are related by the 
generators J, and M. 
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| Li | L 
31-1 32-1 
|a 
32-2 


— 


Figure 6.9: The degenerate p — 3 states of the hydrogen atom, and the symmetry 


operations that connect them. 


** | Problem 6.35 A Galilean transformation performs a boost from a reference frame 
S to a reference frame §’ moving with velocity — v with respect to § (the 
origins of the two frames coincide at f = 0). The unitary operator that carries 
out a Galilean transformation at time Z is 
= z a I ' m A, 

l (v, t} = exp Sl (1p —mx) |. 
ee 
(a) Find ¢’— piir and p' = rt p I’ for an infinitesimal transformation 
with velocity 0. What is the physical meaning of your result? 
(b) Show that 


P Ei | a ee 

I (v, £) = exp p (ms u— im 1r) | T (vt) 
= T ee Í : | uti j 
= T (vt) exp E mxu + "~ rti- 


where F is the spatial translation operator (Equation 6.3). You will need 
to use the Baker—Campbell—Hausdorff formula (Problem 3.29). 
(c) Show that if W is a solution to the time-dependent Schrédinger equation 


with Hamiltonian 


=> 
|| 
| 
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then the boosted wave function w’ = Ù (v,f) is a solution to the 


time-dependent Schrodinger equation with the potential V (7) in motion: 


7 p“ 
H = — + V (x— vf). 
om 


Note: (d /dt) oA = gå (dA jdt) only if A, (dA dt) — 0. 
(d) Show that the result of Problem 2.50(a) is an example of this result. 


Problem 6.36 A ball thrown through the air leaves your hand at position ro with a 
velocity of Vo and arrives a time ¢ later at position | traveling with a velocity 
vı (Figure 6.10). Suppose we could instantaneously reverse the ball’s velocity 
when it reaches rj. Neglecting air resistance, it would retrace the path that 
took it from rg to F] and arrive back at ro after another time ¢ had passed, 
traveling with a velocity — vo. This is an example of time-reversal invariance 
—reverse the motion of a particle at any point along its trajectory and it will 


retrace its path with an equal and opposite velocity at all positions. 












































=t : 


Figure 6.10: A ball thrown through the air (ignore air resistance) is an example of 
a system with time-reversal symmetry. If we flip the velocity of the particle at any 


point along its trajectory, it will retrace its path. 


Why is this called time reversal? After all, it was the velocity that was reversed, 
not time. Well, if we showed you a movie of the ball traveling from F1 to rọ, 
there would be no way to tell if you were watching a movie of the ball after the 
reversal playing forward, or a movie of the ball before the reversal playing 
backward. In a time-reversal invariant system, playing the movie backwards 


represents another possible motion. 
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A familiar example of a system that does not exhibit time-reversal 
symmetry is a charged particle moving in an external magnetic field. In that 


case, when you reverse the velocity of the particle, the Lorentz force will also 


change sign and the particle will not retrace its path; this is illustrated in 


Figure 6.11. 





Figure 6.11: An external magnetic field breaks time-reversal symmetry. Shown is 
the trajectory of a particle of charge + q traveling in a uniform magnetic field 
pointing into the page. If we flip the particle’s velocity from V| to — Vj at the 
point shown, the particle does not retrace its path, but instead moves onto a new 


circular orbit. 


The time-reversal operator à is the operator that reverses the momentum of 
the particle {p —> —p), leaving its position unchanged. A better name would 
really be the “reversal of the direction of motion” operator. For a spinless 
particle, the time-reversal operator @ simply complex conjugates the position- 


space wave function*2 


OW (x,t) = W* (x,t). (6.82) 


(a) Show that the operators ¢ and p transform under time reversal as 


t=O 'rO=x 

p = Ôl pÔ = p. 
Hint: Do this by calculating the action of ¢/ and p' on an arbitrary test 
function f (x). 

(b) We can write down a mathematical statement of time-reversal invariance 
from our discussion above. We take a system, evolve it for a time £, 
reverse its momentum, and evolve it for time ¢ again. If the system is 


time-reversal invariant it will be back where it started, albeit with its 


momentum reversed (Figure 6.10). As an operator statement this says 


U (t) QU (t) =O. 
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If this is to hold for any time interval, it must hold in particular for an 


infinitesimal time interval Ò. Show that time-reversal invariance requires 


ae 6.83 
[ô, A] =0. oe) 
(c) Show that, for a time-reversal invariant Hamiltonian, if Wp (x) is a 

stationary state with energy E,, then W (x) is also a stationary state with 
the same energy En. If the energy is nondegenerate, this means that the 
stationary state can be chosen as real. 

(d) What do you get by time-reversing a momentum eigenfunction fp (x) 
(Equation 3.32)? How about a hydrogen wave function Wum (r, 0, Q)? 
Comment on each state’s relation to the untransformed state and verify 
that the transformed and untransformed states share the same energy, as 


guaranteed by (c). 


Problem 6.37 As an angular momentum, a particle’s spin must flip under time 
reversal (Problem 6.36). The action of time-reversal on a spinor 


(Section 4.4.1) is in fact 


6 ( A ) = ( a ) a 
b a 


so that, in addition to the complex conjugation, the up and down components 

are interchanged.“ 

(a) Show that @2 — — | fora spin-]/2 particle. 

(b) Consider an eigenstate |W} of a time-reversal invariant Hamiltonian 
(Equation 6.83) with energy E,,. We know that |t} = © |ur,,} is also an 
eigenstate of yy with the same energy Ep. There two possibilities: either 
|v) and |y,) are the same state (meaning |W) =c|W,) for some 
complex constant c} or they are distinct states. Show that the first case 
leads to a contradiction in the case of a spin-] /2 particle, meaning the 
energy level must be (at least) two-fold degenerate in that case. 

Comment: What you have proved is a special case of Kramer’s degeneracy: for 

an odd number of spin-| /2 particles (or any half-integer spin for that matter), 

every energy level (of a time-reversal-invariant Hamiltonian) is at least two- 

fold degenerate. This is because—as you just showed—for half-integer spin a 


state and its time-reversed state are necessarily distinct.** 





A square of course has other symmetries as well, namely mirror symmetries about axes along a diagonal or bisecting two sides. The set of all 
transformations that leave the square unchanged is called Jy, the “dihedral group” of degree 4. 

The parity operation in three dimensions can be realized as a mirror reflection followed by a rotation (see Problem 6.1). In two dimensions, 
the transformation W” (x, vy) = W (—x, — y} is no different from a 180" rotation. We will use the term parity exclusively for spatial 
inversion, BEN (r) = W (—r), in one or three dimensions. 

Im assuming that our function has a Taylor series expansion, but the final result applies more generally. See Problem 6.31 for the details. 


See Section 3.6.2 for the definition of the exponential of an operator. 
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The term comes from the study of Lie groups (the group of translations is an example). If you're interested, an introduction to Lie groups 
(written for physicists) can be found in George B. Arfken, Hans J. Weber, and Frank E. Harris, Mathematical Methods for Physicists, 7th edn, 
Academic Press, New York (2013), Section 17.7. 

Unitary operators are discussed in Problem A.30. A unitary operator is one whose adjoint is also its inverse: ‘ii Tt = (rt ij — |- 

It is clear that Equation 6.12 satisfies Equation 6.11. In Problem 6.5 you'll prove that they are in fact equivalent statements. 

For a delightful proof using perturbation theory, see Neil Ashcroft and N. David Mermin, Solid State Physics, Cengage, Belmont, 1976 (p. 
765), after you have completed Problem 6.6 and studied Chapter 7. 

For the case of continuous symmetries, it is often much easier to work with the infinitesimal form of the transformation; any finite 
transformation can then be built up as a product of infinitesimal transformations. In particular, the finite translation by a is a sequence of N 


infinitesimal translations with å = a / N in the limit that N — ne: 


lii ( pe 5) oe Oe ca 
i =i —exp|——p|. 
ies a N ht Pl RE! 


For a proof see R. Shankar, Basic Training in Mathematics: A Fitness Program for Science Students, Plenum Press, New York, 1995 (p.11). 


= In the case of a discrete translational symmetry, momentum is not conserved, but there is a conserved quantity closely related to the discrete 


translational symmetry, which is the crystal momentum. For a discussion of crystal momentum see Steven H. Simon, The Oxford Solid State 
Basics, Oxford, 2013, p.84. 


1! Tf the spectrum of (} is degenerate {there are distinct eigenvectors with the same eigenvalue Gy: Afh — a ) Ui fori = 1.2,...), 
P 8 , 8 5 O lfr = gnl 


then we need to sum over those states: 


l 44 
ee 
P (Gn) = >> | fa wi) : 
i 


Except for the sum over i the proof proceeds unchanged. 
For bound (normalizable) states in one dimension, there is no degeneracy and every bound state of a symmetric potential is automatically an 


eigenstate of parity. (However, see Problem 2.46.) For scattering states, degeneracy does occur. 


= Note that Equation 6.24 could equivalently be written as fi. i. = Ü. The fact that parity commutes with every component of the angular 


momentum (and therefore also f2 | is the reason you can find simultaneous eigenstates of f 2, Le and fy. 

However, it turns out that anfiparticles of spin | ;'2 have opposite parity. Thus the electron is conventionally assigned parity + |, but the 
positron then has parity — ]. 

To go the other way, from infinitesimal to finite, see Problem 6.14. 

See Section A.5. 

The Levi-Civita symbol €i jk is defined in Problem 4.29. 

Of course, not every operator will fit into one of these categories. Scalar and vector operators are simply the first two instances in a hierarchy 
of tensor operators. Next come second-rank tensors (the inertia tensor from classical mechanics or the quadrupole tensor from 
electrodynamics are examples), third-rank tensors, and so forth. 

This follows from the fact that the radial Schrödinger equation (Equation 4.35) has at most a single normalizable solution so that, once you 
have specified £ and m, the energy uniquely specifies the state. The principal quantum number 7 indexes those energy values that lead to 


normalizable solutions. 


< When we can’t identify the symmetry responsible for a particular degeneracy, we call it an accidental degeneracy. In most such cases, the 


degeneracy turns out to be no accident at all, but instead due to symmetry that is more difficult to identify than, say, rotational invariance. 


The canonical example is the larger symmetry group of the hydrogen atom (Problem 6.34). 


& This is highly non-classical. In classical mechanics, if you take a Keplerian orbit there will always be some axis about which you can rotate it 


to get a different Keplerian orbit (of the same energy) and in fact there will be an infinite number of such orbits with different orientations. 
In quantum mechanics, if you rotate the ground state of hydrogen you get back exactly the same state regardless of which axis you choose, 
and if you rotate one of the states with n = 3 and £ — |, you get back a linear combination of the three orthogonal states with these 
quantum numbers. 

Of course, we already know the energies are equal since the radial equation, Equation 4.35, does not depend on m. This example 


demonstrates that rotational invariance is behind the degeneracy. 


& I don’t mean that they necessarily occur in this order. Look back at the infinite spherical well (Figure 4.3): starting with the ground state the 


degeneracies are = |, 3, 5, 1, 7, 3,9, 5, ...- These are precisely the degrees of degeneracy we expect for rotational invariance {2 + | for 
integer £} but the symmetry considerations don’t tell us where in the spectrum each degeneracy will occur. 

For the three-dimensional harmonic oscillator the degeneracy is n {n + 1} /2 = 1, 3, 6, 10, .. . (Problem 4.46) which again is greater 
than 2f + |. For a discussion of the additional symmetry in the oscillator problem see D. M. Fradkin, Am. J. Phys. 33, 207 (1965). 
Importantly, they satisfy Equations 4.118 and 4.120. 


© The other root of the quadratic id (e + l) — E {E + l} = Ü is f = — {f + ly; since £ and ¢' are non-negative integers this isn’t 


possible. 


351 


Is RB 
© \O 


2 The operators |, are, up to constants, components of what are known as spherical tensor operators of rank 1, written f 


www.urdukutabkhanapk.blogspot.com 


Since f i and Lẹ are Hermitian, 


I EF TE M A. 
pik) where & is the 


rank and q the component of the operator: 


Similarly, the scalar operator f treated in Section 6.7.1 is a rank-0 spherical tensor operator: 


= (0) A 
Ty =f- 


Equations 6.51—6.54 each stand for ¢wo equations: read the upper signs all the way across, or the lower signs. 
A warning about notation: In the selection rules for the scalar operator r, 

i fal į i On _ & a j f at $ a 

jn € m'|r rem) = beem (ee € |r |ne) 


and for a component (say z) of the vector operator r, 


(n’ €'m'|z [nëm p= He n'e] F | ne}, 


the two reduced matrix elements are not the same. One is the reduced matrix element for 7 and one is the reduced matrix element for r, and 
these are different operators that share the same name. You could tack on a subscript {in p | F | në) 5 and jn" p | r | ne la) to distinguish 
between the two if that helps keep them straight. 


= In the case of the position operator p, this correspondence is particularly evident when we rewrite the operator with the help of ‘Table 4.3: 





E » +r | Sor Som = 
rE = rsin@e—'* =n i A (7, i) 





a E Fia yo (a 
Z=rcos¢ =F, — Y A, ; 
\ 3 j * p) 


Since cee’ 


Om’ = oe oO pyr one could rewrite the selection rules for a scalar operator (Equation 6.47) as 
müm 


Falat Blo pen} — gree’ ry F 
[n Em f Inem) = ciarn £ | f | ne). 


Why is this analysis limited to the case where jf is independent of time? Whether or not jf depends on time, Schrédinger’s equation says 
ii = H WW However, if H is time dependent then the second derivative of iW is given by 


7 r 
A- J f | y | IH | ie 
—_W = Z (Sav) sie Op cn 
are df Nih ih gt he 


and higher derivatives will be even more complicated. Therefore, Equation 6.69 only follows from Equation 6.68 when ff has no time 


dependence. See also Problem 11.23. 


2 This derivation assumes that the actual solution to Schrodinger’s equation, ¥ (x, f), can be expanded as a Taylor series in £, and nothing 


guarantees that. B. R. Holstein and A. R. Swift, 4. J. Phys. 40, 829 (1989) give an innocent-seeming example where such an expansion does 
not exist. Nonetheless, Equation 6.71 still holds in such cases as long as we define the exponential function through its spectral 


decomposition (Equation 3.103): 


Ü (th = oe eel in) ial: (6.70) 


i 


See also M. Amaku et al., Am. J. Phys. 85, 692 (2017). 

Since Equation 6.73 holds for any stationary state Wy and since the Why constitute a complete set of states, the operators must in fact be 
identical. 

I am assuming that O; like ¢ or f}, has no explicit time dependence. 

Of these other possible pictures the most important is the interaction picture (or Dirac picture) which is often employed in time-dependent 


perturbation theory. 
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And is a function of doz the initial time ig and the final time ¢, not simply the amount of time for which the wave function has evolved. 
For time-dependent O and fy the generalization is 

a a a : A A +b yl ; Ps 
P E O =|0n).An(| +0 =e. 

af di 


=~ The integrals in (c)-(e) can a// be done with the following identity: 


i y z 
—ax-+hx 4 |T bh ida 
| e" dx = |e e, 
ee Va 


which was derived in Problem 2.21. 

For a discussion of how this sign change is actually measured, see S. A. Werner et al., Phys. Rev. Lett. 35, 1053 (1975). 

See F. Leyvraz, et al., Am. J. Phys. 65, 1087 (1997) for a discussion of this “accidental” degeneracy. 

The full symmetry of the Coulomb Hamiltonian is not just the obvious three-dimensional rotation group (known to mathematicians as 
SO(3)), but the four-dimensional rotation group (SO(4)), which has six generators {L and Ml}. (If the four axes are w, x, y, and z, the 


generators correspond to rotations in each of the six orthogonal planes, wx, wy, wz (that’s MI} and yz, zx, xy (that’s L). 


— By external magnetic field, I mean that we we only reverse the velocity of our charge g, and not the velocities of the charges producing the 


magnetic field. If we reversed those velocities as well, the magnetic field would also switch directions, the Lorentz force on the charge g 
would be unchanged by the reversal, and the system would in fact be time-reversal invariant. 

See Eugene P. Wigner, Group Theory and its Applications to Quantum Mechanics and Atomic Spectra (Academic Press, New York, 1959), p. 
32): 


= Time reversal is an anti-unitary operator. An anti-unitary operator satisfies 


(Qf \@g) = (fig) 
O(a jæ) + b|) —a* Ola} +b*Ê |p} 


whereas a unitary operator satisfies the same two equations without the complex conjugates. I won’t define the adjoint of an anti-unitary 


operator; instead I use —! for an anti-unitary operator where we might have used g} Y or gt —! interchangeably for a unitary operator. 


~ For arbitrary spin, 


Â — ea im sysh zg (6.85) 


where the first term is a rotation by 7 about the y axis and Ẹ is the operator that performs the complex conjugation. 


= What about in the case of a spin-O particle—does time-reversal symmetry tell us anything interesting? Actually it does. For one thing, the 


stationary states can be chosen as real; you proved this back in Problem 2.2 but we now see that it is a consequence of time-reversal 
symmetry. Another example is the degeneracy of the energy levels in a periodical potential (Section 5.3.2 and Problem 6.6) for states with 
crystal momentum g and — 4. This can be ascribed to inversion symmetry if the potential is symmetric, but the degeneracy persists even 


when inversion symmetry is absent (try it out!); that is a result of time-reversal symmetry. 
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Part II 
Applications 
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7 
Time-Independent Perturbation Theory 


355 


www.urdukutabkhanapk.blogspot.com 


7.1 Nondegenerate Perturbation Theory 
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7.1.1 General Formulation 


Suppose we have solved the (time-independent) Schrödinger equation for some potential (say, the one- 


dimensional infinite square well): 


( 
H° y? = Ey? (7.1) 


obtaining a complete set of orthonormal eigenfunctions, yy, 


| y (7.2) 





vin) = on s 


and the corresponding eigenvalues E. Now we perturb the potential slightly (say, by putting a little bump in 
the bottom of the well—Figure 7.1). We'd /ike to find the new eigenfunctions and eigenvalues: 


AY, = Lp Wy, . (7.3) 


but unless we are very lucky, we’re not going to be able to solve the Schrodinger equation exactly, for this 
more complicated potential. Perturbation theory is a systematic procedure for obtaining approximate solutions 


to the perturbed problem, by building on the known exact solutions to the unperturbed case. 


Vix) 


Figure 7.1: Infinite square well with small perturbation. 
To begin with we write the new Hamiltonian as the sum of two terms: 
H= HI 4AH", (7.4) 


where H" is the perturbation (the superscript 0 always identifies the unperturbed quantity). For the moment 
well take }, to be a small number; later we'll crank it up to 1, and H will be the true Hamiltonian. Next we 


write W, and E,, as power series in j: 
Wa = yo T Ayr T we a ee (7.3) 
E =E pIE ek E pen, (7.6) 


Here El is the first-order correction to the nth eigenvalue, and yl is the first-order correction to the nth 


eigenfunction; E? and y? are the second-order corrections, and so on. Plugging Equations 7.5 and 7.6 into 
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Equation 7.3, we have: 
(B° tam) [yo tau, tay t | 
= (EL HAE +A EZ +.) [ve tayi tay t], 
or (collecting like powers of 4): 
Hy) +A (H Y, + HU) +A? (H Y + HG, ) be 
=| | 1 2 2 ? 2 
= Enw, TA (Env, ae E, va) TA (Env T E; Y T En vn) a as 
To lowest order! (2°) this yields H Oyo = Foy, which is nothing new (Equation 7.1). To first order (A | ), 
To second order (17 ), 
Hb, + Hy = ERYR + En + Enns “= 


and so on. (I’m done with },, now—it was just a device to keep track of the different orders—so crank it up to 


1.) 
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7.1.2 First-Order Theory 


Taking the inner product of Equation 7.7 with yr® (that is, multiplying by (w9) “ and integrating), 
() „0 
(v Vn): 


But 7" is hermitian, so 





Ha) + (Va 





f { 
HW) = En (Vy 





yi) + E! (ye 





Oleri 00l 1) 05,0171 pü fy Oly | 
(ye Hv) = (Howe) vn) = (Ene iva) = En (wala), 
and this cancels the first term on the right. Moreover, (yo | y9) =, so* 


(7.9) 





This is the fundamental result of first-order perturbation theory; as a practical matter, it may well be the most 
frequently used equation in quantum mechanics. It says that the first-order correction to the energy is the 


expectation value of the perturbation, in the unperturbed state. 


Example 7.1 


The unperturbed wave functions for the infinite square well are (Equation 2.31) 


ne: 1 (MIT ` 
v(x) = y- sin (—x). 


a ct 


Suppose we perturb the system by simply raising the “floor” of the well a constant amount Vy 


(Figure 7.2). Find the first-order correction to the energies. 


Vind 


f 
Vo 





Figure 7.2: Constant perturbation over the whole well. 


Solution: In this case H” = Vp, and the first-order correction to the energy of the mth state is 


B= (0 





Vo 





ve) = Vo (vn 





ur a) = Vp. 
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The corrected energy levels, then, are E,, = E? + V; they are simply lifted by the amount Vp. Of 
course! The only surprising thing is that in this case the first-order theory yields the exact answer. 
Evidently for a constant perturbation all the higher corrections vanish. On the other hand, if the 
perturbation extends only half-way across the well (Figure 7.3), then 


a Jü 


In this case every energy level is lifted by Vg/2. That’s not the exact result, presumably, but it does 


seem reasonable, as a first-order approximation. 





Figure 7.3: Constant perturbation over half the well. 


Equation 7.9 is the first-order correction to the energy; to find the first-order correction to the wave 


function we rewrite Equation 7.7: 
: E ni | 7.10 
(1° — £8) yi =—(n'—e!) v8 740) 


The right side is a known function, so this amounts to an inhomogeneous differential equation for yrl. Now, 
the unperturbed wave functions constitute a complete set, so yr (like any other function) can be expressed as a 


linear combination of them: 


d % a0 7.11 
Wy = 2- t HI” ( 


HoH 


(There is no need to include m = n in the sum, for if yr satisfies Equation 7.10, so too does (yr 4+ bp), 
for any constant A, and we can use this freedom to subtract off the y9 term.“ ) If we could determine the 
coefficients ce } wed be done. 


Well, putting Equation 7.11 into Equation 7.10, and using the fact that yo satisfies the unperturbed 





Schrödinger equation (Equation 7.1), we have 
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yw? 


0) Oy in) p0 r Fa 
a (EP ag ES) a Vn aS (H FE En) n’ 


mEn 
Taking the inner product with y, 


0 0 in) [01,0 üll 1/.,0!.,0 
L (ze ca EP) cf (yi vin) = —(¥ lg we) + En (yi We). 


mÆn 





If | = m, the left side is zero, and we recover Equation 7.9; if l Æ n, we get 











(EF — En) a — — (yP H’ We). 
or 
() Fl a) 
ln) (Win H Wal (7.12) 
k Ey 
SO 


(7.13) 


wey (Yin [H| Yn) 0 


Air feo _ FÜ m 
men (E; Em) 





Notice that the denominator is safe (since there is no coefficient with m = n) as long as the unperturbed energy 


spectrum is nondegenerate. But if two different unperturbed states share the same energy, we're in serious 





trouble (we divided by zero to get Equation 7.12); in that case we need degenerate perturbation theory, which 
Pll come to in Section 7.2. 
That completes first-order perturbation theory: The first-order correction to the energy, E), is given by 


Equation 7.9, and the first-order correction to the wave function, yrl, is given by Equation 7.13. 


x Problem 7.1 Suppose we put a delta-function bump in the center of the infinite 
square well: 
H' = ad(x — a/2), 


where is a constant. 
(a) Find the first-order correction to the allowed energies. Explain why the 
energies are not perturbed for even n. 
(b) Find the first three nonzero terms in the expansion (Equation 7.13) of 


the correction to the ground state, yi. 


x Problem 7.2 For the harmonic oscillator [ V(x) = űl; kx", the allowed 


energies are 
E, = (n+ 1/2)ħo, {n =0, 1,2, 2.2); 


where « = „/'k/m is the classical frequency. Now suppose the spring constant 
increases slightly: k —> (1 + €) k. (Perhaps we cool the spring, so it becomes less 
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flexible.) 
(a) Find the exact new energies (trivial, in this case). Expand your formula as 
a power series in €, up to second order. 
(b) Now calculate the first-order perturbation in the energy, using Equation 
7.9. What is H” here? Compare your result with part (a). Hint: It is not 
necessary—in fact, it is not permitted—to calculate a single integral in 


doing this problem. 


Problem 7.3 Two identical spin-zero bosons are placed in an infinite square well 


(Equation 2.22). They interact weakly with one another, via the potential 
V(x, x2) = —a Voô(x] — x9) 


(where Vp is a constant with the dimensions of energy, and a is the width of the 
well). 

(a) First, ignoring the interaction between the particles, find the ground state 
and the first excited state—both the wave functions and the associated 
energies. 

(b) Use first-order perturbation theory to estimate the effect of the particle- 
particle interaction on the energies of the ground state and the first 


excited state. 
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7.1.3. Second-Order Energies 


Proceeding as before, we take the inner product of the second-order equation (Equation 7.8) with yp: 
J ] F 2 
(yo evr) + (vel Ay) = ES (Welwa)+ E (Waly) E (welwe), 
Again, we exploit the hermiticity of H®: 
O1770,)2 0 ofl? 
(wo |Hown) = (Hove Ua) = En (Un |wa) 


so the first term on the left cancels the first term on the right. Meanwhile, (yy| fo} = — |, and we are left with 


a formula for EZ: 





























3 ry eee Bs, (7.14) 
E; = (v H HE E (we Vn): 
But 
Wilda) = > cM wPly?) =0 
HISEH 
(because the sum excludes m = n, and all the others are orthogonal), so 
Of ey! ry (n) F (ve m Mka win] 
= = (Wy, Wa i F Cm Vn | a= bJ ee 
RISEN nisin n m 
or, finally, 
(7.15) 


F? = D (¥ iO E| ve hs : 


"H EO FO — F0 


= 
mtn mi 





This is the fundamental result of second-order perturbation theory. 
: : fa? : 
We could go on to calculate the second-order correction to the wave function (W2), the third-order 


correction to the energy, and so on, but in practice Equation 7.15 is ordinarily as far as it is useful to pursue 
this method.2 


ok Problem 7.4 Apply perturbation theory to the most general two-level system. The 


unperturbed Hamiltonian is 


and the perturbation is 
H a3. ( Vaa Vab ) 
Vba Vib 


Ses) VT. — VF Vf Pentel T7. . HAAI an that ll Area ere TEIAmA Aa ta ey ye T 1 1 ML: Dain 
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with Vig = V” Vaa and Vp, real, so that H is hermitian. As in Section 7.1.1, 4 is 


am 
a constant that will later be set to 1. 
(a) Find the exact energies for this two-level system. 
(b) Expand your result from (a) to second order in à (and then set } to 1). 
Verify that the terms in the series agree with the results from perturbation 


theory in Sections 7.1.2 and 7.1.3. Assume that Ep > Ep 
(c) Setting Faa = Vp, = 0, show that the series in (b) only converges if 


|_Vas Va b 


| 
| ER Teias 





Comment: In general, perturbation theory is only valid if the matrix 
elements of the perturbation are small compared to the energy level 
spacings. Otherwise, the first few terms (which are all we ever calculate) 
will give a poor approximation to the quantity of interest and, as shown 
here, the series may fail to converge at all, in which case the first few 


terms tell us nothing. 


x Problem 7.5 
(a) Find the second-order correction to the energies (E z) for the potential in 
Problem 7.1. Comment: You can sum the series explicitly, obtaining 
— Im (& /x hn)? for odd n. 
(b) Calculate the second-order correction to the ground state energy (E3) for 
the potential in Problem 7.2. Check that your result is consistent with the 


exact solution. 


KK Problem 7.6 Consider a charged particle in the one-dimensional harmonic 
oscillator potential. Suppose we turn on a weak electric field {E}, so that the 
potential energy is shifted by an amount H’ = —q Ex. 

(a) Show that there is no first-order change in the energy levels, and calculate 
the second-order correction. Hint: See Problem 3.39. 

(b) The Schrödinger equation can be solved directly in this case, by a change 
of variables: x” = x — (q E Imo? ). Find the exact energies, and show 


that they are consistent with the perturbation theory approximation. 


a ae ass Problem 7.7 Consider a particle in the potential shown in Figure 7.3. 
(a) Find the first-order correction to the ground-state wave function. The 
first three nonzero terms in the sum will suffice. 
(b) Using the method of Problem 2.61 find (numerically) the ground-state 
wave function and energy. Use Wy = Ae / maz and N = 100. Compare 
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the energy obtained numerically to the result from first-order 


perturbation theory (see Example 7.1). 

(c) Make a single plot showing (i) the unperturbed ground-state wave 
function, (ii) the numerical ground-state wave function, and (ii) the first- 
order approximation to the ground-state wave function. Note: Make sure 


you ve properly normalized your numerical result, 


N 
L= | iy Pda = Y pi Ax. 


i=l 
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7.2 Degenerate Perturbation Theory 


If the unperturbed states are degenerate—that is, if two (or more) distinct states (yo and vy) share the same 
energy—then ordinary perturbation theory fails: co (Equation 7.12) and E? (Equation 7.15) blow up 
H’ 


on). In the degenerate case, therefore, there is no reason to trust even the first-order correction to the energy 


(unless, perhaps, the numerator vanishes, | we? 








we) = (+a loophole that will be important to us later 


(Equation 7.9), and we must look for some other way to handle the problem. Note this is mot a minor 


problem; almost all applications of perturbation theory involve degeneracy. 
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7.2.1 Two-Fold Degeneracy 





Suppose that 

Hy? = By, Hy? = Fy? (yo) v2) — Q. (7.16) 
with y® and yr both normalized. Note that any linear combination of these states, 

y” T p 4 Bye, (7.17) 
is still an eigenstate of H0, with the same eigenvalue Ff": 

Hy? = poy. (7.18) 


Typically, the perturbation (H") will “break” (or “lift”) the degeneracy: As we increase }, (from 0 to 1), the 
common unperturbed energy Æ® splits into two (Figure 7.4). Going the other direction, when we turn off the 
perturbation, the “upper” state reduces down to one linear combination of yo and yP, and the “lower” state 
reduces to some (orthogonal) linear combination, but we don’t know a priori what these “good” linear 
combinations will be. For this reason we can’t even calculate the first-order energy (Equation 7.9)—we don’t 


know what unperturbed states to use. 





A 


Figure 7.4: “Lifting” of a degeneracy by a perturbation. 


The “good” states are defined as the limit of the true eigenstates as the perturbation is switched off 
(A. — Q) but that isn’t how you find them in realistic situations (if you knew the exact eigenstates you 
wouldn’t need perturbation theory). Before I show you the practical techniques for calculating them, we'll look 


at an example where we can take the }, — O limit of the exact eigenstates. 


Example 7.2 


Consider a particle of mass m in a two-dimensional oscillator potential 


to which is added a perturbation 
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H' =emo xy. 


The unperturbed first-excited state (with FY — 2ha) is two-fold degenerate, and one basis for those 


two degenerate states is 


ETTE (7.19) 
y? = pw y o) = Joye m e) 
Fi : Lah a \ 7 hj 2 
ü ; [2 mw Omo ( EzE) 
pi = m eiO) =y re NS 
" Va h 


where o and Wy refer to the one-dimensional harmonic oscillator states (Equation 2.86). To find the 
“good” linear combinations, solve for the exact eigenstates of H — Y" + H' and take their limit as 


€ — (). Hint: The problem can be solved by rotating coordinates 


, XHY r XF (7.20) 
X 


— 1 =.= 


a 


Solution: In terms of the rotated coordinates, the Hamiltonian is 


H = — | —~+ —~]+ =m +E x + —m —€)®@ y. 
2m \ax'? ay” 2 2 : 


This amounts to two independent one-dimensional oscillators. ‘The exact solutions are 
ate alt foe) ale foal 
Winn B Vin (x ) Wa () ) 7 


where y= are one-dimensional oscillator states with frequencies y = ,/] + ew respectively. The 


first few exact energies, 


: | | | 
(oe (m SE =) ome H (» E 5) ha, 


(721) 


are shown in Figure 7.5. 


ad 


hh 


0.0 a 0.1 ao 02 oo 0.3 OO “0.4 ~ A 0.5 
Figure 7.5: Exact energy levels as a function of € for Example 7.2. 
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The two states which grow out of the degenerate first-excited states as € is increased have m = (), 


n = | (lower state) and m = 1, n = 0 (upper state). If we track these states back to e = Q (in that 





limitw, = w_ = w) we get 
lim You (x) = lim vg (x’) yT (y) =v (=> Y (= von 
i xX) = nm i XI y =y AOOO A 
PEN x, maar a ae 0 Ja l A 
A a li i A0 1 0 
_ [2mox—y me 2s?) _ Va +Y 





Vr h 2 = ae * 


(25) 





In this example we were able to find the exact eigenstates of H and then turn off the perturbation to 
see what states they evolve from. But how do we find the “good” states when we can’t solve the system 


exactly? 


For the moment let’s just write the “good” unperturbed states in generic form (Equation 7.17), keeping a 





and B adjustable. We want to solve the Schrödinger equation, 

Aw = Ew, (7.24) 
with H = H” + } H' and 
Plugging these into Equation 7.24, and collecting like powers of }, (as before) we find 

Hoy +. a (Ay? + Hy") p By 4 a (Ely? + E°y') en 


But H” yp” =F 00 (Equation 7.18), so the first terms cancel; at order } | we have 





Hy! 4 H'y®? = Ey 4 Ely. (7.26) 


Taking the inner product with yy: 


(yo Hoy") Ẹ (ye 





H'y| — pü Cavan ELE (y? 





y’) 


Because 77" is hermitian, the first term on the left cancels the first term on the right. Putting in Equation 


7.17, and exploiting the orthonormality condition (Equation 7.16), we obtain 


H” H” 














afvee yt) + p (vele lyp) =ar, 


or, more compactly, 
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a Waa + PWab = aE! j (7.27) 
where 
r ee | 7.28 
wy =(v He). Gj =a,b). eee) 
Similarly, the inner product with wy yields 
a Wha + P Whb = BE! (7.29) 


Notice that the Ws are (in principle) known—they are just the “matrix elements” of H", with respect to 


the unperturbed wave functions yo and yy. Written in matrix form, Equations 7.27 and 7.29 are 


( Waa Wab ) ( a ) — E! ( a ) (7.30) 
W ba Wb p Š B | 


| 


W 





The eigenvalues of the matrix W give the first-order corrections to the energy (E ') and the corresponding 
eigenvectors tell us the coefficients a and B that determine the “good” states.° 

The Appendix (Section A.5) shows how to obtain the eigenvalues of a matrix; I'll reproduce those steps 
here to find a general solution for pl. First, move all the terms in Equation 7.30 to the left-hand side. 


( Waa z E! Wab ) (>) —0 (7.31) 
Wha Whb enp B 


This equation only has non-trivial solutions if the matrix on the left is non-invertible—that is to say, if its 


determinant vanishes: 


Waa — E! Wab — Fy TER l a E (7.32) 
W ba Wbp a E! jm (Waa j E1) (Whb or Ei) = | Wabl =f). 


where we used the fact that Wha = W” 


aiy Dolving the quadratic, 


(7.33) 


7 | Wa + Wop + (Waa an; Wop)? +4 Wao | ; 





This is the fundamental result of degenerate perturbation theory; the two roots correspond to the two 


perturbed energies. 


Example 7.3 
Returning to Example 7.2, show that diagonalizing the matrix W gives the same “good” states we 


found by solving the problem exactly. 


Solution: We need to calculate the matrix elements of W. First, 


Waa = | | w(x, Y) H’ W(x, vy) dx dy 


=emw | Iwo)? x dx | Ivo(y)|> ydy =0 
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(the integrands are both odd functions). Similarly, Wp, = 0, and we need only compute 


Wap = | [ a.» H' yix, y) dx dy 
—emu- | Wold x wild dx Í Wily) y Woly) dy. 
These two integrals are equal, and recalling (Equation 2.70) 


h 


1 
fi, Spr y PTEE (a4 + a) 
ATH A 


we have 


, [h i 
Wap = € M wr J Wolx) l (a4 +a_) Yii) dx 
2M w 
h © J 
=e | f yow yow ax] = 6 32. 


Therefore, the matrix W is 


hor O |l 
v= oe 


The (normalized) eigenvectors of this matrix are 


TORETE! 


These eigenvectors tell us which linear combination of yo and y? are the good states: 








give the first-order corrections to the energy (compare 7.33). 


If it happens that W,,, = O in Equation 7.30 then the two eigenvectors are 


(0 JC) 


and the energies, 


| F ; | | id Yi 
E! = Was = (v9|H ve) . E! = Wi = (yp H | P, 
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are precisely what we would have obtained using nondegenerate perturbation theory (Equation 7.9). We have 
simply been /ucky: The states yo and up were already the “good” linear combinations. Obviously, it would be 
greatly to our advantage if we could somehow guess the “good” states right from the start—then we could go 
ahead and use nondegenerate perturbation theory. As it turns out, we can very often do this by exploiting the 


theorem in the following section. 
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7.2.2 “Good” States 


Theorem: Let 4 be a hermitian operator that commutes with p0 and yy’. If y9 and wy (the 


degenerate eigenfunctions of H") are also eigenfunctions of A, with distinct eigenvalues, 


Ave =u AVS =vp, andu £v, 


a0 0 « » i ; 
then yr; and yr, are the “good” states to use in perturbation theory. 


Proof: Since H (A) = H” +) H' and 4 commute, there exist simultaneous eigenstates Wy (A) 
where 
H(A) Wy (A) = E) Yl) and A plà) = y oy (A). (7.36) 


The fact that 4 is hermitian means 
10 
(ui 


Y (yi 


(7.37) 








Apy) = (Avi 
Wy) = ut (Wa 


WO) 


V0) 








(y — H) (ve wee) 





y0) = 0, 


(making use of the fact that y is real). This holds true for any value of }, and taking the limit as à} + 0 


we have 
(va 
and similarly 
p 


Now the good states are linear combinations of p? and yy: Wy (0} = aye ae Buy. From above it 





vy) = 0 unless y = H, 





vy) = (0 unless y = v. 


follows that either ¥ = H, in which case 6B = (ur 
Y = Vand the good state is Wr. QED 





Wy (0)) = () and the good state is simply y9, or 


Once we identify the “good” states, either by solving Equation 7.30 or by applying this theorem, we can 
use these “good” states as our unperturbed states and apply ordinary non-degenerate perturbation theory.‘ In 
most cases, the operator 4 will be suggested by symmetry; as you saw in Chapter 6, symmetries are associated 


with operators that commute with —precisely what are required to identify the good states. 


Example 7.4 
Find an operator Ą that satisfies the requirements of the preceding theorem to construct the “good” 


states in Examples 7.2 and 7.3. 


Solution: The perturbation yy’ has less symmetry than p0. HO had continuous rotational symmetry, 
but H = H” + H' is only invariant under rotations by integer multiples of m. For A, take the 


operator R (7) that rotates a function counterclockwise by an angle 7. Acting on our stats Wa and Wp 
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operator R (sr) that rotates a function counterclockwise by an angle 7. Acting on our stats Wa and Wp 
we have 


sanel i 


R (m) We (x,y) = We (=x, —y) = -Wa (x, y), 


R (x) WP y) = 0) Cx, -y) = -—¥2 y 
That’s no good; we need an operator with distinct eigenvalues. How about the operator that 


interchanges x and y? This is a reflection about a 45° diagonal of the well. Call this operator D. D 


commutes with both 77" and yy’, since they are unchanged when you switch x and y. Now, 


YP a E DEA Wr a 
Dy, Œ. y) = Ya O- X) = Yr Œ, 7), 
A PO a 0y ; 0+, 
Dy, œ, y) = Y, (yx) = Yi Œ Y). 
So our degenerate eigenstates are not eigenstates of D. But we can construct linear combinations that 


are. 


( 


y? =y? yN. (7.39) 


Then 
D(+ya + Vp) =+DY, + Dyp = +05 + Ve =+ (+00 +wp). 


These are “good” states, since they are eigenstates of an operator D with distinct eigenvalues (+1), 


and D commutes with both H® and H”. 


Moral: If you're faced with degenerate states, look around for some hermitian operator 4 that commutes 
with H0 and yy’; pick as your unperturbed states ones that are simultaneously eigenfunctions of AY! and 4 
(with distinct eigenvalues). Then use ordinary first-order perturbation theory. If you can’t find such an 


operator, youll have to resort to Equation 7.33, but in practice this is seldom necessary. 


Problem 7.8 Let the two “good” unperturbed states be 


WE = ays + Bev, 


where @4 and 4 are determined (up to normalization) by Equation 7.27 (or 
Equation 7.29). Show explicitly that 

(a) wt are orthogonal (tiy?) = 0); 

(b) (Wf |H’| w2) =0; 

(c) (wf | H’ wo) — E r with El given by Equation 7.33. 








Problem 7.9 Consider a particle of mass m that is free to move in a one- 
dimensional region of length L that closes on itself (for instance, a bead that slides 
frictionlessly on a circular wire of circumference L, as in Problem 2.46). 


(a) Show that the stationary states can be written in the form 
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I gees: 
W(x) = Ge me (jee e772. 


(b) 


H f = Vo e m “ra g d 


(c) 


(d) 


where n = 0, + 1, +2, ..., and the allowed energies are 


2 ( T *) - 
m L l 


Notice that—with the exception of the ground state {n = ())—tthese are 





all doubly degenerate. 


Now suppose we introduce the perturbation 


7 


where a << L. (This puts a little “dimple” in the potential at x = Q, as 
though we bent the wire slightly to make a “trap”.) Find the first-order 
correction to E» using Equation 7.33. Hint: To evaluate the integrals, 
exploit the fact that a < L to extend the limits from + L/2 to + 90; 
after all, H" is essentially zero outside — a = x < a. 

What are the “good” linear combinations of W, and Wp for this 
problem? (Hint: use Eq. 7.27.) Show that with these states you get the 
first-order correction using Equation 7.9. 

Find a hermitian operator 4 that fits the requirements of the theorem, 
and show that the simultaneous eigenstates of YY and 4 are precisely the 


ones you used in (c). 
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7.2.3 Higher-Order Degeneracy 


In the previous section I assumed the degeneracy was two-fold, but it is easy to see how the method 


generalizes. In the case of n-fold degeneracy, we look for the eigenvalues of the n x n matrix 


; kest 7.40 
W;; = (y? H y?) (7.40) 





For three-fold degeneracy (with degenerate states ur", wË, and yy) the first-order corrections to the energies 
8 y g y i b y fi ) g 
FE | are the eigenvalues of W, determined by solving 


Waa Wa D Wa c &§ 7 @ Ei (7.41) 
Wha Whi 7 Wi va p | = | p 
W: “al We! 7 Wi E F ¥ 


and the “good” states are the corresponding eigenvectors:® 


AL 


Y= ap + BW, +yve. (7.42) 


Once again, if you can think of an operator 4 that commutes with HÙ and H', and use the simultaneous 
eigenfunctions of A and H®, then the W matrix will automatically be diagonal, and you won't have to fuss with 
calculating the off-diagonal elements of W or solving the characteristic equation.” (If you’re nervous about my 


generalization from two-fold degeneracy to -fold degeneracy, work Problem 7.13.) 


Problem 7.10 Show that the first-order energy corrections computed in 
Example 7.3 (Equation 7.34) agree with an expansion of the exact solution 


(Equation 7.21) to first order in €. 


Problem 7.11 Suppose we perturb the infinite cubical well (Problem 4.2) by 
putting a delta function “bump” at the point (a4, a/2, 3a,'4): 


H' = a` Vo (x — a/4)8(y — a/2)8(z — 3a/4). 


Find the first-order corrections to the energy of the ground state and the (triply 


degenerate) first excited states. 


x Problem 7.12 Consider a quantum system with just three linearly independent 


states. Suppose the Hamiltonian, in matrix form, is 


(l—e) 0 0 
H = VW 0 | € 
, O e 2 


where Vp is a constant, and € is some small number {e < 1). 
(a) Write down the eigenvectors and eigenvalues of the unperturbed 


Hamiltonian (€ = Q). 
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(b) Solve for the exact eigenvalues of H. Expand each of them as a power 
series in €, up to second order. 

(c) Use first- and second-order non-degenerate perturbation theory to find 
the approximate eigenvalue for the state that grows out of the 
nondegenerate eigenvector of H0. Compare the exact result, from (b). 

(d) Use degenerate perturbation theory to find the first-order correction to the 


two initially degenerate eigenvalues. Compare the exact results. 


Problem 7.13 In the text I asserted that the first-order corrections to an n-fold 
degenerate energy are the eigenvalues of the W matrix, and I justified this claim as 
the “natural” generalization of the case p — 3. Prove it, by reproducing the steps 


in Section 7.2.1, starting with 


fl 
aU ! ; () 
i ) cy iW; 
= 


(generalizing Equation 7.17), and ending by showing that the analog to Equation 





7.27 can be interpreted as the eigenvalue equation for the matrix W. 
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7.3. The Fine Structure of Hydrogen 


In our study of the hydrogen atom (Section 4.2) we took the Hamiltonian—called the Bohr Hamiltonian—to 
be 





he e7 ] g 
V 


(electron kinetic energy plus Coulombic potential energy). But this is not quite the whole story. We have 
already learned how to correct for the motion of the nucleus: Just replace m by the reduced mass (Problem 
5.1). More significant is the so-called fine structure, which is actually due to two distinct mechanisms: a 


relativistic correction, and spin-orbit coupling. Compared to the Bohr energies (Equation 4.70), fine 





structure is a tiny perturbation—smaller by a factor of 2, where 


ee | | (7.44) 


* = Grephc 137.036 





is the famous fine structure constant. Smaller still (by another factor of a) is the Lamb shift, associated with 
the quantization of the electric field, and smaller by yet another order of magnitude is the hyperfine structure, 
which is due to the interaction between the magnetic dipole moments of the electron and the proton. ‘This 
hierarchy is summarized in ‘Table 7.1. In the present section we will analyze the fine structure of hydrogen, as 


an application of time-independent perturbation theory. 


Table 7.1: H ierarchy of corrections to the Bohr energies of hydrogen. 


e = 7 I 
Bohr energies: oforder a*mc4 
Fine structure: of order atmc? 


Lamb shift: oforder amec? 
Hyperfine splitting: of order (m/m,)a*me? 





Problem 7.14 

(a) Express the Bohr energies in terms of the fine structure constant and the 
rest energy (m c*) of the electron. 

(b) Calculate the fine structure constant from first principles (i.e., without 
recourse to the empirical values of €0, e, i, and c). Comment: The fine 
structure constant is undoubtedly the most fundamental pure 
(dimensionless) number in all of physics. It relates the basic constants of 
electromagnetism (the charge of the electron), relativity (the speed of 
light), and quantum mechanics (Planck’s constant). If you can solve part 
(b), you have the most certain Nobel Prize in history waiting for you. But 
I wouldn’t recommend spending a lot of time on it right now; many smart 


people have tried, and all (so far) have failed. 
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7.3.1 The Relativistic Correction 


The first term in the Hamiltonian is supposed to represent kinetic energy: 


y. (7.45) 


x 
T =mi = —., 
2 


and the canonical substitution p— —ihV yields the operator 


he _, (7.46) 
TA. 


But Equation 7.45 is the classical expression for kinetic energy; the relativistic formula is 


me 5 (7.47) 
T = —— me. 


y! | — {v Fi c)? 


The first term is the zozal relativistic energy (not counting potential energy, which we aren’t concerned with at 
the moment), and the second term is the rest energy—the difference is the energy attributable to motion. 


We need to express Tin terms of the (relativistic) momentum, 


p= o (7.48) 
y1 — {uU lo 


instead of velocity. Notice that 


vr sa moimi ia BEN | nY. 
pce + In ¢ SS — ee OS ee (T +me) 


| — (v/c)? | — (v/c)? 


SO 


k a 7.49 
F= y pc? -— m-ct — m c. ( ) 


This relativistic equation for kinetic energy reduces (of course) to the classical result (Equation 7.45), in the 





nonrelativistic limit p < mc; expanding in powers of the small number {p / mce), we have 





T J | I 4 ( p i i 5 f4: l ( p T l ( p i (7.50) 
= mece | — — = mc — | — | — ae 
y me 2 \me 8 \me | 
p E 
2m  8möc? 
The lowest-order!” relativistic correction to the Hamiltonian is therefore 
pt (7.51) 


ra ee AA. 
a 
‘i Smee? 


In first-order perturbation theory, the correction to E,, is given by the expectation value of H” in the 


unperturbed state (Equation 7.9): 
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| ae 4 2 2 - 
E. ={H_| = —— (y i y)=— (p Wip s}. 
! i Smc? y i y Simic Ps i y 
Now, the Schrödinger equation (for the unperturbed states) says 
p-w = 2m(E — Vy, (7.53) 
and hence 
l | ; l (7.54) 
| z9 ? ? 
E} =->—((E-V |=- |E — 2E (V (v \). 
i 2me- i ) Ime? IEE 
So far this is entirely general; but we're interested in hydrogen, for which V {r} = — (1 / Arr Eg) g? fr: 








| l ee nda f 2 AP a (7.55) 
safa GENEE] 
2mc* Ar eg f Arey! \r? 


where E, is the Bohr energy of the state in question. 
To complete the job, we need the expectation values of 1/r and ] / p2, in the (unperturbed) state Wym 
(Equation 4.89). The first is easy (see Problem 7.15): 


1 E A. (7.56) 
=) pa’ 


where a is the Bohr radius (Equation 4.72). The second is not so simple to derive (see Problem 7.42), but the 


answer ist 


(2 M ] (7.57) 


It follows that 


? Dace 
pia! | p42 (E) lE oe 
Ome? |" "Ndre nra \4reg/ (6 4+1/2) n3 a? |" 


or, eliminating a (using Equation 4.72) and expressing everything in terms of E,, (using Equation 4.70): 











— ) (7.58) 
g! = (En) | An 3 


2me* | €41/2 — 


Evidently the relativistic correction is smaller than E,,, by a factor of about FẸ, /me 2_ 9 y 197-5. 

You might have noticed that I used non-degenerate perturbation theory in this calculation (Equation 
7.52), in spite of the fact that the hydrogen atom is highly degenerate. But the perturbation is spherically 
symmetric, so it commutes with y 2 and L-;. Moreover, the eigenfunctions of these operators (taken together) 
have distinct eigenvalues for the „2 states with a given E,,. Luckily, then, the wave functions Wy), are the 
“good” states for this problem (or, as we say, n, #, and m are the good quantum numbers), so as it happens the 
use of nondegenerate perturbation theory was legitimate (see the “Moral” to Section 7.2.1). 

From Equation 7.58 we see that some of the degeneracy of the mth energy level has lifted. The (2 + 1)- 


fold degeneracy in m remains; as we saw in Example 6.3 it is due to rotational symmetry, a symmetry that 


remains intact with this perturbation. On the other hand, the “accidental” degeneracy in / has disappeared; 
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since its source is an additional symmetry unique to the l/r potential (see Problem 6.34), we expect that 





degeneracy to be broken by practically any perturbation. 


x Problem 7.15 Use the virial theorem (Problem 4.48) to prove Equation 7.56. 


Problem 7.16 In Problem 4.52 you calculated the expectation value of p* in the 





state 321. Check your answer for the special cases 5 = Ọ (trivial), 5 = —] 
(Equation 7.56), 5 = —2 (Equation 7.57), and ş = —3 (Equation 7.66). 
Comment on the case ; = —7. 

ok Problem 7.17 Find the (lowest-order) relativistic correction to the energy levels of 


the one-dimensional harmonic oscillator. Hint: Use the technique of Problem 


PGW 


kk Problem 7.18 Show that p? is hermitian, for hydrogen states with ¢ = (). Hint: 


For such states ur is independent of 8 and 9, so 


> he d f ad 
o r? dr ! z) 


(Equation 4.13). Using integration by parts, show that 


(f p>s) = —Ar h? (erg — Pet) ig — (p? fle) 


dr dr 
Check that the boundary term vanishes for Wago, which goes like 








| 
Woo ~ —=—— exp (—r/ na) 
j IT (na)*!* i / 
near the origin. 
The case of pt is more subtle. The Laplacian of | /r picks up a delta function 
(see, for example, D. J. Griffiths, Introduction to Electrodynamics, 4th edn, 
Eq. 1.102). Show that 


j 


Ale E E 
vi [e= i (-— +é) e~% 4 8r kô’ (r), 


and confirm that pt is hermitian. 
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7.3.2  Spin-Orbit Coupling 


Imagine the electron in orbit around the nucleus; from the e/ectron’s point of view, the proton is circling 
around i¢ (Figure 7.6). This orbiting positive charge sets up a magnetic field B, in the electron frame, which 
exerts a torque on the spinning electron, tending to align its magnetic moment (jt) along the direction of the 


field. The Hamiltonian (Equation 4.157) is 


To begin with, we need to figure out the magnetic field of the proton (B) and the dipole moment of the 


electron (jt). 


B, L 


C e e r A 


+e 


Figure 7.6: Hydrogen atom, from the electron’s perspective. 


The Magnetic Field of the Proton. If we picture the proton (from the electron’s perspective) as a 


continuous current loop (Figure 7.6), its magnetic field can be calculated from the Biot—Savart law: 





Hol 
Ba —; 
2r 
with an effective current J = e / T, where e is the charge of the proton and T'is the period of the orbit. On the 
other hand, the orbital angular momentum of the electron (in the rest frame of the nucleus) is 


Teeme emr IT. Moreover, B and L point in the same direction (up, in Figure 7.6), so 


— (7.60) 


Ar ep metrò 


(I usede = 1/ ,/€0/40 to eliminate Ho in favor of Ep.) 

The Magnetic Dipole Moment of the Electron. The magnetic dipole moment of a spinning charge is 
related to its (spin) angular momentum; the proportionality factor is the gyromagnetic ratio (which we already 
encountered in Section 4.4.2). Lets derive it, this time, using classical electrodynamics. Consider first a charge 
g smeared out around a ring of radius r, which rotates about the axis with period T (Figure 7.7). The magnetic 


l a l . 2 
dipole moment of the ring is defined as the current (q / T) times the area (rr): 


I 
., Quer 
m= 





If the mass of the ring is m, its angular momentum is the moment of inertia (m r) times the angular velocity 


(27 / TY: 
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I 
2n mrÅ 


T 


s = 


The gyromagnetic ratio for this configuration is evidently ju ;'S = qgj'2m. Notice that it is independent of r 
(and T). If I had some more complicated object, such as a sphere (all I require is that it be a figure of 
revolution, rotating about its axis), I could calculate # and S by chopping it into little rings, and adding up 
their contributions. As long as the mass and the charge are distributed in the same manner (so that the 
charge-to-mass ratio is uniform), the gyromagnetic ratio will be the same for each ring, and hence also for the 


object as a whole. Moreover, the directions of 4 and S are the same (or opposite, if the charge is negative), so 


u= (=) S. (7.61) 


2m 


Tie. 





Figure 7.7: A ring of charge, rotating about its axis. 


That was a purely classical calculation, however; as it turns out the electron’s magnetic moment is twice 


the classical value: 


ee okie (7.62) 
i m 


The “extra” factor of 2 was explained by Dirac, in his relativistic theory of the electron.“ 
Putting all this together, we have 


2 i 
H = > gp 
(a) m-cer? 


But there is a serious fraud in this calculation: I did the analysis in the rest frame of the electron, but that’s nor 





an inertial system—it accelerates, as the electron orbits around the nucleus. You can get away with this if you 


make an appropriate kinematic correction, known as the Thomas precession. In this context it throws in a 


factor of 1/2:1° 


+ 


e“ \ | (7.63) 
H ={ ) amS L 


SO z y ai beer 
Bme, mectrs 





This is the spin-orbit interaction; apart from two corrections (the modified gyromagnetic ratio for the 
electron and the Thomas precession factor—which, coincidentally, exactly cancel one another) it is just what 


you would expect on the basis of a naive classical model. Physically, it is due to the torque exerted on the 
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magnetic dipole moment of the spinning electron, by the magnetic field of the proton, in the electron’s 
instantaneous rest frame. 

Now the quantum mechanics. In the presence of spin-orbit coupling, the Hamiltonian no longer 
commutes with L and S, so the spin and orbital angular momenta are not separately conserved (see Problem 


7.19). However, He does commute with p 2, ¢2 and the ozal angular momentum 
J=L+5., (7.64) 


and hence these quantities are conserved (Equation 3.73). To put it another way, the eigenstates of L; and $; 


are not “good” states to use in perturbation theory, but the eigenstates of 72, 92, 72, and J, are. Now 


Je = (ees): e428) = 22s oy 8. 


SO 


bie). 


(7.65) 
and therefore the eigenvalues of [, . § are 


he 
= PG daly l}— s (s + 1)]. 
2 


In this case, of course, s = 1/2. Meanwhile, the expectation value of | / r3 (see Problem 7.43)“ is 


"ja (7.66) 
A EERI Eimar 
and we conclude that 
ia Bir eo m?c? E (E+ 1/2) (E + l) niat j 





or, expressing it all in terms of E,:"° 


(ED 


? 
mic- 





P= 





nf +D- C+) -3/4] cm 
€(€ + 1/2) (€+1) 3 


It is remarkable, considering the totally different physical mechanisms involved, that the relativistic 


correction and the spin-orbit coupling are of the same order ( Ezim c7 ). Adding them together, we get the 


complete fine-structure formula (see Problem 7.20): 





E- (En)? 3 An ; (7.68) 
E Sf 1/2) 


Combining this with the Bohr formula, we obtain the grand result for the energy levels of hydrogen, including 


fine structure: 


(7.69) 
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Fine structure breaks the degeneracy in #¢ (that is, for a given n, the different allowed values of # do not 
all carry the same energy), but it still preserves degeneracy in j (see Figure 7.8). The z-component eigenvalues 
for orbital and spin angular momentum (7m; and m} are no longer “good” quantum numbers—the stationary 
states are linear combinations of states with different values of these quantities; the “good” quantum numbers 


are n, f, s, j, and Mj 





j= 
n=4 a it. j=5/2 
Ser Ro ~~ 
aes ~ j=32 
hg a 
m p e =a 
n=3 weet 
Shee 
“SEP 
A=? = _----- = 3/2 
ee j= 1/2 


n=l e 
E e j=1/2 


F=0 f=] f= f=3 
(5) (P) (D) (F) 


Figure 7.8: Energy levels of hydrogen, including fine structure (not to scale). 


Problem 7.19 Evaluate the following commutators: (a) [L - S, L], ©) [L-S, S], 
()([L-S, JL (d) [L S, LF] (e) [L 5, s'l (£) [L S, JA] Hint: L and S satisfy 
the fundamental commutation relations for angular momentum (Equations 4.99 


and 4.134), but they commute with each other. 





x Problem 7.20 Derive the fine structure formula (Equation 7.68) from the 
relativistic correction (Equation 7.58) and the spin-orbit coupling (Equation 
7.67). Hint: Note that j = € + 1/2 (except for ¢ — 0, where only the plus sign 
occurs); treat the plus sign and the minus sign separately, and you'll find that you 


get the same final answer either way. 


xk Problem 7.21 The most prominent feature of the hydrogen spectrum in the visible 
region is the red Balmer line, coming from the transition p = 3 to p = 2. First of 
all, determine the wavelength and frequency of this line according to the Bohr 


theory. Fine structure splits this line into several closely-spaced lines; the question 
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is: How many, and what is their spacing? Hint: First determine how many sublevels 
the m = 2 level splits into, and find Ex. for each of these, in eV. Then do the same 
for n = 3. Draw an energy level diagram showing all possible transitions from 
n=3 to p=2 The energy released (in the form of a photon) is 
(E3 — E>) + AE, the first part being common to all of them, and A Æ (due to 
fine structure) varying from one transition to the next. Find A Æ (in eV) for each 
transition. Finally, convert to photon frequency, and determine the spacing 
between adjacent spectral lines (in Hz)—xnor the frequency interval between each 
line and the unperturbed line (which is, of course, unobservable), but the frequency 
interval between each line and the next one. Your final answer should take the 
form: “The red Balmer line splits into (???) lines. In order of increasing frequency, 
they come from the transitions (1) j = (777) to j} = (777), (2) j = (777) to 
j = (27%), .... The frequency spacing between line (1) and line (2) is (???) Hz, 
the spacing between line (2) and line (3) is (???) Hz, ....” 


Problem 7.22 The exact fine-structure formula for hydrogen (obtained from the 


Dirac equation without recourse to perturbation theory) is? 


cy 
Enj = me | Ř—— — | 


n—(j+1/2) +4 (j +1/2)° — a?) 





Expand to order g*+ (noting that a < 1), and show that you recover Equation 
LOI, 
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7.4 The Zeeman Effect 


When an atom is placed in a uniform external magnetic field Bext, the energy levels are shifted. ‘This 


phenomenon is known as the Zeeman effect. For a single electron, the perturbation is 
H= iti Bex 7.70) 
where 
ee _ Fg (7.71) 
A 


FRE 


(Equation 7.62) is the magnetic dipole moment associated with electron spin, and 


€ (7.72) 
— Ny 
2m 





Hi = 
(Equation 7.61) is the dipole moment associated with orbital motion.22 Thus 


Hi, = — (L + 2S) - Bext. (7.73) 
2m 

The nature of the Zeeman splitting depends critically on the strength of the external field in comparison 

with the internal field (Equation 7.60) that gives rise to spin-orbit coupling. If Bext < Bim, then fine 

structure dominates, and H; can be treated as a small perturbation, whereas if Bext >> Bin, then the Zeeman 

effect dominates, and fine structure becomes the perturbation. In the intermediate zone, where the two fields 

are comparable, we need the full machinery of degenerate perturbation theory, and it is necessary to 


diagonalize the relevant portion of the Hamiltonian “by hand.” In the following sections we shall explore each 


of these regimes briefly, for the case of hydrogen. 


Problem 7.23 Use Equation 7.60 to estimate the internal field in hydrogen, and 


characterize quantitatively a “strong” and “weak” Zeeman field. 
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7.4.1 Weak-Field Zeeman Effect 


If Bet < Bim fine structure dominates; we treat HBohr + A fs as the “unperturbed” Hamiltonian and H; 
as the perturbation. Our “unperturbed” eigenstates are then those appropriate to fine structure: |n€jm ;} and 
the “unperturbed” energies are En j (Equation 7.69). Even though fine structure has lifted some of the 
degeneracy in the Bohr model, these states are still degenerate, since the energy does not depend on ™ j or ¢. 
Luckily the states |m€ jm į} are the “good” states for treating the perturbation H : (meaning we don’t have to 
write down the W matrix for H,—it’s already diagonal) since H-, commutes with J; (so long as we align Bex, 
with the z axis) and ; 2, and each of the degenerate states is uniquely labeled by the two quantum numbers "t j 
and /’. 


In first-order perturbation theory, the Zeeman correction to the energy is 


| | | e R 
E} =(néjm;|H>|n€jm,\= s Bext k - (L +25), (7.74) 
Fy 
where, as mentioned above, we align Bext with the z axis to eliminate the off-diagonal elements of W. Now 
L + 2S = J + S5. Unfortunately, we do not immediately know the expectation value of S. But we can figure 
it out, as follows: The total angular momentum J = L + § is constant (Figure 7.9); L and S precess rapidly 


about this fixed vector. In particular, the (time) average value of S is just its projection along J: 


O -D (7.75) 





But L = J — S, so L? = J? + §* — 2J -S, and hence 





| ‘ n ; h2 (7.76) 
sJ (Pre) UNE]: 
from which it follows that22 
c i ee | iile Hls Hl) (7.78) 
+28) =((14 eae 
: Se ae 2j (j +1) 


The term in square brackets is known as the Landé g-factor, g7. 





Figure 7.9: In the presence of spin-orbit coupling, L and S are not separately conserved; they precess about 


the fixed total angular momentum, J. 
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The energy corrections are then 


E> = [lags Bextimj, (7.79) 
where 

eh 5 7.80 

be = 5 = 5.788 x 107> eV/T (7.80) 


is the so-called Bohr magneton. Recall (Example 6.3) that degeneracy in the quantum number m is a 
consequence of rotational invariance. The perturbation H 7 picks out a specific direction in space (the 
direction of B) which breaks the rotational symmetry and lifts the degeneracy in m. 

The zotal energy is the sum of the fine-structure part (Equation 7.69) and the Zeeman contribution 
(Equation 7.79). For example, the ground state {n = 1, ¢ = Q, j = 1/2, and therefore gy = 2) splits into 


two levels: 
d 7.81 
-13.6 eV (1 +a? /4) FSA (7.81) 
with the plus sign for m; = 1/2, and minus for m; = — 1/2. These energies are plotted (as functions of 


Bext) in Figure 7.10. 


[ip B 


Ext 


m= 1/2 


—13.6 (1 + 7/4) eV 





m;=-—1/2 


Figure 7.10: Weak-field Zeeman splitting of the ground state of hydrogen; the upper line (m ; = 1/2) has 
slope 1, the lower line (m ; = —1/2) has slope — ]. 


x Problem 7.24 Consider the (eight) » = 2 states, |2 jm ;}. Find the energy of 
each state, under weak-field Zeeman splitting, and construct a diagram like 
Figure 7.10 to show how the energies evolve as Bay, increases. Label each line 


clearly, and indicate its slope. 


Problem 7.25 Use the Wigner—Eckart theorem (Equations 6.59-6.61) to prove 
that the matrix elements of any two vector operators, V and W, are proportional 


in a basis of angular-momentum eigenstates: 
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[ne m |V | ném)=a (nE m |W |nEm). (7.82) 


Comment: With ¢ replaced by j (the theorem holds regardless of whether the states 
are eigenstates of orbital, spin, or total angular momentum), ¥ = L + 28 and 


W = J, this proves Equation 7.77. 
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7.4.2 Strong-Field Zeeman Effect 


If Bext >> Bint, the Zeeman effect dominates and we take the “unperturbed” Hamiltonian to be 
ABohr + H y and the perturbation to be Hy. The Zeeman Hamiltonian is 


i € 
Hz = Jp, PEN (L; +25,;), 


and it is straightforward to compute the “unperturbed” energies: 


13.6 eV ! (7.83) 
E a =—— y tHe Bext Me + 2m) 
n“ 
The states we are using here: |nÉm pm} are degenerate, since the energy does not depend on ¢, and there is an 
additional degeneracy due to the fact that, for example, my = 3 and m, = — 1/2 or mọ = l and m; = 1/2 
have the same energy. Again we are lucky; |nmyim_,} are the “good” states for treating the perturbation. The 


fine structure Hamiltonian H;, commutes with both z,2 and with J, (these two operators serve as 4 in the 


theorem of Section 7.2.2); the first operator resolves the degeneracy in # and the second resolves the 





degeneracy from coincidences in my + 2m, = mj + Ms. 


In first-order perturbation theory the fine structure correction to these levels is 


E} = (n €memsy | (H; + HG) |n E mems}. (7.84) 


The relativistic contribution is the same as before (Equation 7.58); for the spin-orbit term (Equation 7.63) we 





need 


(S-L) = (5x) {Le} + (Sy) (Ly} a Sy (ie) = h mim (7.85) 


(note that {5} = (S,) = (L,) = {L} = 0 for eigenstates of 5, and L, )}. Putting all this together (Problem 
7.26), we conclude that 








O 13.6 EN ci [3 E (E+ 1) — mem, (7.86) 
BoT w da | €(€4+1/2)(€4+ 1) J] 


(The term in square brackets is indeterminate for # = Q; its correct value in this case is 1—see Problem 7.28.) 
The ‘otal energy is the sum of the Zeeman part (Equation 7.83) and the fine structure contribution (Equation 
7.86). 








Problem 7.26 Starting with Equation 7.84, and using Equations 7.58, 7.63, 7.66, 
and 7.85, derive Equation 7.86. 


xk Problem 7.27 Consider the (eight) n = 2 states, |2&m1ym_,}. Find the energy of 
each state, under strong-field Zeeman splitting. Express each answer as the sum of 
three terms: the Bohr energy, the fine-structure (proportional to œ?}, and the 
Zeeman contribution (proportional to jig Bext). If you ignore fine structure 


altogether, how many distinct levels are there, and what are their degeneracies? 
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Problem 7.28 If ¢ = Q, then j = 5, "tj = Ms, and the “good” states are the same 
(|nms)) for weak and strong fields. Determine E : (from Equation 7.74) and the 


fine structure energies (Equation 7.69), and write down the general result for the 





ë =Ü Zeeman effect—regardless of the strength of the field. Show that the 
strong-field formula (Equation 7.86) reproduces this result, provided that we 


interpret the indeterminate term in square brackets as 1. 
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7.4.3 Intermediate-Field Zeeman Effect 


In the intermediate regime neither H, nor Hy, dominates, and we must treat the two on an equal footing, as 


perturbations to the Bohr Hamiltonian (Equation 7.43): 
H' = H} + Hg- (7.87) 


Pll confine my attention here to the case p = 2 (you get to do p = 3 in Problem 7.30). It’s not obvious what 
the “good” states are, so we'll have to resort to the full machinery of degenerate perturbation theory. Ill choose 


basis states characterized by #, j, and ™ 12 Using the Clebsch-Gordan coefficients (Problem 4.60 or Table 








4.8) to express | jm j } as linear combinations of |Esm m} we have: 
= 0: 

vi = |33) = |0303) 

n = i3) = ptoz 

E=] 

n=) = y 

n= RB) = a 

vs = BY) = v + vB) 
ve = B) = vT + Va 
n = BY) = VT) + 7o) 





ws = bF) = —V273|1z-15) + VI/3|1505>} 


In this basis the nonzero matrix elements of H;, are all on the diagonal, and given by Equation 7.68; H? 





has four off-diagonal elements, and the complete matrix — W is (see Problem 7.29): 


Sy-B 0 0 0 0 0 0 0 

0 Sy+p 0 0 0 0 0 0 

0 o 2 0 0 0 0 0 

0 0 0 y+26 0 0 0 0 

0 0 0 0 y—%p 2, 0 0 

0 0 0 0 Wp Sy—lp 0 0 

0 0 0 0 0 0 yiip 2p 

0 0 0 0 0 0 2p 5y+ig 
where 


y = (a/8)"13.6eV and B= pBex. 


The first four eigenvalues are already displayed along the diagonal; it remains only to find the eigenvalues of 


the two ? x 2 blocks. The characteristic equation for the first of these is 


395 


www.urdukutabkhanapk.blogspot.com 


. 2 oe 2 
ae (y — P) + (57 = = ye) =Ü, 
and the quadratic formula gives the eigenvalues: 


—— T N E A EE 7.88 
a = 3y — (B/2) + 4y? + 2/3) yB + (82/4). ae 


The eigenvalues of the second block are the same, but with the sign of B reversed. The eight energies are 


listed in Table 7.2, and plotted against Bex; in Figure 7.11. In the zero-field limit {8 = 0) they reduce to the 





fine structure values; for weak fields (P < y) they reproduce what you got in Problem 7.24; for strong fields 





(B = y) we recover the results of Problem 7.27 (note the convergence to five distinct energy levels, at very 


high fields, as predicted in Problem 7.27). 
Table 7.2: Energy levels for the n = 2 states of hydrogen, with fine structure and Zeeman splitting. 


Fy—37+8 
E- 5y- 9 
FE, —7¥+26 
Ey-y- 25 


Ey — 3y + B12 + Vay? + (2/3)98 + BHA 
Ey — 3y + 3/2 —VAy? + (2/398 + BIA 
Ey — dy — p+ Yay? — (N38 + 82/4 


Pe BCT E F 
E> — 3y — Bf2 —V4y* Aa + 8-14 





Weak— Intermediate—Strong—>— 





by Bo 


Figure 7.11: Zeeman splitting of the p = 2 states of hydrogen, in the weak, intermediate, and strong field 


regimes. 


Problem 7.29 Work out the matrix elements of H : and Hiz and construct the W 


matrix given in the text, for p = 2. 
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Problem 7.30 Analyze the Zeeman effect for the pn = 3 states of hydrogen, in the 
weak, strong, and intermediate field regimes. Construct a table of energies 


(analogous to Table 7.2), plot them as functions of the external field (as in 








Figure 7.11), and check that the intermediate-field results reduce properly in the 
two limiting cases. Hint: The Wigner—Eckart theorem comes in handy here. In 
Chapter 6 we wrote the theorem in terms of the orbital angular momentum / but 


it also holds for states of total angular momentum /. In particular, 





(imi |v? jm) = ch od ULV La) 


for any vector operator V (and L + 25 is a vector operator). 
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7.5 Hyperfine Splitting in Hydrogen 


The proton itself constitutes a magnetic dipole, though its dipole moment is much smaller than the electron’s 
because of the mass in the denominator (Equation 7.62): 
SpE € S.. (7.89) 


Hy — =a Sp jt. = — 








(The proton is a composite structure, made up of three quarks, and its gyromagnetic ratio is not as simple as 
the electron’s—hence the explicit g-factor {£ p), whose measured value is 5.59 as opposed to 2.00 for the 


electron.) According to classical electrodynamics, a dipole #t sets up a magnetic field? 


219 (7.90) 


—; [3 (# -F)r — pw] + -z HS" (r). 





So the Hamiltonian of the electron, in the magnetic field due to the protons magnetic dipole moment, is 


(Equation 7.59) 


Hog per Ba) Bef) 89 “Bi 4 og pe- S, S-68 (r). (7.91) 


Hie = 
ht gam pe r- 


3m pile 


According to perturbation theory, the first-order correction to the energy (Equation 7.9) is the 


expectation value of the perturbing Hamiltonian: 


El = [Log per J 3 (Sp š r) (S. z F) ar Sp z Se (7.92) 
AE gam pig r3 
7 
i k T a E 
FOS (Sy Se) ly a 
37 pI 


In the ground state (or any other state for which € = Q) the wave function is spherically symmetric, and the 


first expectation value vanishes (see Problem 7.31). Meanwhile, from Equation 4.80 we find that 


\vo0(0)|? = 1/ (2ra°), so 


HOS p e (7.93) 


Ene = (Sp - Se), 


370m pea 3 


in the ground state. This is called spin-spin coupling, because it involves the dot product of two spins 
(contrast spin-orbit coupling, which involves § - L). 
In the presence of spin-spin coupling, the individual spin angular momenta are no longer conserved; the 


“good” states are eigenvectors of the zotal spin, 
8 = e 8, (7.94) 
As before, we square this out to get 


ores (7.95) 
Sp : Se = 7 (s — he = S) ; 
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But the electron and proton both have spin 1/2, so Ss? = y = (3/4) RŽ. In the triplet state (spins “parallel”) 
the total spin is 1, and hence g2 — 772; in the singlet state the total spin is 0, and 52 — 0. Thus 


Eis= _ Ag ph | +1/4, (triplet); (7.96) 


Spin-spin coupling breaks the spin degeneracy of the ground state, lifting the triplet configuration and 
depressing the singlet (see Figure 7.12). The energy gap is 


Ao hit , (7.97) 
AE = — 8?" __ 5.88 x 10-®ev. 


am pm- ca’ 
The frequency of the photon emitted in a transition from the triplet to the singlet state is 
q y p p 8 


AE 7.98 
V = Fa = 1420 MHz, | | 


rl 


and the corresponding wavelength is ¢/' = 21 cm, which falls in the microwave region. ‘This famous 21- 


centimeter line is among the most pervasive forms of radiation in the universe. 


Triplet 


Unperturbed 


AE 


Singlet 


Figure 7.12: Hyperfine splitting in the ground state of hydrogen. 


Problem 7.31 Let a and b be two constant vectors. Show that 


| 4 7.99 
| (a. F) (b-7)sin@déd¢d = = (a-b) ae 


(the integration is over the usual range: 0 < @ = m, O =< œ =< 2:7). Use this 


result to demonstrate that 


(? (Sp?) (Se-F) — 8p | =0 


ro 


for states with ¢ = 0. Hint: F = sin@ cos fi + sin@ sing f + cos Ok, Do the 


angular integrals first. 


Problem 7.32 By appropriate modification of the hydrogen formula, determine 
the hyperfine splitting in the ground state of (a) muonic hydrogen (in which a 
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muon—same charge and g-factor as the electron, but 207 times the mass— 
substitutes for the electron), (b) positronium (in which a positron—same mass 
and g-factor as the electron, but opposite charge—substitutes for the proton), and 
(c) muonium (in which an anti-muon—same mass and g-factor as a muon, but 
opposite charge—substitutes for the proton). Hint: Don’t forget to use the 
reduced mass (Problem 5.1) in calculating the “Bohr radius” of these exotic 
“atoms, but use the actual masses in the gyromagnetic ratios. Incidentally, the 
answer you get for positronium (4.8? x 10-4 eV) is quite far from the 
experimental value (8.41 x 10-7 eV); the large discrepancy is due to pair 
annihilation (et +e — y +Y ), which contributes an extra (3/4) AE, and 
does not occur (of course) in ordinary hydrogen, muonic hydrogen, or 


muonium.2/ 
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Further Problems on Chapter 7 


Problem 7.33 Estimate the correction to the ground state energy of hydrogen due 
to the finite size of the nucleus. Treat the proton as a uniformly charged 
spherical shell of radius 4, so the potential energy of an electron inside the 
shell is constant: — e? / (4rregb); this isn’t very realistic, but it is the simplest 
model, and it will give us the right order of magnitude. Expand your result in 
powers of the small parameter (b/a), where a is the Bohr radius, and keep 
only the leading term, so your final answer takes the form 
AE | 7 
Fs A(b/a). 

Your business is to determine the constant 4 and the power n. Finally, put in 
b x 10-7! m (roughly the radius of the proton) and work out the actual 


number. How does it compare with fine structure and hyperfine structure? 


Problem 7.34 In this problem you will develop an alternative approach to 
degenerate perturbation theory. Consider an unperturbed Hamiltonian jy? 
with two degenerate states yo and wy (energy £"), and a perturbation yy’. 


Define the operator that projects onto the degenerate subspace: 
mafala lat | (7.100) 
Pp = we) (we F ve) ( b| 


The Hamiltonian can be written 








H= Hep ca (7.101) 
where 
A’ = H’ + PpH' Pp, H' = H'— Pp H’ Pp. (7.102) 


The idea is to treat 77 as the “unperturbed” Hamiltonian and yy’ as the 
perturbation; as you'll soon discover, 770 is nondegenerate, so we can use 
ordinary nondegenerate perturbation theory. 
(a) First we need to find the eigenstates of 770. 
i. Show that any eigenstate yo (other than y9 or Wy) of 7" is also 
an eigenstate of FY" with the same eigenvalue. 
ii. Show that the “good” states w” = œw 2 t Bw, (with a and B 
determined by solving Equation 7.30) are eigenstates of 77 with 
energies F 0 +E a 
(b) Assuming that £E | and g! are distinct, you now have a nondegenerate 


unperturbed Hamiltonian He and you can do nondegenerate 
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perturbation theory using the perturbation jy’. Find an expression for the 
energy to second order for the states y? in (ii). 

Comment. One advantage of this approach is that it also handles the case 
where the unperturbed energies are not exactly equal, but very close:*4 
E? X E}. In this case one must still use degenerate perturbation theory; 
an important example of this occurs in the nearly-free electron 


approximation for calculating band structure. 


Problem 7.35 Here is an application of the technique developed in Problem 7.34. 


Consider the Hamiltonian 


| e 0 Q 0 a b 
= 0 <« 8 jE a © ¢ 
00 e i e o 
(a) Find the projection operator Pp (it’s a 3 x 3 matrix) that projects onto 
the subspace spanned by 
E { 0 
ve) = | O | and Wh = l 
0) ) . 0 








Then construct the matrices H® and H. 
(b) Solve for the eigenstates of ÑO and verify... 
i. that its spectrum is nondegenerate, 


ii. that the nondegenerate eigenstate of H? 


0 
ve) = 0 
l 





is also an eigenstate of H0 with the same eigenvalue. 
(c) What are the “good” states, and what are their energies, to first order in 


the perturbation? 


Problem 7.36 Consider the isotropic three-dimensional harmonic oscillator 


(Problem 4.46). Discuss the effect (in first order) of the perturbation 


f ae se 
H = Ax" yz 


(for some constant A.) on 

(a) the ground state; 

(b) the (triply degenerate) first excited state. Hint: Use the answers to 
Problems 2.12 and 3.39. 


kkk Problem 7.37 Van der Waals interaction. Consider two atoms a distance R apart. 
Because they are electrically neutral you might suppose there would be no 


force between them, but if they are polarizable there is in fact a weak 
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attraction. To model this system, picture each atom as an electron (mass m, 
charge — e) attached by a spring (spring constant k} to the nucleus (charge 
+ e), as in Figure 7.13. We'll assume the nuclei are heavy, and essentially 


motionless. The Hamiltonian for the unperturbed system is 


| | | | (7.103) 
oe: Se ae: E ae 
BNE 2m ary al T 2m PIT lags 


The Coulomb interaction between the atoms is 


l E. gp? p p? (7.104) 
H = — — E Is 
= (5 R — x] Hri) 














(a) Explain Equation 7.104. Assuming that |x]1| and |x2| are both much less 
than R, show that 


etxo (7.105) 


H' = ——. 
Preg R? 


(b) Show that the total Hamiltonian ( H” plus Equation 7.105) separates into 


two harmonic oscillator Hamiltonians: 


| 9 l e? ' 7 l 4 | l eg 4 
H — iso F ae k Sa. oe x =e 7 Son k eo Pi 
z E p 2 ( oR) d E Ee 2 ( a zg) 7 


(7.106) 
under the change variables 
Ea ia i entail I : to (7.107) 
x1. = — (YX x7}, Wien entails L IE. 
X4 A (x] 1x3) l P+ A (P| = p2) 
(c) The ground state energy for this Hamiltonian is evidently 
(7.108) 


lk  (e2/2regR? 
i ah (w +H O}, where w = y ey lene 


FFL 


Without the Coulomb interaction it would have been Eg = fig, where 
wp = ./k/m. Assuming that k >> (e* /27Eq R} show that 


G. 

tifa twin, (=) 2 st 

V = E — Eo = -— | — | —. 
8m w | JIT EQ R° 


Conclusion: There is an attractive potential between the atoms, 
proportional to the inverse sixth power of their separation. This is the van 
der Waals interaction between two neutral atoms. 

(d) Now do the same calculation using second-order perturbation theory. 
Hint: The unperturbed states are of the form Wn, (x1)}Wn, (x2), where 
Wn{x} is a one-particle oscillator wave function with mass m and spring 


constant Å; A V is the second-order correction to the ground state energy, 
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for the perturbation in Equation 7.105 (notice that the first-order 


correction is zero).-4 


R 
Figure 7.13: Two nearby polarizable atoms (Problem 7.37). 


Problem 7.38 Suppose the Hamiltonian Ħ, for a particular quantum system, is a 


function of some parameter 4; let E,,(A) and W, (A) be the eigenvalues and 





eigenfunctions of H(A). The Feynman—Hellmann theorem? states that 

JE, J (7.110) 
me. Vn ar Yn 
dA. 








(assuming either that E,, is nondegenerate, or—if degenerate—that the Wys 

are the “good” linear combinations of the degenerate eigenfunctions). 

(a) Prove the Feynman—Hellmann theorem. Hint: Use Equation 7.9. 

(b) Apply it to the one-dimensional harmonic oscillator, (i) using 4 = w 
(this yields a formula for the expectation value of FV}, (ii) using A = fi 
(this yields {T }), and (iii) using } = m (this yields a relation between {T} 


and {V }). Compare your answers to Problem 2.12, and the virial theorem 





predictions (Problem 3.37). 


Problem 7.39 Consider a three-level system with the unperturbed Hamiltonian 


e 0 0) (7.111) 
Ho—- | O « O 
0 0 & 


(€,, > €p) and the perturbation 


0 oO Vv (7.112) 
H=]| 0 0 v 
y= y* p 


Since the (2 x 2) matrix W is diagonal (and in fact identically 0} in the basis 

of states { 1, 0, 0) and (0, 1, 0), you might assume they are the good states, but 

they're not. To see this: 

(a) Obtain the exact eigenvalues for the perturbed Hamiltonian 
H = H? +H’. 

(b) Expand your results from part (a) as a power series in | W| up to second 
order. 

(c) What do you obtain by applying nondegenerate perturbation theory to 
find the energies of all three states (up to second order)? This would work 


if the assumption about the good states above were correct. 
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Moral: If any of the eigenvalues of W are equal, the states that diagonalize W 
are not unique, and diagonalizing W does not determine the “good” states. 
When this happens (and it’s not uncommon), you need to use second-order 


degenerate perturbation theory (see Problem 7.40). 


Problem 7.40 If it happens that the square root in Equation 7.33 vanishes, then 
E — El; the degeneracy is not lifted at first order. In this case, 
diagonalizing the W matrix puts no restriction on A and 6 and you still don’t 
know what the “good” states are. If you need to determine the “good” states— 
for example to calculate higher-order corrections—you need to use second- 
order degenerate perturbation theory. 

(a) Show that, for the two-fold degeneracy studied in Section 7.2.1, the first- 


order correction to the wave function in degenerate perturbation theory is 


4 a Ving + BVinb- 0) 
v= pom M 


méa, b n 


(b) Consider the terms of order 32 (corresponding to Equation 7.8 in the 
nondegenerate case) to show that a and P are determined by finding the 
eigenvectors of the matrix W2 (the superscript denotes second order, not 


W squared) where 


tO Flag OV ae O ‘lO 
fw Wr H Wn Un H wi) 
ij 


\ 
a Fa F0 FO 


mÆÉa, b it 


and that the eigenvalues of this matrix correspond to the second-order 
energies F2. 

(c) Show that second-order degenerate perturbation theory, developed in {b}, 
gives the correct energies to second order for the three-state Hamiltonian 


in Problem 7.39. 


xx| Problem 7.41 A free particle of mass m is confined to a ring of circumference L 


such that yy (x + L) = W (x). The unperturbed Hamiltonian is 


2 22 
o he d 
Im dx?’ 


to which we add a perturbation 
F - A 
H = Vo cos(2 T — | 
Py 
(a) Show that the unperturbed states may be written 


0 amnx fL 


y r) = = 
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for n = 0, +1, +2 and that, apart from p = Q, all of these states are 
two-fold degenerate. 


(b) Find a general expression for the matrix elements of the perturbation: 
8 p P 
vn) | 


(c) Consider the degenerate pair of states with » = +]. Construct the matrix 


i WO | ey? 
Pan = (yi H 








W and calculate the first-order energy corrections, pl. Note that the 
degeneracy does not lift at first order. Therefore, diagonalizing WW does not 
tell us what the “good” states are. 

(d) Construct the matrix yy? (Problem 7.40) for the states » = +], and 
show that the degeneracy lifts at second order. What are the good linear 
combinations of the states with p = +]? 


(e) What are the energies, accurate to second order, for these states? 


xx| Problem 7.42 The Feynman-Hellmann theorem (Problem 7.38) can be used to 
determine the expectation values of | /r and ] jr? for hydrogen. The effective 
Hamiltonian for the radial wave functions is (Equation 4.53) 


h? d? h? €(€4+1) e | 


I J A 
2m dr^ 2m F4 Amr ég r 


and the eigenvalues (expressed in terms of @)*® are (Equation 4.70) 


ii et 


Poe e 
j 32m eh (N +)" 


(a) Use } = e in the Feynman—Hellmann theorem to obtain {1/1}. Check 
your result against Equation 7.56. 
(b) Use} = £ to obtain | 1 / rey Check your answer with Equation 7.57. 


KKK Problem 7.43 Prove Kramers’ relation:=2 


s+ (r*) — (2s + 1) alr*—') + 7 E + 1)? —s?|a?(r°) = 0, 





2 
á (7.113) 


which relates the expectation values of 7 to three different powers {s, 
s — |], and s — 2), for an electron in the state W,,,/,,, of hydrogen. Hint: 


Rewrite the radial equation (Equation 4.53) in the form 


i fe 2 z] 
w = e a ee H., 


7 4 
EF ar fa" 


and use it to express f (u rou ") dr in terms of ({r*}, tam i and Foes Then 


use integration by parts to reduce the second derivative. Show that 
J (urtu’)dr = —(s/2) (r°~'), and 
f (wreu’) dr = —[2/(s+ D| S (uF tu’) dr. Take it from there. 
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Problem 7.44 

(a) Plugs =0, s = l, 5 = 2, and 5 =3 into Kramers’ relation (Equation 
7.113) to obtain formulas for te ty (rh, (rž), and ir. Note that you 
could continue indefinitely, to find any positive power. 

(b) In the other direction, however, you hit a snag. Put in 5 = —], and show 
that all you get is a relation between ir and aml 

(c) But if you can get (r7) by some other means, you can apply the Kramers 
relation to obtain the rest of the negative powers. Use Equation 7.57 


(which is derived in Problem 7.42) to determine (me , and check your 


answer against Equation 7.66. 


KKK Problem 7.45 When an atom is placed in a uniform external electric field E,,;, the 
energy levels are shifted—a phenomenon known as the Stark effect (it is the 
electrical analog to the Zeeman effect). In this problem we analyze the Stark 
effect for the n — | and n = 2 states of hydrogen. Let the field point in the z 


direction, so the potential energy of the electron is 
H; = e EextZ = € Eext COS ü. 


Treat this as a perturbation on the Bohr Hamiltonian (Equation 7.43). (Spin 

is irrelevant to this problem, so ignore it, and neglect the fine structure.) 

(a) Show that the ground state energy is not affected by this perturbation, in 
first order. 

(b) The first excited state is four-fold degenerate: W00, W211, W210, W21—1. 
Using degenerate perturbation theory, determine the first-order 
corrections to the energy. Into how many levels does E?» split? 

(c) What are the “good” wave functions for part (b)? Find the expectation 
value of the electric dipole moment (p, = —er), in each of these “good” 
states. Notice that the results are independent of the applied field— 
evidently hydrogen in its first excited state can carry a permanent electric 
dipole moment. 

Hint: There are lots of integrals in this problem, but almost all of them are 

zero. So study each one carefully, before you do any calculations: If the o 

integral vanishes, there’s not much point in doing the r and @ integrals! You 

can avoid those integrals altogether if you use the selection rules of 

Sections 6.4.3 and 6.7.2. Partial answer: W\3 = W3| = —3ea Eext all other 


elements are zero. 


xk Problem 7.46 Consider the Stark effect (Problem 7.45) for the m — 3 states of 
hydrogen. There are initially nine degenerate states, Wap (neglecting spin, as 
before), and we turn on an electric field in the z direction. 
(a) Construct the 9 x 9 matrix representing the perturbing Hamiltonian. 
Partial answer: (300 |z| 310) = —3V'6a, (310 |z|320) = —3./3a, 
(3141 |z| 3241) = — (9/2) a. 
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(b) Find the eigenvalues, and their degeneracies. 


Problem 7.47 Calculate the wavelength, in centimeters, of the photon emitted 
under a hyperfine transition in the ground state (nm = 1) of deuterium. 
Deuterium is “heavy” hydrogen, with an extra neutron in the nucleus; the 
proton and neutron bind together to form a deuteron, with spin 1 and 


magnetic moment 


&d€ 


2m 4 





ha = Sa; 


the deuteron g-factor is 1.71. 


Kk Problem 7.48 In a crystal, the electric field of neighboring ions perturbs the 
energy levels of an atom. As a crude model, imagine that a hydrogen atom is 
surrounded by three pairs of point charges, as shown in Figure 7.14. (Spin is 
irrelevant to this problem, so ignore it.) 


(a) Assuming that r < dp r < d, and r < d3, show that 


H = Vo +3 (Aix? + Bay” + Bsz) — (fi HBr 


where 


€ di 


-pgp aM Yo =2 (Bid? + Bod} + p3d3) 


Pi = 

(b) Find the lowest-order correction to the ground state energy. 

(c) Calculate the first-order corrections to the energy of the first excited 
states ( = 2). Into how many levels does this four-fold degenerate 
system split, (i) in the case of cubic symmetry, P| = 62 = ps; (ii) in the 
case of tetragonal symmetry, p) = 2 Æ #3; (ili) in the general case of 
orthorhombic symmetry (all three different)? Noze: you might recognize 


the “good” states from Problem 4.71. 





Figure 7.14: Hydrogen atom surrounded by six point charges (crude model 
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for a crystal lattice); Problem 7.48. 


Problem 7.49 A hydrogen atom is placed in a uniform magnetic field Bọ = Bož 
(the Hamiltonian can be written as in Equation 4.230). Use the Feynman- 
Hellman theorem (Problem 7.38) to show that 


JE, (7.114) 


ə Bo — (Wr | 4t] Wn) 


where the electron’s magnetic dipole moment“? (orbital plus spin) is 


jt = Yo Lmechanical + YS. 


The mechanical angular momentum is defined in Equation 4.231. 
Note: From Equation 7.114 it follows that the magnetic susceptibility of 


N atoms in a volume Vand at 0 K (when they're all in the ground state) is“! 








aM N JEg ES) 
er . ——— i 3 
X Te z 0 JB? 


where Ey is the ground-state energy. Although we derived Equation 7.114 for 
a hydrogen atom, the expression applies to multi-electron atoms as well—even 


when electron—electron interactions are included. 


Problem 7.50 For an atom in a uniform magnetic field By = Bož, 


Equation 4.230 gives 


2 z 
— = ou ne i. g 
H = Atom — Bo (Yo Lz + y Sz) + 37, 20 2. (x? tY ) ; 
E= 


where L- and $, refer to the total orbital and spin angular momentum of all 

the electrons. 

(a) Treating the terms involving By as a perturbation, compute the shift of 
the ground state energy of a helium atom to second order in By. Assume 
that the helium ground state is given by 


Wo = vioo("1) Wiola) ity) Wt — 


where 100 refers to the hydrogenic ground state (with Z = 2). 

(b) Use the results of Problem 7.49 to calculate the magnetic susceptibility of 
helium. Given a density of (). l66kg /m, obtain a numerical value for the 
susceptibility. Note: The experimental result is _ 1.0 x 107° (the 
negative sign means that helium is a diamagnet). The results can be 
brought closer by taking account of screening, which increases the orbital 


radius (see Section 8.2). 
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ok Problem 7.51 Sometimes it is possible to solve Equation 7.10 directly, without 
having to expand yrl in terms of the unperturbed wave functions (Equation 
7.11). Here are two particularly nice examples. 
(a) Stark effect in the ground state of hydrogen. 
(i) Find the first-order correction to the ground state of hydrogen in 
the presence of a uniform external electric field Eext (see Problem 


7.45). Hint: Try a solution of the form 
(4 + Br+ Cr*) e`" cos 0: 


your problem is to find the constants 4, B, and C that solve 
Equation 7.10. 

(ii) Use Equation 7.14 to determine the second-order correction to 
the ground state energy (the first-order correction is zero, as you 
found in Problem 7.45(a)). Answer: — m (3a“e Ext /2hy’- 

(b) Ifthe proton had an electric dipole moment p, the potential energy of the 
electron in hydrogen would be perturbed in the amount 
a SE cos ø 
| Ar Eor? | 
(i) Solve Equation 7.10 for the first-order correction to the ground 
state wave function. 
(ii) Show that the żożal electric dipole moment of the atom is 
(surprisingly) zero, to this order. 
(iii) Use Equation 7.14 to determine the second-order correction to 


the ground state energy. What is the first-order correction? 


Problem 7.52 Consider a spinless particle of charge g and mass m constrained to 
move in the xy plane under the influence of the two-dimensional harmonic 


oscillator potential 


l | 
V ix, y} = =m e + y?) 


(a) Construct the ground state wave function, Wolx, y), and write down its 
energy. Do the same for the (degenerate) first excited states. 

(b) Now imagine that we turn on a weak magnetic field of magnitude By 
pointing in the z-direction, so that (to first order in By) the Hamiltonian 
acquires an extra term 

q q Bo 
H = -p -B = —— (L. B) = —-— (x py — Y pr). 
2m 2m (á 
Treating this as a perturbation, find the first-order corrections to the energies 


of the ground state and first excited states. 
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ex Conk Bas Problem 7.53 Imagine an infinite square well (Equation 2.22) into which we 


introduce a delta-function perturbation, 


H'(x) = à (x — Xo). 


where } is a positive constant, and 0 < xo < a (to simplify matters, let 

xo = pa, where 0 < p <= jj 

(a) Find the first-order correction to the nth allowed energy (Equation 2.30), 
assuming à, is small. (What does “small” mean, in this context?) 

(b) Find the second-order correction to the allowed energies. (Leave your 
answer as a sum.) 

(c) Now solve the Schrödinger equation exactly, treating separately the 
regions ()< x = xo and xo =x <a, and imposing the boundary 


conditions at xp. Derive the transcendental equation for the energies: 


Un SiN(u,) + A sin(pu,) sin|(1 — p)u,| = 0 (E> 0). 
(7.116) 
Here A = Imah | hs Uy =k,a, and k, = /2mE,, | h. 
Check that Equation 7.116 reproduces your result from part (a), in the 
appropriate limit. 
(d) Everything so far holds just as well if } is negative, but in that case there 
may be an additional solution with negative energy. Derive the 


transcendental equation for a negative-energy state: 
vsinh(v) + A sinh( pv) sinh| (1 — p) v | = 0 (E < 0), (7.117) 


where U = ka and x = „'—2m E /ħ. Specialize to the symmetrical case 
p = 1/2, and show that you recover the energy of the delta-function well 


(Equation 2.132), in the appropriate regime. 





(e) There is in fact exactly one negative-energy solution, provided that 
|A| Iy [p (1 — p) |. First, prove this (graphically), for the case 
p = 1/2. (Below that critical value there is no negative-energy solution.) 
Next, by computer, plot the solution v, as a function of p, for 
A = —4.1, —5, and — 10. Verify that the solution only exists within the 
predicted range of p. 

(£) For p = 1/2, plot the ground state wave function, yj (x), for 
A = 0, —2, —3, —3.5, —4.5, — 5, and — 19, to show how the 
sinusoidal shape (Figure 2.2) evolves into the exponential shape 


(Figure 2.13), as the delta function well “deepens.”“° 





KK Problem 7.54 Suppose you want to calculate the expectation value of some 


observable Q, in the mth energy eigenstate of a system that is perturbed by H": 


(2) = (Yr 
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Replacing w,, by its perturbation expansion, Equation 7.5,“ 


vja DESE 


The first-order correction to {{2} is therefore 


va) 


or, using Equation 7.13, 




















aly Q 





(2) = (vi | | ve) + (ut |e 








(2)! = 2Re (vis 














(ve â mwa H'\y 4 (7.118) 

| m f\ Yin n 

(Q)' = 2Re 2. ——o 

men n m 

(assuming the unperturbed energies are nondegenerate, or that we are using 

the “good” basis states). 

(a) Suppose = H' (the perturbation itself). What does Equation 7.118 tell 
us in this case? Explain (carefully) why this is consistent with Equation 
AlS. 

(b) Consider a particle of charge g (maybe an electron in a hydrogen atom, or 
a pith ball connected to a spring), that is placed in a weak electric field 


Eext pointing in the x direction, so that 
H’ = — Fent: 


The field will induce an electric dipole moment, Pe = qx, in the “atom.” 
The expectation value of Pe is proportional to the applied field, and the 
proportionality factor is called the polarizability, a. Show that 


pyk os kah 


m ÆN m 


(7.119) 


Find the polarizability of the ground state of a one-dimensional harmonic 
oscillator. Compare the classical answer. 
(c) Now imagine a particle of mass m in a one-dimensional harmonic 


oscillator with a small anharmonic perturbation® 


; f (7.120) 
H' = =r”. 
Find {x} (to first order), in the nth energy eigenstate. Answer: 
(n + i) hk | (2m). Comment: As the temperature increases, higher- 
energy states are populated, and the particles move farther (on average) 


from their equilibrium positions; that’s why most solids expand with 


rising temperature. 


Problem 7.55 Crandall’s Puzzle.*° Stationary states of the one-dimensional 
Schrödinger equation ordinarily respect three “rules of thumb”: (1) the 
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energies are nondegenerate, (2) the ground state has no nodes, the first 
excited state has one node, the second has two, and so on, and (3) if the 
potential is an even function of x, the ground state is even, the first excited 
state is odd, the second is even, and so on. We have already seen that the 
“bead-on-a-ring” (Problem 2.46) violates the first of these; now suppose we 


introduce a “nick” in at the origin: 

H’ = —ad(x). 

(If you don’t like the delta function, make it a gaussian, as in Problem 7.9.) 
This lifts the degeneracy, but what is the sequence of even and odd wave 
functions, and what is the sequence of node numbers? Hinz: You don’t really 


need to do any calculations, here, and you're welcome to assume that d is 


small, but by all means solve the Schrodinger equation exactly if you prefer. 


KKK Problem 7.56 In this problem we treat the electron—electron repulsion term in the 


helium Hamiltonian (Equation 5.38) as a perturbation, 


"j 
| en 


Areo |r) — rl 


F 


(This will not be very accurate, because the perturbation is not small, in 
comparison to the Coulomb attraction of the nucleus ...but it’s a start.) 


(a) Find the first-order correction to the ground state, 


Wolri, r2) = Wioolri Yio (r2). 


(You have already done this calculation, if you worked Problem 5.15— 
only we didn’t call it perturbation theory back then.) 

(b) Now treat the first excited state, in which one electron is in the 
hydrogenic ground state, Wio and the other is in the state Wapo- 
Actually, there are żwo such states, depending on whether the electron 


spins occupy the singlet configuration (parahelium) or the triplet 
(orthohelium):“ 


: | l | | 
Wiri, ra} = = [Wioolri) ¥200 (r2) + Y0 (r1) vio (r2) I. 


/2 


Show that 


l 
El = =(K +J), 
where 


K 


2 | vio0(es W200 2) H Vio toon ta) rid r. 


; eS f ; ENE. 3 
J =2 | vroo(ei)¥200(r)H Wo0 (TL) Wioo(2)d rid ra. 


413 


www.urdukutabkhanapk.blogspot.com 


Evaluate these two integrals, put in the actual numbers, and compare your 
results with Figure 5.2 (the measured energies are — 59,2 eV and — 58.4 
eV).28 


Problem 7.57 The Hamiltonian for the Bloch functions (Equation 6.12) can be 
analyzed with perturbation theory by defining 77 and H' such that 


p _—_ E l 
H tino = Eno tno. 


0 gt - 
(H +A | Ung = Eng Ung- 


In this problem, don’t assume anything about the form of V (x). 

(a) Determine the operators p® and H' (express them in terms of p). 

(b) Find Eng to second order in g. That is, find expressions for A,,, B,, and 
C,, (in terms of the E o and matrix elements of p in the “unperturbed” 


states Hpi) 


Eng © An + Bug + Cng”. 


(c) Show that the constants B,, are all zero. Hint: See Problem 2.1(b) to get 
started. Remember that u,,¢(.) is periodic. 
Comment: It is conventional to write C,, = hie / 2m; where m” is the effective 


mass of particles in the pth band since then, as you've just shown, 


-2 2 





Eng = constant + 
: 2m* 


just like the free particle (Equation 2.92) with k — q. 





Iho Ihe 


Iuo 


IB 


Sat 


As always (footnote 34, page 49) the uniqueness of power series expansions guarantees that the coefficients of like powers are equal. 

In this context it doesn’t matter whether we write (ye iH’ yl or (ye H” yo (with the extra vertical bar), because we are using the wave 
function itself to label the state. But the latter notation is preferable, because it frees us from this convention. For instance, if we used |71} to 
denote the nth state of the harmonic oscillator (Equation 2.86), H“ jn} makes sense, but |H ‘nò is unintelligible (operators act on 
vectors/functions, not on numbers). 

Incidentally, nothing here depends on the specific nature of the infinite square well—the same holds for any potential, when the 
perturbation is a constant. 

Alternatively, a glance at Equation 7.5 reveals that any yp component in ys) might as well be pulled out and combined with the first term. 


In fact, the choice c! s I) — (Q ensures that 1/,,—with 1 as the coefficient of we in Equation 7.5—is normalized (to first order in A): 


(Why |W} = (WO yyy + A (ur! DA Y+ yl \ | 442 (--.)+-++-+, but the orthonormality of the unperturbed states means that 


the first term is 1 and DA TA a (pð PA y = Ü, as long as ys) has no yp component. 


In the short-hand notation V4, = (yy? H’ us, Ann = Fo 27 Eo the first three corrections to the pth energy are 


> : 3 EE. 

i ; 3 | Vim |* 3 Vat Vin Vian 3 | Vin |7 
Ea = Von. | a = y N En = y Se ae ‘= Pe 
Anm An! Onm FEMI 


MÆR {msn eat 
The third-order correction is given in Landau and Lifschitz, Quantum Mechanics: Non-Relativistic Theory, 3rd edn, Pergamon, Oxford 
(1977), page 136; the fourth and fifth orders (together with a powerful general technique for obtaining the higher orders) are developed by 
Nicholas Wheeler, Higher-Order Spectral Perturbation (unpublished Reed College report, 2000). Illuminating alternative formulations of 
time-independent perturbation theory include the Dalgarno—Lewis method and the closely related “logarithmic” perturbation theory (see, for 
example, T. Imbo and U. Sukhatme, Am. J. Phys. 52, 140 (1984), for LPT, and H. Mavromatis, Am. J. Phys. 59, 738 (1991), for Delgarno— 


Lewis). 
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ION 


This assumes that the eigenvalues of \W are distinct so that the degeneracy lifts at first order. If not, any choice of a and B satisfies 

Equation 7.30; you s¢i// don’t know what the good states are. The first-order energies are correctly given by Equation 7.33 when this 
happens, and in many cases that’s all you require. But if you need to know the “good” states—for example to calculate higher-order 
corrections—you will have to use second-order degenerate perturbation theory (see Problems 7.39, 7.40, and 7.41) or employ the theorem of 
Section 7.2.2. 

4 Note that the theorem is more general than Equation 7.30. In order to identify the good states from Equation 7.30, the energies E L need 
to be different. In some cases they are the same and the energies of the degenerate states split at second, third, or higher order in 7 
perturbation theory. But the ¢Aeorem allows you to identify the good states in every case. 

If the eigenvalues are degenerate, see footnote 6. 


Degenerate perturbation theory amounts to diagonalization of the degenerate part of the Hamiltonian; see Problems 7.34 and 7.35. 


= ho 1oo 


The kinetic energy of the electron in hydrogen is on the order of 10 eV, which is minuscule compared to its rest energy (511,000 eV), so 
the hydrogen atom is basically nonrelativistic, and we can afford to keep only the lowest-order correction. In Equation 7.50, p is the 
relativistic momentum (Equation 7.48), not the classical momentum mv. It is the former that we now associate with the quantum operator 
— i hVẸ, in Equation 7.51. 

11 An earlier edition of this book claimed that pi is not hermitian for states with ¢ — Q (calling into question the maneuver leading to 
Equation 7.54). That was incorrect— p? is hermitian, for all ¢ (see Problem 7.18). 
12 The general formula for the expectation value of any power of r is given in Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of 
One- and Two-Electron Atoms, Plenum, New York (1977), p. 17. 
Thanks to Edward Ross and Li Yi-ding for fixing this problem. 


We have already noted that it can be dangerous to picture the electron as a spinning sphere (see Problem 4.28), and it is not too surprising 


ies) 


Ir Ie 


that the naive classical model gets the gyromagnetic ratio wrong. The deviation from the classical expectation is known as the g-factor: 

H = g(g/2m)S. Thus the g-factor of the electron, in Dirac’s theory, is exactly 2. But quantum electrodynamics reveals tiny corrections 
to this: ge is actually 2+ (a /m)+-+- = 2.002... The calculation and measurement (which agree to exquisite precision) of the so- 
called anomalous magnetic moment of the electron were among the greatest achievements of twentieth-century physics. 

One way of thinking of it is that the electron is continually stepping from one inertial system to another; Thomas precession amounts to 
the cumulative effect of all these Lorentz transformations. We could avoid the whole problem, of course, by staying in the /aé frame, in 
which the nucleus is at rest. In that case the field of the proton is purely electric, and you might wonder why it exerts any torque on the 
electron. Well, the fact is that a moving magnetic dipole acquires an e/ectric dipole moment, and in the lab frame the spin-orbit coupling is 
due to the interaction of the e/ectric field of the nucleus with the e/ectric dipole moment of the electron. Because this analysis requires more 
sophisticated electrodynamics, it seems best to adopt the electron’s perspective, where the physical mechanism is more transparent. 

1° More precisely, Thomas precession subtracts 1 from the gyromagnetic ratio (see R. R. Haar and L. J. Curtis, Am. J. Phys., 55, 1044 (1987)). 


whereas we 





17 Tn Problem 7.43 the expectation values are calculated using the hydrogen wave functions yr (n £m j—that is, eigenstates of L 


i. 





4 


now want eigenstates of .!-—which are linear combinations of m = m j 4 = and hi =m y- A, But since irs} is independent of 7n, it 
doesn’t matter. E g 

18 The case ¢ — 0 looks problematic, since we are ostensibly dividing by zero. On the other hand, the numerator is a/so zero, since in this case 
jį = 8; so Equation 7.67 is indeterminate. On physical grounds there shouldn't be any spin-orbit coupling when £ — (). In any event, the 
problem disappears when the spin-orbit coupling is added to the relativistic correction, and their sum (Equation 7.68) is correct for a// ¢. If 
youre feeling uneasy about this whole calculation, I don’t blame you; take comfort in the fact that the exact solution can be obtained by using 
the (relativistic) Dirac equation in place of the (nonrelativistic) Schrodinger equation, and it confirms the results we obtain here by less 
rigorous means (see Problem 7.22.) 

To write | jm j ) (for given ¢ and §) as a linear combination of | {xm pst) we would use the appropriate Clebsch—-Gordan coefficients 
(Equation 4.183). 


20 Bethe and Salpeter (footnote 12, page 298), page 238. 


21 This is correct to first order in B. We are ignoring a term of order p2 in the Hamiltonian (the exact result was calculated in Problem 4.72). 


In addition, the orbital magnetic moment (Equation 7.72) is proportional to the mechanical angular momentum, not the canonical angular 
momentum (see Problem 7.49). These neglected terms give corrections of order #2, comparable to the second-order corrections from H z 
Since we're working to first order, they are safe to ignore in this context. 


22 The gyromagnetic ratio for orbital motion is just the classical value { 2m }—it is only for spin that there is an “extra” factor of 2. 


23 While Equation 7.78 was derived by replacing S by its average value, the result is not an approximation; L + 2 and J are both vector 
operators and the states are angular-momentum eigenstates. Therefore, the matrix elements can be evaluated by use of the Wigner—Eckart 


theorem (Equations 6.59-6.61). It follows (Problem 7.25) that the matrix elements are proportional: 


(ne jm j L +28 (7.77) 





ne jm’; =e (nejm; Jlnejm') 


and the constant of proportionality § J is the ratio of reduced matrix elements. All that remains is to evaluate #7: see Claude Cohen- 
Tannoudji, Bernard Diu, and Franck Laloé, Quantum Mechanics, Wiley, New York (1977), Vol. 2, Chapter X. 
24 Tn the case of a single electron, where j=ċ+Ł Z, gp =(2j)+0/ (26+ 1). 


415 


I’ 
Ur 


N 
NJ 


IS ib Ee B 
wo bo im om] 


Ix 


bao 
o0 


— In general, Equation 7.5 does not deliver a normalized wave function, but the choice , 
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That example specifically treated orbital angular momentum, but the same argument holds for the total angular momentum. 

In this regime the Zeeman effect is also known as the Paschen—Back effect. 

You can use f, Mẹ, Mis states if you prefer—this makes the matrix elements of H y easier, but those of H Fs more difficult; the W matrix will 
be more complicated, but its eigenvalues (which are independent of basis) are the same either way. 

Don’t confuse the notation |E $ my my) in the Clebsch—Gordan tables with |# € j mj) (in Section 7.4.1) or|m € sg mts) (in Section 7.4.2); 
here 7 is always 2, and s (of course) is always | /'2. 

If you are unfamiliar with the delta function term in Equation 7.90, you can derive it by treating the dipole as a spinning charged spherical 
shell, in the limit as the radius goes to zero and the charge goes to infinity (with jt held constant). See D. J. Griffiths, 4m. J. Phys., 50, 698 
(1982). 

For details see Griffiths, footnote 29, page 311. 

See page 118 for a discussion of projection operators. 

See Problem 7.4 for a discussion of what close means in this context. 

See, for example, Steven H. Simon, The Oxford Solid State Basics (Oxford University Press, 2013), Section 15.1. 

There is an interesting fraud in this well-known problem. If you expand H“ to order l R, the extra term has a nonzero expectation value 
in the ground state of HY so there is a nonzero first-order perturbation, and the dominant contribution goes like L; RI, not | / R°. The 
model gets the power “right” in three dimensions (where the expectation value is zero), but not in one. See A. C. Ipsen and K. Splittorff, 


Am. J. Phys. 83, 150 (2015). 


2 Feynman obtained Equation 7.110 while working on his undergraduate thesis at MIT (R. P. Feynman, Phys. Rev. 56, 340, 1939); 





Hellmann’s work was published four years earlier in an obscure Russian journal. 

See D. Kiang, Am. J. Phys. 46 (11), 1978 and L.-K. Chen, Am. J. Phys. 72 (7), 2004 for further discussion of this problem. It is shown that 
each degenerate energy level, F ie splits at order 2n in perturbation theory. The exact solution to the problem can also be obtained as the 
time-independent Schrödinger equation for py — yl 4 H! reduces to the Mathieu equation. 

C. Sanchez del Rio, Am. J. Phys., 50, 556 (1982); H. S. Valk, Am. J. Phys., 54, 921 (1986). 

In part (b) we treat # as a continuous variable; n becomes a function of ¢, according to Equation 4.67, because N, which must be an integer, 


is fixed. To avoid confusion, I have eliminated 7, to reveal the dependence on f explicitly. 


= This is also known as the (second) Pasternack relation. See H. Beker, Am. J. Phys. 65, 1118 (1997). For a proof based on the Feynman- 


Hellmann theorem (Problem 7.38) see S. Balasubramanian, Am. J. Phys. 68, 959 (2000). 


= For most purposes we can take this to be the magnetic moment of the atom as well. The proton’s larger mass means that its contribution to 


the dipole moment is orders of magnitude smaller than the electron’s contribution. 

See Problem 5.33 for the definition of magnetic susceptibility. This formula does not apply when the ground state is degenerate (see Neil 
W. Ashcroft and N. David Mermin, Solid State Physics (Belmont: Cengage, 1976), p. 655); atoms with non-degenerate ground states have 
J — 0) (see Table 5.1). 

We adopt the notation of Y. N. Joglekar, Am. J. Phys. 77, 734 (2009), from which this problem is drawn. 


For the corresponding analysis of the delta function darrier (positive 4.) see Problem 11.34. 
in) 


— (Q in Equation 7.11 guarantees normalization 


to first order in à, which is all we require here (see footnote 4, page 282). 


= This is just a generic tweak to the simple harmonic oscillator potential, Thx =. K is some constant, and the factor of -1/6 is for convenience. 
= Richard Crandall introduced me to this problem. 


~ It seems strange, at first glance, that spin has anything to do with it, since the perturbation itself doesn’t involve spin (and I’m not even 


bothering to include the spin state explicitly). The point, of course, is that an antisymmetric spin state forces a symmetric (position) wave 


function, and vice versa, and this does affect the result. 


= If you want to pursue this problem further, see R. C. Massé and T. G. Walker, Am. J. Phys. 83, 730 (2015). 
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8 
The Variational Principle 


© 
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8.1 Theory 


Suppose you want to calculate the ground state energy, Egs, for a system described by the Hamiltonian H, but 
you are unable to solve the (time-independent) Schrédinger equation. The variational principle will get you 
an upper bound for Eas, which is sometimes all you need, and often, if you're clever about it, very close to the 


exact value. Here’s how it works: Pick any normalized function i} whatsoever; I claim that 


(8.1) 





Egs = (Wl AlW) = (A). 


That is, the expectation value of H, in the (presumably incorrect) state yf is certain to overestimate the ground 
state energy. Of course, if yr just happens to be one of the excited states, then obviously { H} exceeds Ees; the 


point is that the same holds for any yr whatsoever. 


Proof: Since the (unknown) eigenfunctions of H form a complete set, we can express if as a linear 


combination of them:4 
y = D Ch Wn y with H Wa = n Wy- 
fl 


Since W is normalized, 


| = {Y |y) = (Ea Wm 


m 


| | | 
F Cn Yn = D >. eit Ch (Win (Wa) = >. len |? ; 
n 


fi m n 





(assuming the eigenfunctions themselves have been orthonormalized: {Win| Wa} = fmn). Meanwhile, 


(H) = (x Cm Wm | D Ch n.) = 2 >: C E aca (Wmltn) = 3. Ezec j ' 
n n 


m mm n 





But the ground state energy is, by definition, the smallest eigenvalue, Egs = En, and hence 
J 
(H) = Eas > len = Ess, 
fl 


which is what we were trying to prove. 


This is hardly surprising. After all, y might be the actual wave function (at, say, ¢ = 0). If you measured 
the particle’s energy you’d be certain to get one of the eigenvalues of H, the smallest of which is Ess, so the 


average of multiple measurements ({H)}) cannot be lower than Egs. 


Example 8.1 


Suppose we want to find the ground state energy for the one-dimensional harmonic oscillator: 


-I r 
he d- p | Fey eee 
= — ——— ———— mM A xX. 
a] 
2m dx“ 2 
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Of course, we already know the exact answer in this case (Equation 2.62): Egs = (1/2) he; but this 


makes it a good test of the method. We might pick as our “trial” wave function the gaussian, 
w(x) = Ae, (8.2) 


where 4 is a constant, and 4 is determined by normalization: 








oo 5 x “Ub L {4 (8.3) 
ix AP f ert da lA = A= (=) | 
a y 2b a 
Now 
(H) = (T}+ iV}, (8.4) 
where, in this case, 
hie N lies 2 d? EA heb (8.5) 
ITY =A] berpa ee ( x )a pee 
T) 2m A w i dx? ‘ i 2m 
and 
Oo ee 
(V) = amoral | T. = ee : 
2 ae Sb 
SO 
tH) = hb = mew (8.6) 


Sa a 


According to Equation 8.1, this exceeds Egs for any b; to get the tightest bound, let’s minimize | H}: 


d (H) = hie mor Hy 6 mew 
db ' Im 8B ion“, 


Putting this back into { H}, we find 


(8.7) 
(A) nin = 5h, 
In this case we hit the ground state energy right on the nose—because (obviously) I “just happened” to 
pick a trial function with precisely the form of the actual ground state (Equation 2.60). But the 


gaussian is very easy to work with, so it’s a popular trial function, even when it bears little resemblance 


to the true ground state. 


Example 8.2 


Suppose we're looking for the ground state energy of the delta function potential: 


ie d? 
f=. — ad(x). 


2m dx? 
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Again, we already know the exact answer (Equation 2.132): Ess = —mo- / 2h. As before, we'll use a 
gaussian trial function (Equation 8.2). We've already determined the normalization, and calculated 


(T y all we need is 


12 


Oo zt 
(V) ——al Al’ | e  Six)dx =a j—, 
—_ Vx 











Evidently 

heb Nb (8.8) 

E a] 
' 2m V; 
and we know that this exceeds Egs for all b. Minimizing it, 
d h? a Im a7 
db oad om / ah mit 
So 
| ma? (8.9) 
(H}min = — 7 
mh 


which is indeed somewhat higher than Egs, since 7 > 2. 


I said you can use any (normalized) trial function yy whatsoever, and this is true in a sense. However, for 
discontinuous functions it takes some fancy footwork to assign a sensible meaning to the second derivative 
(which you need, in order to calculate {T }). Continuous functions with kinks in them are fair game, however, 


as long as you are careful; the next example shows how to handle them. 


Example 8.3 
Find an upper bound on the ground state energy of the one-dimensional infinite square well 


(Equation 2.22), using the “triangular” trial wave function (Figure 8.1):3 





Ax, O= x= a/?2, (ol) 
W(x)=4A(a—x), a/2ax<=a, 
0, otherwise, 


where 4 is determined by normalization: 
3 


: na fa : a p sE 9 {3 (8.11) 
l= x“dx + (a — xY dx | = |A| — > A=-,/-. 
0 af? 12 a a 


In this case 


dir f k 
— = į—ÀA, afixx<=a, 
dx / | 

0, otherwise, 
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as indicated in Figure 8.2. Now, the derivative of a step function is a delta function (see Problem 


2.23(b)): 








d | | (8.12) 
7 = Ad(x) — 2Ad(x — a /2) + Ad(x — a), 
and hence 

2 (8.13) 
(H} = = | [5(x) — 25(x —a/2)+ d(x -—a )] WOOD dx 


Aa 2 
2m — 2ma2’ 








R'A 
= -7 [WO - 24 (a/2 + ya)] = 


The exact ground state energy is Egs = whe lma? (Equation 2.30), so the theorem works 





(12cm). 
Alternatively, you can exploit the hermiticity of p: 
L jas Lope pe | j dw \* dur \ — (8.14) 
tye Amde | (anit) (ah 
ai 2m \P 2m (py PY) 2m | ( dx ) ( =) ; 


h2 ajf? il } -2 | it 
= — | (A) dx +/ (Ay de) eS S| 
2m | Jo af? 2m 2ma- 


fl 
j= 


eat 





Figure 8.1: Triangular trial wave function for the infinite square well (Equation 8.10). 


AAAY 





Figure 8.2: Derivative of the wave function in Figure 8.1. 
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The variational principle is extraordinarily powerful, and embarrassingly easy to use. What a physical 
chemist does, to find the ground state energy of some complicated molecule, is write down a trial wave 
function with a large number of adjustable parameters, calculate {H}, and tweak the parameters to get the 
lowest possible value. Even if yr has little resemblance to the true wave function, you often get miraculously 
accurate values for Egs. Naturally, if you have some way of guessing a realistic yy, so much the better. The only 
trouble with the method is that you never know for sure how close you are to the target—all you can be certain 


of is that you've got an upper bound. Moreover, as it stands the technique applies only to the ground state 
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(see, however, Problem 8.4).2 


KK 


Problem 8.1 Use a gaussian trial function (Equation 8.2) to obtain the lowest 
upper bound you can on the ground state energy of (a) the linear potential: 


V(x) = æ |x|; (b) the quartic potential: V (x) = ax. 


Problem 8.2 Find the best bound on Figs for the one-dimensional harmonic 


oscillator using a trial wave function of the form 


W(x) = =—, 
W(x) = op 


where 4 is determined by normalization and 4 is an adjustable parameter. 


Problem 8.3 Find the best bound on Eos for the delta function potential 
V(x) = —ad(x), using a triangular trial function (Equation 8.10, only centered 


at the origin). This time a is an adjustable parameter. 


Problem 8.4 

(a) Prove the following corollary to the variational principle: If yr | Vos} =, 
then {H > Efe where Efe is the energy of the first excited state. 
Comment: If we can find a trial function that is orthogonal to the exact 
ground state, we can get an upper bound on the first excited state. In 
general, it’s difficult to be sure that yr is orthogonal to Was since 
(presumably) we don’t know the latter. However, if the potential V (x) is 
an even function of x, then the ground state is likewise even, and hence 
any odd trial function will automatically meet the condition for the 
corollary. 

(b) Find the best bound on the first excited state of the one-dimensional 


harmonic oscillator using the trial function 


= 
EO 


w(x) = Ax en 
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Problem 8.5 Using a trial function of your own devising, obtain an upper bound 
on the ground state energy for the “bouncing ball” potential (Equation 2.185), and 


compare it with the exact answer (Problem 259) 


Egs = 2.33811 (mg?h? /2) 2. 


Problem 8.6 
(a) Use the variational principle to prove that first-order non-degenerate 
perturbation theory always overestimates (or at any rate never 
underestimates) the ground state energy. 
(b) In view of (a), you would expect that the second-order correction to the 
ground state is always negative. Confirm that this is indeed the case, by 


examining Equation 7.15. 
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8.2 The Ground State of Helium 


The helium atom (Figure 8.3) consists of two electrons in orbit around a nucleus containing two protons (also 
some neutrons, which are irrelevant to our purpose). The Hamiltonian for this system (ignoring fine structure 


and smaller corrections) is: 


he, J 7 e“ 2 2 | (8.15) 
H = -—(Vi+V3) - "S = 


2m z Areg. rp ry Ir; —ro| 





Our problem is to calculate the ground state energy, Eas. Physically, this represents the amount of energy it 
would take to strip off both electrons. (Given Egs it is easy to figure out the “ionization energy” required to 
remove a single electron—see Problem 8.7.) The ground state energy of helium has been measured to great 


precision in the laboratory: 
Eos = —78.975 eV (experimental). (8.16) 


This is the number we would like to reproduce theoretically. 


rr] B = 


+ k F. 





Figure 8.3: The helium atom. 


It is curious that such a simple and important problem has no known exact solution. The trouble comes 


from the electron—electron repulsion, 


2 | (8.17) 


E 
Voe = —— ——_—__.. 
~ Areg |r) — rol 


If we ignore this term altogether, H splits into two independent hydrogen Hamiltonians (only with a nuclear 


charge of 2e, instead of e); the exact solution is just the product of hydrogenic wave functions: 


(8.18) 





_g—2ritr2)/a 
ma 


Wo(T1. r2) = Wioolri) Wioli) = 


and the energy is 8E,; = — 109 eV (Equation 5.42). This is a long way from — 79 eV, but it’s a start. 
To get a better approximation for Egs we'll apply the variational principle, using Wg as the trial wave 


function. This is a particularly convenient choice because it’s an eigenfunction of most of the Hamiltonian: 


H Yo = (8E) + Vee) Wo. (8.19) 
Thus 
(H) = 8E) + (Vee), (8.20) 
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where? 


ë —4(r, +r) a 


& 


==) J 


I 
pr 





ma Ir] — rol 


)( 


Pll do the r2 integral first; for this purpose I] is 


(Vee) == ( 


Arr €p 


com 


(8.21) 
d°rid°r. 


fixed, and we may as well orient the r? coordinate system so 


that the polar axis lies along I’) (see Figure 8.4). By the law of cosines, 


| 4 J 
Ir) —ro|= yri +r3 — 2ryrz cos fy, 


and hence 


b= | 


The @ integral is trivial (27r }; the @> integral is 


—4rs fa š j g 
— it = 


e 
Ir} — r2| 


| 2 


y 


2 





T r- : — zr "3 — : -= BEE 
rrr AN A 2 12 — y] 
2/71; 


[fi +r2)— |r — r|] = ba 


rir? 


Thus 


2F] 


y—4rs fa 





I 
oe ee AES 2r] ra cos G 


— 2r] ra) 


(8.22) 


"E (8.23) 
rs sind dro dodo. 


r? + rz — 2rir cosb 


it 





PL Fs 


(8.24) 


ri = FL. 


ri > ri. 


(8.25) 





Figure 8.4: Choice of coordinates for the r2- 


It follows that {Fse} is equal to 


integral (Equation 8.21). 
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ait 7 S q þr ; A j A n 
( (5 | Lise (i peL ja taae trle sin 6dr, dO dei. 
Arep ma? a 


The angular integrals are easy {4yr }, and the r1 integral becomes 


oo | Aa 5 42 
owe QF EK Sa 

te rja | r} je br far tia —, 

0 a | 128 


Finally, then, 





vae Bf e > ey = 34 eV ee 
fel — = ee: seg = BA4+eY¥, 
wis) a 
and therefore 
(H) = — 109 eV + 34 eV = —T5 eV. (8.27) 


Not bad (remember, the experimental value is — 79 eV). But we can do better. 

We need to think up a more realistic trial function than Wo (which treats the two electrons as though 
they did not interact at all). Rather than completely ignoring the influence of the other electron, let us say that, 
on the average, each electron represents a cloud of negative charge which partially shields the nucleus, so that 
the other electron actually sees an effective nuclear charge (Z) that is somewhat /ess than 2. This suggests that 
we use a trial function of the form 

3 
Wy (r| s r2) = fan traja ; ee 
ma` 
We'll treat Z as a variational parameter, picking the value that minimizes {H}. (Please note that in the 
variational method we never touch the Hamiltonian itself —the Hamiltonian for helium is, and remains, 
Equation 8.15. But it’s fine to tink about approximating the Hamiltonian as a way of motivating the choice of 
the trial wave function.) 
This wave function is an eigenstate of the “unperturbed” Hamiltonian (neglecting electron repulsion), 


only with Z, instead of 2, in the Coulomb terms. With this in mind, we rewrite H (Equation 8.15) as follows: 








H = -— (V? + V2) - =i 
2m 5 dreo \ri F? 
a iF 3. eB l 
a erp — By S, 
Arey ry r3 [rı F214 


The expectation value of H is evidently 


az oi 
e“ | | 
Fy +2(Z—2) (. l ) (=) E Vad 
Arego! \r 


Here {1/r}is the expectation value of | /7 in the (one-particle) hydrogenic ground state Wigo (with nuclear 


(8.30) 





charge Z); according to Equation 7.56, 
I} zZ (8.31) 
e a 
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The expectation value of Vee is the same as before (Equation 8.26), except that instead of 7 = 2 we now want 





arbitrary Z—so we multiply a by 2/ Z: 


| 5Z ( g? ) 57 (8.32) 
(Ve) = — =e ds 
Sa \ Aren A 





Putting all this together, we find 


(H) = 2z? — 4Z (Z — 2) — (5/4) z| Fj Bee |-2z? + (27/4) z| E]. (8.33) 


According to the variational principle, this quantity exceeds Egs for any value of Z. The /owest upper 


bound occurs when {H} is minimized: 


a . 
—i{H) = |-47 4 (27 /41F, —0, 
rT (Hy + (27/4) | Ey 
from which it follows that 


17 (8.34) 
Z = — = 1.09. 
16 
This seems reasonable; it tells us that the other electron partially screens the nucleus, reducing its effective 
charge from 2 down to about 1.69. Putting in this value for Z, we find 
64 (8.35) 
(H) == (5) E; = — T.53 eV. 


The ground state of helium has been calculated with great precision in this way, using increasingly 
complicated trial wave functions, with more and more adjustable parameters.‘2 But we’re within 2% of the 


correct answer, and, frankly, at this point my own interest in the problem begins to wane. 


Problem 8.7 Using Eg; = — 79.0 eV for the ground state energy of helium, 
calculate the ionization energy (the energy required to remove just one electron). 
Hint: First calculate the ground state energy of the helium ion, He*, with a single 


electron orbiting the nucleus; then subtract the two energies. 


x Problem 8.8 Apply the techniques of this Section to the H™ and Li* ions (each 
has two electrons, like helium, but nuclear charges Z = | and 7 —3, 
respectively). Find the effective (partially shielded) nuclear charge, and determine 
the best upper bound on Egs, for each case. Comment: In the case of H~ you 
should find that {H} > —13.6 eV, which would appear to indicate that there is 
no bound state at all, since it would be energetically favorable for one electron to 
fly off, leaving behind a neutral hydrogen atom. This is not entirely surprising, 
since the electrons are less strongly attracted to the nucleus than they are in 
helium, and the electron repulsion tends to break the atom apart. However, it 


turns out to be incorrect. With a more sophisticated trial wave function (see 
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Problem 8.25) it can be shown that Ess = — 13.6 eV, and hence that a bound 


state does exist. It’s only barely bound, however, and there are no excited bound 


i 


states, so H- has no discrete spectrum (all transitions are to and from the 


continuum). As a result, it is difficult to study in the laboratory, although it exists 


in great abundance on the surface of the sun. 
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8.3. The Hydrogen Molecule Ion 


Another classic application of the variational principle is to the hydrogen molecule ion, HF, consisting of a 
single electron in the Coulomb field of two protons (Figure 8.5). I shall assume for the moment that the 
protons are fixed in position, a specified distance R apart, although one of the most interesting byproducts of 


the calculation is going to be the actual value of R. The Hamiltonian is 


Ro», æ fl 1 eee) 
ee a (- +=). 


2m Areg \r r 





where r and p” are the distances to the electron from the respective protons. As always, our strategy will be to 
guess a reasonable trial wave function, and invoke the variational principle to get a bound on the ground state 
energy. (Actually, our main interest is in finding out whether this system bonds at a// that is, whether its 
energy is less than that of a neutral hydrogen atom plus a free proton. If our trial wave function indicates that 


there is a bound state, a better trial function can only make the bonding even stronger.) 


\ 








— 
Figure 8.5: The hydrogen molecule ion, H3, 


To construct the trial wave function, imagine that the ion is formed by taking a hydrogen atom in its 


ground state (Equation 4.80), 


(8.37) 


_—rja 
g j yj 





Wo(r) = 


Natal 


(ma 
bringing the second proton in from “infinity,” and nailing it down a distance R away. If R is substantially 
greater than the Bohr radius, the electron’s wave function probably isn’t changed very much. But we would 


like to treat the two protons on an equal footing, so that the electron has the same probability of being 


associated with either one. This suggests that we consider a trial function of the form 


Ww = AlWo(r) + volr’)]. (8.38) 


(Quantum chemists call this the LCAO technique, because we are expressing the molecular wave function as a 
linear combination of atomic orbitals.) 


Our first task is to normalize the trial function: 


ie 2 2y 8.39 
| aj W| d r = | Al* J Yoly d?r ( ) 


+ polr Y dr + 2 | movla]. 
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The first two integrals are 1 (since Wg itself is normalized); the third is more tricky. Let 


; fe | pease se 3 (8.40) 
f= (wo(r) |Wo(r )) = PE) | e tr ia ap 


Picking coordinates so that proton 1 is at the origin and proton 2 is on the z axis at the point R (Figure 8.6), 








we have 
P Ea a eee 
r' = yr? + R? — IrR cosð, (8.41) 
and therefore 
| AA E (3.42) 
I = — r HR ar ROSE 18? sin dr dbdd: 
ma 


The integral is trivial (277). To do the O integral, let p= r? + R? —2rRcos@, so that 
d(y*) = 2ydy = 2r R sin 8d. Then 


| r+ 

2 | es PA rs ee 3 et 

r-+R-—2rR cosé/a sinédé = p` Yia ydy 
rR rR 





él : en T T AF 
=-— jet TR] 4 R+a)—e NA (ir — RI +a)| 3 


The r integral is now straightforward: 


Pn 





i= 


OO E 
a - prija | r + R+ aja at rdr te 8 | (R—rta)rdr 
a- R 0 0 


EKI 
„Fi iis PEA 
fet | (7 —R+a)e "rdr 
R | 


Evaluating the integrals, we find (after some algebraic simplification), 


i =e ® [ —- (=) 4 = (*) | (8.43) 
a | 4 \a 


Tis called an overlap integral; it measures the amount by which yro(r) overlaps Wo (r) (notice that it goes to 1 


as R — 0, and to Oas R —+ oo). In terms of J, the normalization factor (Equation 8.39) is 


7 l (8.44) 
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Pd 


F r F 7 o a i 
r = yr-+R-2rReos8 





Figure 8.6: Coordinates for the calculation of J (Equation 8.40). 


Next we must calculate the expectation value of H in the trial state yr. Noting that 


eo 6h TN ) 
_— _—_i4f* -) Wo(r) = E Wol) 





2m si Amreq r 
(where E} = — 13.6 eV is the ground state energy of atomic hydrogen)—and the same with p” in place of rp— 
we have 





he 7 i l l j 
=A ae “Gail? al [votr) + volr’)] 


j 


/ é l | 
—Fiw—A —wWo(r) + —wWolr') |. 
LW (E) (zvo (7) + Ni (7 ) 


It follows that 

















n p? | | | |1 | ; (8.45) 
(H) = Ei — 2|Al~ | — | ] (¥olr) i—i Wolr)) + (Yor) |-| volr’) ) | - 
Arep r | |r | 
PI let you calculate the two remaining quantities, the so-called direct integral, 
l | | (8.46) 
D= (vow 7 wo): 
ee 
and the exchange integral, 
| ME y (8.47) 
X =a (vor) Wo(r ) ; 
at 
The results (see Problem 8.9) are 
y= a _ (1 i =) eR ila (8.48) 
R R 
and 
| R m (8.49) 
i= ( + = o- Ria 
ti 
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Putting all this together, and recalling (Equations 4.70 and 4.72) that E] = — (e? / Areo) (1/2a), we 
conclude: 
D+X) (8.50) 
(H) = f 12D E). 
| (1+ J) J 


According to the variational principle, the ground state energy is /ess than {H}. Of course, this is only the 
electron’s energy—there is also potential energy associated with the proton-proton repulsion: 
e | Ia (8.51) 


=a E] 


Fay = ——r— : 
y Arep R R 


Thus the zożal energy of the system, in units of — E], and expressed as a function of x = R fa, is less than 


F= (1—(2/3)x?)e* pire” (8.52) 
eos Tke | 


This function is plotted in Figure 8.7. Evidently bonding does occur, for there exists a region in which the 
graph goes below — |, indicating that the energy is less than that of a neutral atom plus a free proton (— 13.6 
eV). It’s a covalent bond, with the electron shared equally by the two protons. The equilibrium separation of 
the protons is about 2.4 Bohr radii, or 1.3 A (the experimental value is 1.06 A). The calculated binding energy 
is 1.8 eV, whereas the experimental value is 2.8 eV (the variational principle, as always, over estimates the 
ground state energy—and hence under estimates the strength of the bond—but never mind: The essential 
point was to see whether binding occurs at all; a better variational function can only make the potential well 


even deeper. 


-0.5 


Equilibrium 





Figure 8.7: Plot of the function F (x), Equation 8.52, showing existence of a bound state. 


3 Problem 8.9 Evaluate D and X (Equations 8.46 and 8.47). Check your answers 
against Equations 8.48 and 8.49. 
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KK Problem 8.10 Suppose we used a minus sign in our trial wave function (Equation 
8.38): 
Ww = A [Wot — Wolr’)]. (8.53) 


Without doing any new integrals, find F (x) (the analog to Equation 8.52) for this 
case, and construct the graph. Show that there is no evidence of bonding.“ (Since 
the variational principle only gives an upper bound, this doesn’t prove that bonding 


cannot occur for such a state, but it certainly doesn’t look promising.) 


ee CRE Problem 8.11 The second derivative of F(x), at the equilibrium point, can be 
used to estimate the natural frequency of vibration {w} of the two protons in the 
hydrogen molecule ion (see Section 2.3). If the ground state energy (fim /2) of this 
oscillator exceeds the binding energy of the system, it will fly apart. Show that in 
fact the oscillator energy is small enough that this will not happen, and estimate 
how many bound vibrational levels there are. Note: You're not going to be able to 
obtain the position of the minimum—still less the second derivative at that point 


—analytically. Do it numerically, on a computer. 
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8.4 The Hydrogen Molecule 


Now consider the hydrogen molecule itself, adding a second electron to the hydrogen molecule ion we studied 


in Section 8.3. Taking the two protons to be at rest, the Hamiltonian is 


P heop s n e? | | | l i (8.54) 
H =- (Vi + V3) + a aopa g] 


2m Are \rin R n A n D 





where F1 and ri are the distances of electron 1 from each proton and F3 and r4 are the distances of electron 2 
from each proton; as shown in Figure 8.8. The six potential energy terms describe the repulsion between the 


two electrons, the repulsion between the two protons, and the attraction of each electron to each proton. 





S 
J he / 
+E R te 


Figure 8.8: Diagram of H2 showing the distances on which the potential energy depends. 


For the variational wave function, associate one electron with each proton, and symmetrize: 


Wa (r1, r2) = A4 [Wo (ri) Wo (ri) + Wo (ri) woo]. (8.55) 


We'll calculate the normalization A+ in a moment. Since this spatial wave function is symmetric under 
interchange, the electrons must occupy the antisymmetric (singlet) spin state. Of course, we could also choose 


the trial wave function 


W- (r1, r2) = A- [Wo (r1) Wo (r3) — Wo (ri ) Wo (r2)] (8.56) 


in which case the electrons would be in a symmetric (triplet) spin state. These two variational wave functions 
constitute the Heitler-—London approximation. It is not obvious which of Equations 8.55 or 8.56 would be 
energetically favored, so let’s calculate the energy of each one, and find out1e 


First we need to normalize the wave functions. Note that 


2 EEEE ry rye tral ; 
[W4 (rl, r2)? = AL [yo (r] wo (r3) -= Wo (ri) Wo my (8.58) 


Ẹ Iro (r1) Wo (rz) Wo (ri) wo (r2) | : 


Normalization requires 
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l = | | iyen rd dri d'r (8.59) 
= A} | Wor dr f vos)? ae f volt)? dri | voor? d'ra 
+2 | wo(ri) volri) ary f wol(r3) wolrz) dra] : 


The individual orbitals are normalized and the overlap integral was given the symbol J and calculated in 


Equation 8.43. Thus 


| (8.60) 
Am —<———x 
y 2 (1 a I+} 


To calculate the expectation value of the energy, we will start with the kinetic energy of particle 1. Since 


Wo is the ground state of the hydrogen Hamiltonian, the same trick that brought us to Equation 8.45 gives 


| 

| 
me Ih 
= 

H- 

|| 


o ee T ‘a x 
AL | (- Vive (ri )) Wo (r3) + (- viw Ci) Wo oa) 


) Wo (r1) Wo (r2) 


T EDF] i 


+(e ey = ) vo (ri) Wo e» | 


T Egr] 


y 


„pŠ 


An épa 





| 
— 
H- 
rA 
ATAN 
be 
=} 
Ja 





= Ey + 





Ax (Zw (r1) Wo (r2) + Two (ri) Wo 2) 
l 


Taking the inner product with y+ then gives 























h2 5 pa? n | a (8.61) 
ane IOA = E ee. A“ gent __ | af r a 5 
a | i+ (=) rf (vo as Yo m) (wo (r3) Wo (75) 
j r` zi i ; i re 
+ (vo (ri) 2 vo o) (Wo (r2)|Wo (r3)) 
aif , a F P , 
in (vo (r1) Z lyo e) (Wo (r3) iwo (r2)) 
| 
F a DAN 5 x s 
+ (vo (i) 7 |¥o (ri ) (Wo (r2) Wo o») 
| : 
These inner products were calculated in Section 8.3 and the kinetic energy of particle 1 is 
TP tN og ( e? ) I+IX (8.62) 
a | iia j Anega } 112 


The kinetic energy of particle 2 is of course the same, so the total kinetic energy is simply twice 


Equation 8.62. The calculation of the electron—proton potential energy is similar; you will show in 


Problem 8.13 that 


ae \ -( e° aaa (8.63) 
An €or) © 2 An epa | +? 
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and the total electron—proton potential energy is four times this amount. 


The electron—electron potential energy is given by 


2% (8.64) 
€ 4 a 2 3 
(Vee) = G ) J fives (r1, r2) —d rid r 
FT Ega F12 


— ( i 7 At J | Wo (ri) — yo (ra) drid°r 
An éga. . F]? iii 
A a a 
+f |w (ri) c (m2)°d°ryd°r2 
12 


ME | oes 
+2 | | Yo (71) Yo (rí) Wo (r2) Wo (r3) Pridna | 








The first two integrals in Equation 8.64 are equal, as you can see by interchanging the labels 1 and 2. We will 


give the two remaining integrals the names 


a es ae 8.65 
D> = | | iv (r)? — |Wo (a) Prid r A 
z H a i ; 3 Ee (8.66) 
X? = | | w (r1) Wo (ri) —— Wo (2) Yo (r2) d rid'r2 
"12 
so that 
(Vee) ( e \ Dat Xp (8.67) 
aoe u) E g C 


The evaluation of these integrals is discussed in Problem 8.14. Note that the integral D> is just the 
electrostatic potential energy of two charge distributions p) = | Wo (r1)|7 and p> = | Wo (r2)|*. The exchange 
term X232 has no such classical counterpart. 

When we add all of the contributions to the energy—the kinetic energy, the electron—proton potential 
energy, the electron—electron potential energy, and the proton-proton potential energy (which is a constant, 


e* Amr eg R)—we get 


(8.68) 


(Hj), =2 


oe eee 


a 2D — Do + (21 X — Xa) 
E) aE a ee ā — e 
R Le 





A plot of (H ya and {H')_ is shown in Figure 8.9. Recall that the state y+ requires placing the two electrons 
in the singlet spin configuration, whereas i_ means putting them in a triplet spin configuration. According to 
the figure, bonding only occurs if the two electrons are in a singlet configuration—something that is 


confirmed experimentally. Again, it’s a covalent bond. 
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Figure 8.9: The total energy of the singlet (solid curve) and triplet (dashed curve) states for H2, as a function 
of the separation R between the protons. The singlet state has a minimum at around 1.6 Bohr radii, 
representing a stable bond. The triplet state is unstable and will dissociate, as the energy is minimized for 


R — oo. 


Locating the minimum on the plot, our calculation predicts a bond length of 1.64 Bohr radii (the 
experimental value is 1.40 Bohr radii), and suggests a binding energy of 3.15 eV (whereas the experimental 
value is 4.75 eV). The trends here follow those of the Hydrogen molecule ion: the calculation overestimates 
the bond length and underestimates the binding energy, but the agreement is surprisingly good for a 
variational calculation with no adjustable parameters. 

The difference between the singlet and triplet energies is called the exchange splitting J. In the Heitler— 


London approximation it is 


(D2 = 2D) Ê - (X= 21X) (8.69) 


which is roughly —1]0 eV (negative because the singlet is lower in energy) at the equilibrium separation. This 
means a strong preference for having the electron spins anti-aligned. But in this treatment of H, we've left out 
completely the (magnetic) spin-spin interaction between the electrons—remember that the spin-spin 
interaction between the proton and the electron is what leads to hyperfine splitting (Section 7.5). Were we 
right to ignore it here? Absolutely: applying Equation 7.92 to two electrons a distance R apart, the energy of 
the spin-spin interaction is something like 1Q—+¥ in this system, five orders of magnitude smaller than the 
exchange splitting. 

This calculation shows us that different spin configurations can have very different energies, even when 
the interaction between the spins is negligible. And that helps us understand ferromagnetism (where the spins 
in a material align) and anti-ferromagnetism (where the spins alternate). As we've just seen, the spin-spin 
interaction is way too weak to account for this—but the exchange splitting isn’t. Counterintuitively, it’s not a 
magnetic interaction that accounts for ferromagnetism, but an electrostatic one! H, is a sort of inchoate anti- 
ferromagnet where the Hamiltonian, which is independent of the spin, selects a certain spatial ground state 


and the spin state comes along for the ride, to satisfy the Fermi statistics. 
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Problem 8.12 Show that the antisymmetric state (Equation 8.56) can be expressed 
in terms of the molecular orbitals of Section 8.3—specifically, by placing one 
electron in the bonding orbital (Equation 8.38) and one in the anti-bonding 
orbital (Equation 8.53). 


Problem 8.13 Verify Equation 8.63 for the electron—proton potential energy. 


KKK Problem 8.14 The two-body integrals D2 and X2 are defined in Equations 8.65 


and 8.66. To evaluate D» we write 


D = | Wo (rs) P (ro) d°¥> 


=Z (patel -2 Rr cee, +r5— —2 Rr cos tha 


=/[f fF © (2) rzdry sin6,d0,d¢> 


where (3 is the angle between R and r3 (Figure 8.8), and 





5: ad r 
P (r2) = | lwo EDE ———d?r1. 


Ir) —1r2| 


(a) Consider first the integral over r1. Align the z axis with r2 (which is a 


constant vector for the purposes of this first integral) so that 


a trii ‘il 
P (r3) = lll T l dA sin iddo]. 


ot FS — 2r rə cos 6] 


Do the angular integration first and show that 


(b) Plug your result from part (a) back into the relation for D2, and show that 


M 2 _ o-2R/a Ay hee CU 
E oR i 6 \a A\a 8 R| 


Again, do the angular integration first. 
Comment: The integral X can also be evaluated in closed form, but the procedure 


is rather involved. We will simply quote the result, 


seali BRE Jya _ 1 (R\ 
3 Z2 g Too | — — — — — — — Soe m 
z S 20a 5S \a l5 \a} 


x kal ES 


www.urdukutabkhanapk.blogspot.com 


where y = 0.5772... is Eulers constant, Ei (x) is the exponential 


integral 


D0 pt 
Fi (x} = -| dt, 


—y Í 





and 7 is obtained from J by switching the sign of R: 


(8.71) 


(8.72) 


Problem 8.15 Make a plot of the kinetic energy for both the singlet and triplet 


states of H, as a function of Ra. Do the same for the electron-proton potential 


energy and for the electron—electron potential energy. You should find that the 


triplet state has lower potential energy than the singlet state for all values of R. 


However, the singlet state’s kinetic energy is so much smaller that its total energy 


comes out lower. Comment: In situations where there is not a large kinetic energy 


cost to aligning the spins, such as two electrons in a partially filled orbital in an 


atom, the triplet state can come out lower in energy. This is the physics behind 


Hund’s first rule. 
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Further Problems on Chapter 8 


Problem 8.16 
(a) Use the function W(x) = Ax (a — x) (for Ọ = x < a, otherwise 0) to 
get an upper bound on the ground state of the infinite square well. 
(b) Generalize to a function of the form yr (x) = A [x (a — x)]”, for some 
real number p. What is the optimal value of p, and what is the best bound 


on the ground state energy? Compare the exact value. Answer: 


(3 + 26) he /2ma?. 


Problem 8.17 


(a) Use a trial wave function of the form 


W(x) =| Acos(mx/a), —a/2<«< x <a/2, 

i 0, otherwise, 
to obtain a bound on the ground state energy of the one-dimensional 
harmonic oscillator. What is the “best” value of a? Compare {H } min with 
the exact energy. Note: This trial function has a “kink” in it (a 
discontinuous derivative) at + a/2; do you need to take account of this, 
as I did in Example 8.3? 

(b) Use w(x) = B sin (mx /a) on the interval (—a, a) to obtain a bound on 


the first excited state. Compare the exact answer. 


**k Problem 8.18 


(a) Generalize Problem 8.2, using the trial wave function*® 
bix) A 
a E ed E 

(x? 4 h2 F 


for arbitrary n. Partial answer: The best value of 4 is given by 


7 h k (4n — 1) (4n — > Ife 


= 
me | 2(2n +1) 


(b) Find the least upper bound on the first excited state of the harmonic 


oscillator using a trial function of the form 


Bx 


(x) = ae 
(x° +b“) 


Partial answer: The best value of 4 is given by 


lan É (4n — 5) (4n — >] fe 
Poa ee S | 


me | 2(2n +1) 
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(c) Notice that the bounds approach the exact energies as n —* 90. Why is 
that? Hint: Plot the trial wave functions for p = 3, n = 3, and p = 4, 
and compare them with the true wave functions (Equations 2.60 and 


2.63). To do it analytically, start with the identity 


r 


e = lim (1 +=). 


A— fo i 


Problem 8.19 Find the lowest bound on the ground state of hydrogen you can get 


using a gaussian trial wave function 

I — abr" 

wi(r) = Ae 

where 4 is determined by normalization and 4 is an adjustable parameter. 


Answer: — |1.5 eV. 


Problem 8.20 Find an upper bound on the energy of the first excited state of the 
hydrogen atom. A trial function with #¢ = | will automatically be orthogonal 
to the ground state (see footnote 6); for the radial part of yy you can use the 


same function as in Problem 8.19. 


** Problem 8.21 If the photon had a nonzero mass (m, z 0), the Coulomb 
potential would be replaced by the Yukawa potential, 


e% g!" (8.73) 








WEES 
Arey r 

where jt = m,,c//i, With a trial wave function of your own devising, estimate 

the binding energy of a “hydrogen” atom with this potential. Assume pa << l, 


and give your answer correct to order (jy ay” 


Problem 8.22 Suppose youre given a two-level quantum system whose (time- 
independent) Hamiltonian 77" admits just two eigenstates, W, (with energy 
E), and Wp (with energy Ep). They are orthogonal, normalized, and 
nondegenerate (assume Eg is the smaller of the two energies). Now we turn on 
a perturbation H", with the following matrix elements: 

H' 


(y a |H i 








y a ) = (y D 





H’ We) = Ü; (Ya 











H' |y) 2a (Yp Wa) = fy 


(8.74) 


where / is some specified constant. 

(a) Find the exact eigenvalues of the perturbed Hamiltonian. 

(b) Estimate the energies of the perturbed system using second-order 
perturbation theory. 

(c) Estimate the ground state energy of the perturbed system using the 


variational principle, with a trial function of the form 


y = (cos m) Wa + (sin @) Wp, (8.75) 
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where Ọ is an adjustable parameter. Note: Writing the linear combination 
in this way is just a neat way to guarantee that yr is normalized. 
(d) Compare your answers to (a), (b), and (c). Why is the variational 


principle so accurate, in this case? 


Problem 8.23 As an explicit example of the method developed in Problem 8.22, 


consider an electron at rest in a uniform magnetic field B = B; k, for which 
the Hamiltonian is (Equation 4.158): 
eB; (8.76) 


PE — —“¢.. 
mI 





The eigenspinors, Xa and Xb, and the corresponding energies, E„ and Ep, are 
given in Equation 4.161. Now we turn on a perturbation, in the form of a 
uniform field in the x direction: 


> By 8.77 
E Dy is ( ) 





H’ = 
m 
(a) Find the matrix elements of H', and confirm that they have the structure 
of Equation 8.74. What is 4? 
(b) Using your result in Problem 8.22(b), find the new ground state energy, 
in second-order perturbation theory. 
(c) Using your result in Problem 8.22(c), find the variational principle bound 


on the ground state energy. 


Problem 8.24 Although the Schrödinger equation for helium itself cannot be 


solved exactly, there exist “helium-like” systems that do admit exact solutions. 
A simple example” is “rubber-band helium,” in which the Coulomb forces are 


replaced by Hooke’s law forces: 


he ; ~ | ~ ~ A, 
H= = (vi — V3) + zmo (ri — r3) — mor le — r>|*. 
i (8.78) 
(a) Show that the change of variables from Fr, r2, to 
8 


(8.79) 


turns the Hamiltonian into two independent three-dimensional harmonic 


oscillators: 


2 2 2m 2 


he 3 l ea he y ES : AA 
H = -pa A + -mæ u“ | + Ya F m (1 — Ajmo v" |. 
(8.80) 
(b) What is the exact ground state energy for this system? 
(c) If we didn’t know the exact solution, we might be inclined to apply the 


method of Section 8.2 to the Hamiltonian in its original form (Equation 
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8.78). Do so (but don’t bother with shielding). How does your result 


compare with the exact answer? Answer: {H} = 3hw (1 — 4/4). 


KK Problem 8.25 In Problem 8.8 we found that the trial wave function with shielding 


(Equation 8.28), which worked well for helium, is inadequate to confirm the 





existence of a bound state for the negative hydrogen ion. 


Chandrasekhar% used a trial wave function of the form 


Yiri rn) = Alvi (rived) + voted. (8.81) 
where 


| Z; aa 


vir) =y ai eG) and yo(r)= y 3 





(8.82) 


oe orja 








ma 


In effect, he allowed two different shielding factors, suggesting that one 
electron is relatively close to the nucleus, and the other is farther out. (Because 
electrons are identical particles, the spatial wave function must be symmetrized 
with respect to interchange. The spin state—which is irrelevant to the 
calculation—is evidently antisymmetric.) Show that by astute choice of the 
adjustable parameters Z| and Z2 you can get {H} less than — 13.6 eV. 
Answer: 


l- a | e H E 
Sp sci gt nigh pre age tea: — xy = 5°) 


=d 
— 

La 
=] 


i an: 8 2 


E) f y , 

(Hy) = =n T (~ +2x 
IHN 

where x = Z] + #3 and y= 2,/Z £7. Chandrasekhar used Z4 = 1.039 

(since this is larger than 1, the motivating interpretation as an effective nuclear 

charge cannot be sustained, but never mind—it’s still an acceptable trial wave 


function) and Zə = 0.283. 


Problem 8.26 The fundamental problem in harnessing nuclear fusion is getting 
the two particles (say, two deuterons) close enough together for the attractive 
(but short-range) nuclear force to overcome the Coulomb repulsion. The 
“bulldozer” method is to heat the particles up to fantastic temperatures, and 
allow the random collisions to bring them together. A more exotic proposal is 
muon catalysis, in which we construct a “hydrogen molecule ion,” only with 
deuterons in place of protons, and a muon in place of the electron. Predict the 
equilibrium separation distance between the deuterons in such a structure, and 


explain why muons are superior to electrons for this purpose.# 


KKK Problem 8.27 Quantum dots. Consider a particle constrained to move in two 
dimensions in the cross-shaped region shown in Figure 8.10. The “arms” of 
the cross continue out to infinity. The potential is zero within the cross, and 
infinite in the shaded areas outside. Surprisingly, this configuration admits a 


positive-energy bound state.22 
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Le 


Figure 8.10: The cross-shaped region for Problem 8.27 





=Y 


(a) Show that the lowest energy that can propagate off to infinity is 


PE) 
nm i 

Fthreshold = FEGE, 

Ama“ 
any solution with energy /ess than that has to be a bound state. Hinz: Go 
way out one arm (say, x >> a), and solve the Schrödinger equation by 
separation of variables; if the wave function propagates out to infinity, the 
dependence on x must take the form exp (ik, x) withk, > 0. 

(b) Now use the variational principle to show that the ground state has 


energy less than FEthreshoid) Use the following trial wave function 


(suggested by Jim McTavish): 


| cos (mx /2a) + cos (ry /2a)] e% |x| <aand |y| <a 


re us cos (m x /2aje—*!” fa |x| = a and |y| >a 
W(x, y= 2 | S aer | 
cos (r y/2aje Ns |x| > aand |y| <a 
0, elsewhere. 


Normalize it to determine 4, and calculate the expectation value of H. 


Answer: 


(H) = E m? = = dl-e ii (a/4) 
‘~~ mæ | 8 1 + (8/74) + (1/2) J | 


Now minimize with respect to d, and show that the result is less than 
F threshold: Hint: Take full advantage of the symmetry of the problem— 
you only need to integrate over 1/8 of the open region, since the other 
seven integrals will be the same. Note however that whereas the trial wave 
function is continuous, its derivatives are not—there are “roof-lines” at the 


joins, and you will need to exploit the technique of Example 8.3.7° 
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Problem 8.28 In Yukawa’s original theory (1934), which remains a useful 
approximation in nuclear physics, the “strong” force between protons and 


neutrons is mediated by the exchange of z-mesons. The potential energy is 


et} rg (8.83) 





Vrp a 


where 7 is the distance between the nucleons, and the range ro is related to the 
mass of the meson: ro = ñ; Mc. Question: Does this theory account for the 
existence of the deuteron (a bound state of the proton and the neutron)? 


The Schrédinger equation for the proton/neutron system is (see Problem 


31); 


ek OO | | (8.84) 
=a © (r) + Virjyyv(r) = Ewin), 


where HU is the reduced mass (the proton and neutron have almost identical 
masses, so call them both m), and r is the position of the neutron (say) relative 
to the proton: Ff =f, — lp. Your task is to show that there exists a solution 
with negative energy (a bound state), using a variational trial wave function of 


the form 


yalt) = Ae Tim, (8.85) 


(a) Determine 4, by normalizing Wg (r). 
(b) Find the expectation value of the Hamiltonian (H — — ge -= v) in 


the state Wg. Answer: 


2 (8.86) 








h? a [ Ayp 


| . where y = 
(1+ 2B) 


(c) Optimize your trial wave function, by setting dE(P)/dB = 0. This tells 
you B as a function of y (and hence—everything else being constant—of 


Vy), but let’s use it instead to eliminate Y in favor of B: 


R p* (1 — 28) (8.87) 


Emin = —> — : 
mm Qur2 (3 +28) 


(d) Setting hiari — ], plot Emin as a function of B, for 0 < f < 1. 
What does this tell you about the binding of the deuteron? What is the 
minimum value of Wy for which you can be confident there is a bound 


state (look up the necessary masses)? The experimental value is 52 MeV. 


Problem 8.29 Existence of Bound States. A potential “well” (in one dimension) is 
a function W(x) that is never positive (V(x) = 0 for all x), and goes to zero 


at infinity (V(x) —> Oas x > +00). 
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(a) Prove the following Theorem: If a potential well Vj} (x) supports at least 
one bound state, then any deeper/wider well {Va (x) = Vi (x) for all x) 
will also support at least one bound state. Hinz: Use the ground state of V] 
, Wr, (x), as a variational test function. 

(b) Prove the following Corollary: Every potential well in one dimension has 
a bound state. Hint: Use a finite square well (Section 2.6) for Vj. 

(c) Does the Theorem generalize to two and three dimensions? How about 


the Corollary? Hint: You might want to review Problems 4.11 and 4.51. 


ai . fen os : : ake 
px Boake 2 zd Problem 8.30 Performing a variational calculation requires finding the minimum 
of the energy, as a function of the variational parameters. ‘This is, in general, a 
very hard problem. However, if we choose the form of our trial wave function 
judiciously, we can develop an efficient algorithm. In particular, suppose we 


use a /inear combination of functions n (x): 


N (8.88) 
W(x) =) endn (x), 


n= | 


where the €n are the variational parameters. If the @,, are an orthonormal set 


((@iml@n) = Sinn), but W(x) is not necessarily normalized, then {H} is 


Te (ur | | yr) = Bo ie Ann €n (8.89) 
(Wr yr) D 


where Hnn = (Om| H |n} Taking the derivative with respect to ci (and 


setting the result equal to 0) gives% 


A. H pi ECA, (8.90) 
n 


recognizable as the jth row in an eigenvalue problem: 


Hi Hy -= Hin Y C] f c (8.91) 
fy Mn --- My | c2 | ca | 

ERR 
Ay, Hyẹyo -e HNN CN ECN., 


The smallest eigenvalue of this matrix H gives a bound on the ground state 

energy and the corresponding eigenvector determines the best variational wave 

function of the form 8.88. 

(a) Verify Equation 8.90. 

(b) Now take the derivative of Equation 8.89 with respect to €j and show 
that you get a result redundant with Equation 8.90. 

(c) Consider a particle in an infinite square well of width a, with a sloping 


floor: 
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00 x <0, 
V (x)= Moxie OS xe = a, 
00 x>a 


Using a linear combination of the first ten stationary states of the infinite 


square well as the basis functions, 


Bs 


r é (= ) 
i” = 4) — SiN : 
i y cl cl 


determine a bound for the ground state energy in the case 





Vo = 10072 / maz. Make a plot of the optimized variational wave 
function. [Nore: The exact result is 39,9819 }2 / mae. 





Ie 


I” |S) 


IN ION In EN 


loo 


ho 


If the Hamiltonian admits scattering states, as well as bound states, then we'll need an integral as well as a sum, but the argument is 
unchanged. 

For a collection of interesting examples see W. N. Mei, Int. J. Math. Educ. Sci. Tech. 30, 513 (1999). 

There is no point in trying a function (such as the gaussian) that extends outside the well, because you'll get {F} = me, and Equation 8.1 
tells you nothing. 

In practice this isn’t much of a limitation, and there are sometimes ways of estimating the accuracy. The binding energy of helium has been 
calculated to many significant digits in this way (see for example G. W. Drake eż al., Phys. Rev. A 65, 054501 (2002), or Vladimir 

I. Korobov, Phys. Rev. A 66, 024501 (2002). 

For a systematic extension of the variational principle to the calculation of excited state energies see, for example, Linus Pauling and 

E. Bright Wilson, Introduction to Quantum Mechanics, With Applications to Chemistry, McGraw-Hill, New York (1935, paperback edition 
1985), Section 26. 

You can extend this trick to other symmetries. Suppose there is a Hermitian operator 4 such that] A, H] = 0. The ground state (assuming 
it is nondegenerate) must be an eigenstate of 4; call the eigenvalue },: A Wos = | Was. If you choose a variational function ir that is an 
eigenstate of A with a different eigenvalue: Ayr = vy with A Æ v, you can be certain that r and w as are orthogonal (see Section 3.3). For 
an application see Problem 8.20. 

There do exist exactly soluble three-body problems with many of the qualitative features of helium, but using non-Coulombic potentials (see 
Problem 8.24). 

Here a is the ordinary Bohr radius and Ẹ n = —13.6/ n= eV is the nth Bohr energy; recall that for a nucleus with atomic number Z, 
Bo 72 En and a — aj Z (Problem 4.19). The spin configuration associated with Equation 8.18 will be antisymmetric (the singlet). 
You can, if you like, interpret Equation 8.21 as first-order perturbation theory, with H" = Vag (Problem 7.56(a)). However, I regard this as 
a misuse of the method, since the perturbation is comparable in size to the unperturbed potential. I prefer, therefore, to think of it as a 


variational calculation, in which we are looking for a rigorous upper bound on Fags. 


= The classic studies are E. A. Hylleraas, Z. Phys. 65, 209 (1930); C. L. Pekeris, Phys. Rev. 115, 1216 (1959). For more recent work, see 


footnote 4. 

The first excited state of helium can be calculated in much the same way, using a trial wave function orthogonal to the ground state. See 
Phillip J. E. Peebles, Quantum Mechanics, Princeton U.P., Princeton, NJ (1992), Section 40. 

Robert N. Hill, J. Math. Phys. 18, 2316 (1977). 

For further discussion see Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms, Plenum, New York 
(1977), Section 34. 


— The wave function with the plus sign (Equation 8.38) is called the bonding orbital. Bonding is associated with a buildup of electron 


probability in between the two nuclei. The odd linear combination (Equation 8.53) has a node at the center, so it’s not surprising that this 


configuration doesn’t lead to bonding; it is called the anti-bonding orbital. 


= W. Heitler and F. London, Z. Phys. 44, 455 (1928). For an English translation see Hinne Hettema, Quantum Chemistry: Classic Scientific 


Papers, World Scientific, New Jersey, PA, 2000. 


= Another natural variational wave function consists of placing both electrons in the bonding orbital studied in Section 8.3: 


( Wo (ri) + Yo (r1) ) ( Wo (ra) + Yo (ra) ) (8.57) 
yr (Fj; r7) = qe — aa oe 


f2(l+f) xal +T) 
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also paired with a singlet spin state. If you expand this function you'll see that half the terms—such as Wy (ry) Wo (r1}—involve attaching 
two electrons to the same proton, which is energetically costly because of the electron—electron repulsion in Equation 8.54. The Heitler— 
London approximation, Equation 8.55, amounts to dropping the offending terms from Equation 8.57. 

The calculation was done by Y. Sugiura, Z. Phys. 44, 455 (1927). 

W. N. Mei, Int. J. Educ. Sci. Tech. 27, 285 (1996). 

For a more sophisticated model, see R. Crandall, R. Whitnell, and R. Bettega, Am. J. Phys 52, 438 (1984). 

S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 

The classic paper on muon-catalyzed fusion is J. D. Jackson, Phys. Rev. 106, 330 (1957); for a more recent popular review, see J. Rafelski 
and S. Jones, Scientific American, November 1987, page 84. 

This model is taken from R. L. Schult et al., Phys. Rev. B 39, 5476 (1989). For further discussion see J. T. Londergan and D. P. Murdock, 
Am. J. Phys. 80, 1085 (2012). In the presence of quantum tunneling a classically bound state can become unbound; this is the reverse: A 


classically unbound state is quantum mechanically bound. 


<= W.-N. Mei gets a somewhat better bound (and avoids the roof-lines) using 


| (1 — x?y?/a*) 3 


iy (x? i 7) ‘a2 
: XT! H j Fi 
W(x. yj = Ae \ (1 — x? ja>) : 


( | — y“ fa 3 ) 3 


but the integrals have to be done numerically. 


= To exclude trivial cases, we also assume it has nonzero area | | V (x) dx 0). Notice that for the purposes of this problem neither the 


infinite square well nor the harmonic oscillator is a “potential well,” though both of them, of course, have bound states. 
K. R. Brownstein, Am. J. Phys. 68, 160 (2000) proves that any one-dimensional potential satisfying TE V (x)dx = 0 admits a bound 


state (as long as (x } is not identically zero)—even if it runs positive in some places. 


= Each £j, being complex, stands for two independent parameters (its real and imaginary parts). One could take derivatives with respect to the 


real and imaginary parts, 


g g 


but it is also legitimate (and simpler) to treat © f and č ; as the independent parameters: 


You get the same result either way. 
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The WKB (Wentzel, Kramers, Brillouin)! method is a technique for obtaining approximate solutions to the 
time-independent Schrödinger equation in one dimension (the same basic idea can be applied to many other 
differential equations, and to the radial part of the Schrödinger equation in three dimensions). It is particularly 
useful in calculating bound state energies and tunneling rates through potential barriers. 

The essential idea is as follows: Imagine a particle of energy E moving through a region where the 


potential W(x) is constant. If E > V, the wave function is of the form 


w(x) = Ae™ with k= 2am (E—V)/h. 


The plus sign indicates that the particle is traveling to the right, and the minus sign means it is going to the 
left (the general solution, of course, is a linear combination of the two). The wave function is oscillatory, with 
fixed wavelength (A = 277/'k) and unchanging amplitude (A). Now suppose that V(x) is noź constant, but 
varies rather slowly in comparison to }, so that over a region containing many full wavelengths the potential is 
essentially constant. Then it is reasonable to suppose that ọ remains practically sinusoidal, except that the 
wavelength and the amplitude change slowly with x. This is the inspiration behind the WKB approximation. 
In effect, it identifies two different levels of x-dependence: rapid oscillations, modulated by gradual variation in 


amplitude and wavelength. 


By the same token, if E = V (and Vis constant), then yf is exponential: 


Wwix) = Ae’, with «= 2m (V — E)/h. 


And if V(x) is not constant, but varies slowly in comparison with |/«, the solution remains practically 
exponential, except that 4 and K are now slowly-varying functions of x. 

Now, there is one place where this whole program is bound to fail, and that is in the immediate vicinity 
of a classical turning point, where E = V. For here }, (or 1/«) goes to infinity, and V(x) can hardly be said 
to vary “slowly” in comparison. As we shall see, a proper handling of the turning points is the most difficult 


aspect of the WKB approximation, though the final results are simple to state and easy to implement. 
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9.1 The “Classical” Region 


The Schrédinger equation, 


he d’ 
EE 1 vey = Ey, 
2m dx- 


can be rewritten in the following way: 





dy "E p? 
dx? h? 
where 


p(x) = „2m [E — Vi(x)] 


(9.1) 


(9.2) 


is the classical formula for the (magnitude of the) momentum of a particle with total energy E and potential 


energy V(x). For the moment, I'll assume that E > V(x), so that p(x) is real, we call this the “classical” 


region, for obvious reasons—classically the particle is confined to this range of x (see Figure 9.1). In general, yy 


is some complex function; we can express it in terms of its amplitude, A(x), and its phase, g(x }—Dboth o 
plex function; p tint f it litude, A d its ph both of 


which are rea/: 


W(x) = Arye’? 


Using a prime to denote the derivative with respect to x, 


= = (A' +iA¢’) e'?, 

and 
dy tF ~ atat ~ 4 ff n2 ig 
=z =A + 2iA'p' +iAgp"— A (¢') Je. 


Putting this into Equation 9.1: 


7 
eo. p“ 


AVENA Y +iAg” — A(¢') =-—SA. 


This is equivalent to two real equations, one for the real part and one for the imaginary part: 


3 
3 Pp 


A" — Afp Y =—-— A, or Av = alo <= a 





he 


and 


2A'p' + Ad" =0, oF (ag) =0 
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(9.7) 


www.urdukutabkhanapk.blogspot.com 


Vix) A 






Turning points 





— Sa A 


Classical region 


Figure 9.1: Classically, the particle is confined to the region where E > V(x). 


Equations 9.6 and 9.7 are entirely equivalent to the original Schrédinger equation. The second one is 


easily solved: 


C (9.8) 


V1¢T 


where C is a (real) constant. The first one (Equation 9.6) cannot be solved in general—so here comes the 





Ag = Sock or A= 


approximation: We assume that the amplitude A varies slowly, so the 4" term is negligible. (More precisely, we 
assume that A” / A is much less than both ley and p? /he.) In that case we can drop the left side of 


Equation 9.6, and we are left with 


ee P do p 
= —, i eS 
WO) = po & oe h 


and therefore 


(9.9) 


x) = tf p(xjdx. 


(TI write this as an indefinite integral, for now—any constant of integration can be absorbed into C, which 


thereby becomes complex. I'll also absorb a factor of ,/'j,.) Then 








(9.10) 
Notice that 
‘ cl (9.11) 
lu (x) |P = | i ; 
P(x) 


which says that the probability of finding the particle at point x is inversely proportional to its (classical) 
momentum (and hence its velocity) at that point. This is exactly what you would expect—the particle doesn’t 
spend long in the places where it is moving rapidly, so the probability of getting caught there is small. In fact, 
the WKB approximation is sometimes derived by starting with this “semi-classical” observation, instead of by 
dropping the 4" term in the differential equation. The latter approach is cleaner mathematically, but the 
former offers a more illuminating physical rationale. The general (approximate) solution, of course, will be a 


linear combination the two solutions in Equation 9.10, one with each sign. 
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Example 9.1 
Potential well with two vertical walls. Suppose we have an infinite square well with a bumpy bottom 


(Figure 9.2): 





V(x) some specified function, (0 < x <a), (9.12) 
A E 
00 (otherwise). 
Inside the well (assuming E > V(x) throughout) we have 
x} Se [epet -— Cea (9.13) 
v P(x) 
or, more conveniently, 
nE l ME pa (9.14) 
W(x) = —— [C] sin p(x) + C2 cos ġ(x)}], 
y P(x) 
where (exploiting the freedom noted earlier to impose a convenient lower limit on the integral)? 
(9.15) 


ahs. PTA 1 : F f 
pix) = a) p(x')dx". 


Now, yr (x) must go to zero at y = 0, and therefore (since @(0) = 0) Ca = 0. Also, yr (x) goes to 


zero at X = a, so 


dia} =r (lAa as (9.16) 


Conclusion: 


(9.17) 





This quantization condition determines the (approximate) allowed energies. 


Vix) 





Figure 9.2: Infinite square well with a bumpy bottom. 


For instance, if the well has a flat bottom (V(x) = 0), then p(x) = ./2mE (a constant), and 


Equation 9.17 says pa = math, or 


4 9,9 
nin he 


2ma- 
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which is the old formula for the energy levels of the infinite square well (Equation 2.30). In this case 
the WKB approximation yields the exact answer (the amplitude of the true wave function is constant, 


so dropping 4” cost us nothing). 


x Problem 9.1 Use the WKB approximation to find the allowed energies { En } of an 
infinite square well with a “shelf,” of height Vo, extending half-way across 


(Figure 7.3): 


Vo, (O <x <a/?2), 
V(x) = 40, (a/2 < x <a), 


oo, (otherwise). 


Express your answer in terms of Vo and E9 = (nm h)? /2ma7 (the nth allowed 
energy for the infinite square well with no shelf). Assume that E i = Vo, but do 
not assume that E, >> Vo Compare your result with what we got in 
Section 7.1.2, using first-order perturbation theory. Note that they are in 
agreement if either Vo is very small (the perturbation theory regime) or 7 is very 


large (the WKB—semi-classical—regime). 


xk Problem 9.2 An alternative derivation of the WKB formula (Equation 9.10) is 
based on an expansion in powers of fj. Motivated by the free-particle wave 


function, yy = A exp (+i px /h), we write 


ur ( x) = aif (x J i hi 


where f(x) is some complex function. (Note that there is no loss of generality 
here—any nonzero function can be written in this way.) 
(a) Put this into Schrödingers equation (in the form of Equation 9.1), and 
show that 


inf” = (ey 4 p — 0. 


(b) Write f(x) as a power series in ji: 


f(x) = folx) HANO +h f(x) H, 
and, collecting like powers of jj, show that 


f nf \2 J -pf T, př Př pi P. 
(fo) =P. ify =f ifi =2hht+ (fy. ete 
(c) Solve for fg(x) and fI{x}, and show that—to first order in j} —you 
recover Equation 9.10. 
Note: The logarithm of a negative number is defined by In(—z) = In(z) + inz, 
where n is an odd integer. If this formula is new to you, try exponentiating both 


sides, and youll see where it comes from. 
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9.2 Tunneling 


So far, I have assumed that E => V, so p(x) is real. But we can easily write down the corresponding result in 


the non-classical region (E = V)—it’s the same as before (Equation 9.10), only now p(x) is imaginary:° 


(9.18) 


eth Sip@ldx: 





Consider, for example, the problem of scattering from a rectangular barrier with a bumpy top 
(Figure 9.3). To the left of the barrier (x = 0), 

y (x)=A giks 4 Begi 3 (9.19) 
where 4 is the incident amplitude, B is the reflected amplitude, and k = ./2mE /hi (see Section 2.5). To the 
right of the barrier (x > a), 

w(x) = Fe'™*, (9.20) 
where Fis the transmitted amplitude. The transmission probability is 

| Fi (9.21) 
In the tunneling region (0 = x = a), the WKB approximation gives 


D 


(9.22) 


ek leE lax’ y oo tdi loa 


"OX Tipe JP 


Vl pix) 





Figure 9.3: Scattering from a rectangular barrier with a bumpy top. 


If the barrier is very high and/or very wide (which is to say, if the probability of tunneling is small), then 
the coefficient of the exponentially increasing term (C) must be small (in fact, it would be zero if the barrier 
were infinitely broad), and the wave function looks something like Figure 9.4. The relative amplitudes of the 
incident and transmitted waves are determined essentially by the total decrease of the exponential over the 


nonclassical region: 


IFI oe tleed 
A| 
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SO 


(9.23) 





Figure 9.4: Qualitative structure of the wave function, for scattering from a high, broad barrier. 


Example 9.2 

Gamow’s theory of alpha decay. In 1928, George Gamow (and, independently, Condon and Gurney) 
used Equation 9.23 to provide the first successful explanation of alpha decay (the spontaneous 
emission of an alpha particle—two protons and two neutrons—by certain radioactive nuclei). Since 
the alpha particle carries a positive charge (2e¢), it will be electrically repelled by the leftover nucleus 
(charge Ze), as soon as it gets far enough away to escape the nuclear binding force. But first it has to 
negotiate a potential barrier that was already known (in the case of uranium) to be more than twice the 
energy of the emitted alpha particle. Gamow approximated the potential energy by a finite square well 
(representing the attractive nuclear force), extending out to rı (the radius of the nucleus), joined to a 
repulsive Coulombic tail (Figure 9.5), and identified the escape mechanism as quantum tunneling 


(this was, by the way, the first time that quantum mechanics had been applied to nuclear physics). 


Vir) 






Coulomb repulsion 


Nuclear binding 


-Vo 
Figure 9.5: Gamow’s model for the potential energy of an alpha particle in a radioactive nucleus. 


If E is the energy of the emitted alpha particle, the outer turning point {r7} is determined by 








l 2Ze (9.24) 


Arr ey m 


The exponent y (Equation 9.23) is evidently 
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7 2Ze* Jame f[ | 
¥ ar Ly y7 m (2 ee E )ar — —— pe ldr. 
1 3 


Arey r h ry 


The integral can be done by substitution (letr = rz sin“ u), and the result is 


pee VEE ha (= sin =) -yr (m — ri) 
o= "AD Vn — wh 





Typically, r} < r2, and we can simplify this result using the small angle approximation (sin € 


 2nE E 


Dapa a 





id 


where 








oe 
k= ) = 1.980Mev!/2. 








Arey h 
and 
T EENS FF- = 
ge i A 1 ; 
r= ( ; ) vi" idim, 
\ 4or en h 


(One fermi (fm) is ]g—!5 m, which is about the size of a typical nucleus.) 


(9.25) 


re €): 


(9.26) 


(9.27) 


(9.28) 


If we imagine the alpha particle rattling around inside the nucleus, with an average velocity v, the 


time between “collisions” with the “wall” is about 2r) /v, and hence the frequency of collisions is v /2ry. 


The probability of escape at each collision is g—2y, so the probability of emission, per unit time, is 


(v/2ri)e —2y, and hence the lifetime of the parent nucleus is about 


(9.29) 


Unfortunately, we don’t know v—but it hardly matters, for the exponential factor varies over a 


fantastic range (twenty-five orders of magnitude), as we go from one radioactive nucleus to another; 


relative to this the variation in v is pretty insignificant. In particular, if you plot the /ogarithm of the 


experimentally measured lifetime against | INE, the result is a beautiful straight line 


(Figure 9.6),2 just as you would expect from Equations 9.26 and 9.29. 
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E [MeV] 
Figure 9.6: Graph of the logarithm of the half-life (t; ;2 = t In 2) versus 1 / y’ E (where £ is the 


energy of the emitted alpha particle), for isotopes of uranium and thorium. 


Problem 9.3 Use Equation 9.23 to calculate the approximate transmission 
probability for a particle of energy E that encounters a finite square barrier of 
height Vo > E and width 3g. Compare your answer with the exact result 
(Problem 2.33), to which it should reduce in the WKB regime T < |. 





Problem 9.4 Calculate the lifetimes of U23 and Po?!, using Equations 9.26 and 
9.29. Hint: The density of nuclear matter is relatively constant (i.e. the same for all 
nuclei), so (ry) is proportional to 4 (the number of neutrons plus protons). 


Empirically, 


ri S (1.07 fm) At. (9.30) 


The energy of the emitted alpha particle can be deduced by using Einstein’s 


formula (E — me ): 


2 2 2 
E = mpc” — myc” — Mac’, (9.31) 
I a cy 


where ™ p is the mass of the parent nucleus, Mg is the mass of the daughter 
nucleus, and Mæ is the mass of the alpha particle (which is to say, the He? 
nucleus). To figure out what the daughter nucleus is, note that the alpha particle 
carries off two protons and two neutrons, so Z decreases by 2 and 4 by 4. Look up 
the relevant nuclear masses. To estimate v, use F = (| /2) mg y-; this ignores the 
(negative) potential energy inside the nucleus, and surely underestimates v, but it’s 
about the best we can do at this stage. Incidentally, the experimental lifetimes are 


6 x 10% yrs and 0.5 Us, respectively. 
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Problem 9.5 Zener Tunneling. In a semiconductor, an electric field (if it’s large 
enough) can produce transitions between energy bands—a phenomenon known as 


Zener tunneling. A uniform electric field E = —E qi,» for which 


H’ = —eEox. 


makes the energy bands position dependent, as shown in Figure 9.7. It is then 
possible for an electron to tunnel from the valence (lower) band to the conduction 
(upper) band; this phenomenon is the basis for the Zener diode. Treating the gap 
as a potential barrier through which the electron may tunnel, find the tunneling 


probability in terms of £g and Eg (as well as m, fi, €). 


X X 
(a) (hy) 


Figure 9.7: (a) The energy bands in the absence of an electric field. (b) In the 


presence of an electric field an electron can tunnel between the energy bands. 
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9.3. The Connection Formulas 


In the discussion so far I have assumed that the “walls” of the potential well (or the barrier) are vertical, so that 
the “exterior” solution is simple, and the boundary conditions trivial. As it turns out, our main results 
(Equations 9.17 and 9.23) are reasonably accurate even when the edges are not so abrupt (indeed, in Gamow’s 
theory they were applied to just such a case). Nevertheless, it is of some interest to study more closely what 
happens to the wave function at a turning point (E = V}, where the “classical” region joins the “nonclassical” 
region, and the WKB approximation itself breaks down. In this section [ll treat the bound state problem 
(Figure 9.1); you get to do the scattering problem for yourself (Problem 9.11).? 





For simplicity, let’s shift the axes over so that the right hand turning point occurs at y = Q (Figure 9.8). 
In the WKB approximation, we have 








Re aaa er r i D r ë 
' ( ) aaa | Be E I, P (x jax -— € eE E I. P (x jax | : yz 0. (9.32) 
w(x) ee vere px CTENI 
T petke, i 
VIP] 


(Assuming W(x) remains greater than E for all x = (), we can exclude the positive exponent in this region, 
because it blows up as x —> œ.) Our task is to join the two solutions at the boundary. But there is a serious 
difficulty here: In the WKB approximation, yf goes to infinity at the turning point (where p(x) — 0). The 
true wave function, of course, has no such wild behavior—as anticipated, the WKB method simply fails in the 
vicinity of a turning point. And yet, it is precisely the boundary conditions at the turning points that 
determine the allowed energies. What we need to do, then, is sp/ice the two WKB solutions together, using a 


“patching” wave function that straddles the turning point. 


Linearized 
potential 


: A Vix) \ 
SY > 
F 


Turning 
point 


Patching 
region 


Classical 0 Nonclassical 


region region 
Figure 9.8: Enlarged view of the right-hand turning point. 


Since we only need the patching wave function ( ur in the neighborhood of the origin, we'll approximate 


the potential by a straight line: 


Vix) = E+ V'(0)x, (9.33) 


and solve the Schrödinger equation for this linearized F: 
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or 


e F (9.34) 





= 
Ill 


4 1/3 (9.35) 
| f vo 


The ds can be absorbed into the independent variable by defining 


z=ax. (9.36) 


d? Wp (9.37) 


dz 2 ZW p : 





This is Airy’s equation, and the solutions are called Airy functions." Since the Airy equation is a second- 
order differential equation, there are two linearly independent Airy functions, Ai(z) and Bi(z). They are 
related to Bessel functions of order 1/3; some of their properties are listed in ‘Table 9.1 and they are plotted in 


Figure 9.9. Evidently the patching wave function is a linear combination of Ai(z) and Bi(z): 
W(x) = aAi(ax) + bBi(ax), (9.38) 
for appropriate constants a and J. 


Table 9.1: Some properties of the Airy functions. 


Differential Equation: 


Solutions: Linear combinations of Airy functions, Ai(z) and Bi(z). 


baal ~ 
=at 
integral Representation: Ail) = +| COs (= a sz) ds, 
() = 


a 3 t3 
Bi(z)= 1f [es ts sin + sz) fas. 
Ta 3 


Asymplotic Forms: 
E mo We TL 
Ai()~—L 3 Ai(z)~ ——. 24% 
Anz” {-2) 4 

z= 0; tee 0. 


Bi(z) ~ Bi(z)~ cos| 2-298? + 4] 





on a oo 
qaz" \m(-z)'"4 
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| — 


+ 
Le 


Ail 





Figure 9.9: Graph of the Airy functions. 


Now, W p is the (approximate) wave function in the neighborhood of the origin; our job is to match it to 
the WKB solutions in the overlap regions on either side (see Figure 9.10). These overlap zones are close 
enough to the turning point that the linearized potential is reasonably accurate (so that W p is a good 
approximation to the true wave function), and yet far enough away from the turning point that the WKB 


approximation is reliable! In the overlap regions Equation 9.33 holds, and therefore (in the notation of 
Equation 9.35) 
(9.39) 





p(x) © \/2m(E — E — V'(0)x) = ha yx. 


Wwe WWKB 





Turning 


os Overlap 2 
point 


Overlap | 


Patching 
region 


Figure 9.10: Patching region and the two overlap zones. 


In particular, in overlap region 2, 


X l x 3 | 
| |p (x)| dx! ~ har! | vx'dx' = Sh(ax)?!?, 
0 2 


and therefore the WKB wave function (Equation 9.32) can be written as 
(9.40) 


W(x) = ———_e3 


/hoe3l4x 1/4 7 
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Meanwhile, using the large-z asymptotic forms! of the Airy functions (from ‘Table 9.1), the patching wave 


function (Equation 9.38) in overlap region 2 becomes 


W p(x) © a Tr Pi i apenas (9.41) 
2/1 (ax) ; JT (a x) j 
Comparing the two solutions, we see that 
[4r (9.42) 
a= } and b=0O. 
ah 


Now we go back and repeat the procedure for overlap region 1. Once again, p(x) is given by Equation 


9.39, but this time x is negative, so 





O 2 ia a 
| P (x) dx ~ qk aay = 


and the WKB wave function (Equation 9.32) is 


ya) x — Bese + oe a il | Gey) 
V/ hoe3/4(—x) L/4 

Meanwhile, using the asymptotic form of the Airy function for large negative z (Table 9.1), the patching 

function (Equation 9.38, with b = 0) reads 





J m (9.45) 
Ypa) © d 


a . Fee 3/2, 7 
gaan Fan or 


g l | indt iiiar 


,/m(—ax)!/4 2i 


Comparing the WKB and patching wave functions in overlap region 1, we find 


— — - 


a ere a iy 
—in/t gi z(—ax) | 


a -i re B —f L i! C 
imit p inji _ 


SE 


iT E / hi 2i/ T gt hee 


or, putting in Equation 9.42 for a: 








Beet ad C8 Hae 17D. (9.46) 


These are the so-called connection formulas, joining the WKB solutions at either side of the turning point. 
We're done with the patching wave function now—its only purpose was to bridge the gap. Expressing 
everything in terms of the one normalization constant D, and shifting the turning point back from the origin 


to an arbitrary point x2, the WKB wave function (Equation 9.32) becomes 


(9.47) 





2D: ee] 1 eke oea yo a 
Facey 5in B p(x')dx' + z], X < X7; 


ne D | px 
| Vipcar E a. Jx 








p (x’)| dx’ | s v DUDE 


Example 9.3 


Potential well with one vertical wall. Imagine a potential well that has one vertical side (at x = 0) and 
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one sloping side (Figure 9.11). In this case yv(Q) = 0, so Equation 9.47 says 


lf? | , 
= | p(x)dx + — = Hnn, (r — l, ze 3, ae J 5 
0 4 





h 
or 

(9.48) 
For instance, consider the “half-harmonic oscillator”, 

(9.49) 


V(x) = sMwrx?, (x > 0), 
i 00, (otherwise). 


In this case 


Pox 3 


l E o i 
p(x) = 2m [E — (1/2)me@*x7] = MW) Xz — XS, 


where 
|] 2E 
W Ssl H 
w\ m 


is the turning point. So 


x | m i : - z , e 
P (x ax = m y X — x-dx Z — mxi = 
() = A 2 


0 20” 
and the quantization condition (Equation 9.48) yields 


| Fie Ps 7 H (9.50) 
E = (2n — z) hie = (5. yO ) hen. 


In this particular case the WKB approximation actually delivers the exact allowed energies (which are 


precisely the odd energies of the fu// harmonic oscillator—see Problem 2.41). 
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Figure 9.11: Potential well with one vertical wall. 


Example 9.4 
Potential well with no vertical walls. Equation 9.47 connects the WKB wave functions at a turning 
point where the potential slopes upward (Figure 9.12(a)); the same reasoning, applied to a downward- 


sloping turning point (Figure 9.12(b)), yields (Problem 9.10) 


(9.51) 





mee [— FS lee) 


2D sinfi SE p(x’)dx’ tg), x> 


~ ptr) 


dx'| . e 





W(x) = 





In particular, if we’re talking about a potential we// (Figure 9.12(c)), the wave function in the “interior” 


region (x, < x < x>) can be written either as 











Wr (x) oe ait (x), where 6)(x) S (x’) dx’ += 
v) = ——siné>(x), whe (x) = - a(x pax —, 
| Cas a(x}, DX, A P\ 4 
(Equation 9.47), or as 
— p l X : TT 
ur (x) = ——sin#\(x), where 0x) = -=f p(x')dx' — os 
y P(x) h XI 4 


(Equation 9.51). Evidently the arguments of the sine functions must be equal, modulo m:+ 


f = 6, + nr, from which it follows that 


x4 o i l * (9.52) 
| p(xjdx = | n — 5 ) ah Wik: A= da AL ws 
t] 


This quantization condition determines the allowed energies for the “typical” case of a potential well 
with two sloping sides. Notice that it differs from the formulas for two vertical walls (Equation 9.17) 
or one vertical wall (Equation 9.48) only in the number that is subtracted from n (0, 1/4, or 1/2). 
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Since the WKB approximation works best in the semi-classical (large m) regime, the distinction is 
more in appearance than in substance. In any event, the result is extraordinarily powerful, for it 
enables us to calculate (approximate) allowed energies without ever solving the Schrédinger equation, by 


simply evaluating one integral. The wave function itself has dropped out of sight. 





x (a) (b) (c) 
Figure 9.12: Upward-sloping and downward-sloping turning points. 


K Problem 9.6 The “bouncing ball” revisited. Consider the quantum mechanical 
analog to the classical problem of a ball (mass m} bouncing elastically on the 
floor.“ 

(a) What is the potential energy, as a function of height x above the floor? 
(For negative x, the potential is infinite—the ball can’t get there at all.) 

(b) Solve the Schrödinger equation for this potential, expressing your answer 
in terms of the appropriate Airy function (note that Bi(z) blows up for 
large z, and must therefore be rejected). Don’t bother to normalize W (x). 

(c) Using g = 9.80 m/s? and m = 0.100 kg, find the first four allowed 
energies, in joules, correct to three significant digits. Hinz: See Milton 
Abramowitz and Irene A. Stegun, Handbook of Mathematical Functions, 
Dover, New York (1970), page 478; the notation is defined on page 450. 

(d) What is the ground state energy, in eV, of an electron in this gravitational 
field? How high off the ground is this electron, on the average? Hint: Use 


the virial theorem to determine {x}. 


* | Problem 9.7 Analyze the bouncing ball (Problem 9.6) using the WKB 
approximation. 
(a) Find the allowed energies, E,,, in terms of m, g, and fi. 
(b) Now put in the particular values given in Problem 9.6(c), and compare 
the WKB approximation to the first four energies with the “exact” results. 
(c) About how large would the quantum number n have to be to give the ball 


an average height of, say, 1 meter above the ground? 
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K Problem 9.8 Use the WKB approximation to find the allowed energies of the 


harmonic oscillator. 


Problem 9.9 Consider a particle of mass m in the nth stationary state of the 
harmonic oscillator (angular frequency iw). 
(a) Find the turning point, x2. 
(b) How far {d} could you go above the turning point before the error in the 
linearized potential (Equation 9.33, but with the turning point at x3) 
reaches 1%? That is, if 





Vaa +d) — Vino +d) 


= 0.01, 
Vix) 


what is a? 

(c) The asymptotic form of Ai{ z} is accurate to 1% as long as z > 5. For the 
din part (b), determine the smallest 7 such that wd > 5. (For any n larger 
than this there exists an overlap region in which the linearized potential is 


good to 1% and the large-z form of the Airy function is good to 1%.) 


ok Problem 9.10 Derive the connection formulas at a downward-sloping turning 


point, and confirm Equation 9.51. 


KKK Problem 9.11 Use appropriate connection formulas to analyze the problem of 
scattering from a barrier with sloping walls (Figure 9.13). Hint: Begin by writing 
the WKB wave function in the form 





== : 5 [Aem Se" P (x ‘dx’ + peels | ; x=< X l; 
y PAT, , 
I pT pee rf I pT ft f 
-g |. ipl Hdx —-e | [p(x Vax 
yox] L [cet Jal (dx! pe E darek | E: 
i ry yoyo oe 
| Fedr p(x’ jax A 
y pix) i E Sets 


(9.53) 
Do not assume € =0. Calculate the tunneling probability, 


T = |F |2 /|A a and show that your result reduces to Equation 9.23 in the case of 
a broad, high barrier. 


Vix) 
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Figure 9.13: Barrier with sloping walls. 


es E ass Problem 9.12 For the “half-harmonic oscillator” (Example 9.3), make a plot 
comparing the normalized WKB wave function for p = 3 to the exact solution. 
Youll have to experiment to determine how wide to make the patching region. 
Note: You can do the integrals of p(x) by hand, but feel free to do them 


numerically. You'll need to do the integral of Wwe | 2 numerically to normalize 


the wave function. 
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Further Problems on Chapter 9 


** Problem 9.13 Use the WKB approximation to find the allowed energies of the 


general power-law potential: 


V {x} = a|x|", 


where V is a positive number. Check your result for the case y = 2. Answer 





us 3 w+? 
morh] 
V Ima r(4 £ 1) 





E, =a |(n—1/2)h 





** Problem 9.14 Use the WKB approximation to find the bound state energy for the 


potential in Problem 2.52. Compare the exact answer: 
z [(9/8) — (1/v2) | hea? jm. 


Problem 9.15 For spherically symmetrical potentials we can apply the WKB 
approximation to the radial part (Equation 4.37). In the case | = Q it is 


reasonable_© to use Equation 9.48 in the form 


a ! (755) 
| pinjdr = (n — 1/4) rh, 
Q 


where rq is the turning point (in effect, we treat p = () as an infinite wall). 
Exploit this formula to estimate the allowed energies of a particle in the 


logarithmic potential 
V(r) = Voln (r/a) 


(for constants Vy and a}. Treat only the case | = (). Show that the spacing 


between the levels is independent of mass. Partial answer: 


n+ E) 


E — F, = Voln 
n+l n () (“ Ji 1/4 


** Problem 9.16 Use the WKB approximation in the form of Equation 9.52, 
a E 9.56 
| p(r)dr = (n — 1/2) ah a 
rl 


to estimate the bound state energies for hydrogen. Don’t forget the centrifugal 


term in the effective potential (Equation 4.38). The following integral may 
help: 


, O nee y (9.57) 
m A 


toj 4 
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Answer: 
a —13.6 eV (9.58) 
nif ne St ee 
[n’ — (1/2) + f/€(€+ DY] 


I put a prime on 7’, because there is no reason to suppose it corresponds to the 


E 


n in the Bohr formula. Rather, it orders the states for a given ¢, counting the 
number of nodes in the radial wave function. In the notation of Chapter 4, 
n! = N =n — ¢ (Equation 4.67). Put this in, expand the square root 
(VI+e =] + sé — re +... ), and compare your result to the Bohr 


formula. 


kK Problem 9.17 Consider the case of a symmetrical double well, such as the one 


pictured in Figure 9.14. We are interested in bound states with E = V(Q). 


Vix) ! 





A j As At 


Figure 9.14: Symmetric double well; Problem 9.17. 


(a) Write down the WKB wave functions in regions (i) ¥ > x2, (ii) 
Xx] <x < X and (iii) Q < x < x). Impose the appropriate connection 


formulas at x1 and x2 (this has already been done, in Equation 9.47, for 





x2; you will have to work out Xx] for yourself), to show that 











D ; l X EE, f ran 
TPIS] exp|—4 da p(x ) dx | s (1) 
ated ee 2D [ a fi f 7 F 
W(x) = Tre sin 4 iE pla )dx — z] ; (11) 
a [2 cos Gende IPE lex" + singet Je" ple’) . (ii) 
vip) 
where 
I re (9.59) 
= z) plx)dx. 
hh m 


(b) Because W(x) is symmetric, we need only consider even (+) and odd (—) 
wave functions. In the former case yr’(Q) = 0, and in the latter case 


yr (0) = 0. Show that this leads to the following quantization condition: 


tand = +2e*, (9.60) 


where 
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p = a P(x’) dx’. (9.61) 
h 


—Y] 


Equation 9.60 determines the (approximate) allowed energies (note that 
E comes into x] and *3, so O and @ are both functions of E}. 

(c) We are particularly interested in a high and/or broad central barrier, in 
which case Ọ is large, and g¢# is huge. Equation 9.60 then tells us that 6 
must be very close to a half-integer multiple of 7. With this in mind, 
write 6 = (n + 1/2)m +€, where je] & l, and show that the 


quantization condition becomes 


| l` E xs (9.62) 
i= (» ze 5) ox: 6 


(d) Suppose each well is a parabola:!® 





v{ mw? (x + a) . x= 0, (9.63) 
s A foe is 
fmo (x-ař, x>0. 
Sketch this potential, find 8 (Equation 9.59), and show that 
d 12 hen (9.64) 
E mg E, +P 
EO & (» + 5) h F = e P 


Comment: If the central barrier were impenetrable {h — o0), we would 
simply have two detached harmonic oscillators, and the energies, 
E, = (n + 1/2) hœ, would be doubly degenerate, since the particle 
could be in the left well or in the right one. When the barrier becomes 
finite (putting the two wells into “communication”), the degeneracy is 
lifted. The even states ( We) have slightly /ower energy, and the odd ones 
( Wa ) have slightly higher energy. 


(e) Suppose the particle starts out in the right well—or, more precisely, in a 


state of the form 


| 3 
p0 =" 5 (W +¥,)- 


which, assuming the phases are picked in the “natural” way, will be 
concentrated in the right well. Show that it oscillates back and forth 


between the wells, with a period 


In? (9.65) 





(f) Calculate , for the specific potential in part (d), and show that for 
V(0) > E, ġ ~ maa? fii 


Problem 9.18 Tunneling in the Stark Effect. When you turn on an external 


electric field, the electron in an atom can, in principle, tunnel out, ionizing the 
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atom. Question: Is this likely to happen in a typical Stark effect experiment? 

We can estimate the probability using a crude one-dimensional model, as 

follows. Imagine a particle in a very deep finite square well (Section 2.6). 

(a) What is the energy of the ground state, measured up from the bottom of 
the well? Assume yp “> h2 /ma 2. Hint: This is just the ground state 
energy of the infinite square well (of width 2a). 

(b) Now introduce a perturbation H' — —gx (for an electron in an electric 
field E = —E,,;1 we would have œ = e Eeygt). Assume it is relatively 
weak (wa < he /ma’). Sketch the total potential, and note that the 
particle can now tunnel out, in the direction of positive x. 


(c) Calculate the tunneling factor y (Equation 9.23), and estimate the time it 





would take for the particle to escape (Equation 9.29). Answer: 





P= y 8m i /3ah,t = (8ma-/ mh) e?Y, 

(d) Putin some reasonable numbers: Vo = 20 eV (typical binding energy for 
an outer electron), q — 10-10 m (typical atomic radius), F.., = 7 x 10° 
V/m (strong laboratory field), e and m the charge and mass of the 


electron. Calculate T, and compare it to the age of the universe. 


Problem 9.19 About how long would it take for a (full) can of beer at room 
temperature to topple over spontaneously, as a result of quantum tunneling? 
Hint: Treat it as a uniform cylinder of mass m, radius R, and height 4. As the 
can tips, let x be the height of the center above its equilibrium position (/2/2). 
The potential energy is mgx, and it topples when x reaches the critical value 


i 
i 


mM = y R? + (h /2)° — h/2. Calculate the tunneling probability (Equation 


9.23), for E =0. Use Equation 9.29, with the thermal energy 





(1/2) m y= (1/2) kpT) to estimate the velocity. Put in reasonable 
numbers, and give your final answer in years.” 

Problem 9.20 Equation 9.23 tells us the (approximate) transmission probability 
for tunneling through a barrier, when E < Vmax —a classically forbidden 
process. In this problem we explore the complementary phenomenon: 
reflection from a barrier when E > Vma; (again, a classically forbidden 
process). We'll assume that V(x) is an even analytic function, that goes to zero 
as x — too (Figure 9.15). Question: What is the analog to Equation 9.23? 
(a) Try the obvious approach: assume the potential vanishes for |x| = a, and 


use the WKB approximation (Equation 9.13) in the scattering region: 





= Aet 4 Beit, y e (9.66) 
— Cel,” x >a. 


Impose the usual boundary conditions at + g, and solve for the reflection 


probability, R — [BI /|A|?- 
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Vix) 





Figure 9.15: Reflection from a barrier (Problem 9.20). 


Unfortunately, the result (R = 0) is uninformative. It’s true that the R 
is exponentially small (just as the transmission coefficient is, for 
E <= Vmax}, but weve thrown the baby out with the bath water—this 


approximation is simply too drastic. The correct formula is 





p= 2 pe. (9.67) 

R=e “, whee A= J plivjdy 
and Yü is defined by p(ivo) = 0. Notice that 4, (like y in Equation 9.23) 
goes like | fi; it is in fact the leading term in an expansion in powers of ji: 
A=ec,fhtotaht+ cah? 4... In the classical limit (fi ~ 0), À 
and Y go to infinity, so R and T go to zero, as expected. It is not easy to 
derive Equation 9.67," but let’s look at some examples. 

(b) Suppose V(x) = Vosech*(x /a), for some positive constants Vo and a. 
Plot V(x), plot pliy) for O< y= yo, and show that 
à = (mash) (V2mE = VZmVo) Plot R as a function of E, for fixed 
Vi. 

(c) Suppose V(x) = Vo/ [1 — (x/ay} Plot V(x), and express à in terms 
of an elliptic integral. Plot R as a function of E. 





l” IN ie 


IB 


IN Iœ IM 


In Holland it’s KWB, in France its BWK, and in England it’s JWKB (for Jeffreys). 

We might as well take the positive sign, since both are covered by Equation 9.13. 

In this case the wave function is rea/, and the analogs to Equations 9.6 and 9.7 do not follow necessarily from Equation 9.5, although they are 
still sufficient. If this bothers you, study the alternative derivation in Problem 9.2. 

This heuristic argument can be made more rigorous—see Problem 9.11. 

For a more complete discussion, and alternative formulations, see B. R. Holstein, Am. J. Phys. 64, 1061 (1996). 

For an interesting brief history see E. Merzbacher, “The Early History of Quantum Tunneling,” Physics Today, August 2002, p. 44. 

In this case the potential does not drop to zero on the left side of the barrier (moreover, this is really a three-dimensional problem), but the 


essential idea, contained in Equation 9.23, is all we really need. 


8 This figure is reprinted by permission from David Park, Introduction to the Quantum Theory, 3rd edn, Dover Publications, New York (2005); 


IS to 


it was adapted from I. Perlman and J. O. Rasmussen, “Alpha Radioactivity,” Encyclopedia of Physics, Vol. 42, Springer (1957). 

Warning: The following argument is quite technical, and you may wish to skip it on a first reading. 

Classically, a linear potential means a constant force, and hence a constant acceleration—the simplest nontrivial motion possible, and the 
starting point for elementary mechanics. It is ironic that the same potential in guantum mechanics yields stationary states that are unfamiliar 
transcendental functions, and plays only a peripheral role in the theory. Still, wave packets can be reasonably simple—see Problem 2.51 and 


especially footnote 61, page 81. 
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= This is a delicate double constraint, and it is possible to concoct potentials so pathological that no such overlap region exists. However, in 


practical applications this seldom occurs. See Problem 9.9. 


~ At first glance it seems absurd to use a /arge-z approximation in this region, which after all is supposed to be reasonably close to the turning 


point at z = Ü (so that the linear approximation to the potential is valid). But notice that the argument here is «x, and if you study the 
matter carefully (see Problem 9.9) you will find that there is (typically) a region in which gx is large, but at the same time it is reasonable to 
approximate V {x} by a straight line. Indeed, the asymptotic forms of the Airy functions are precisely the WKB solutions to Airy’s equation, 
and since we are already using Wwgg in the overlap region (Figure 9.10) it is not really a new approximation to do the same for p- 

Not 377—an overall minus sign can be absorbed into the normalization factors D and fy. 

For more on the quantum bouncing ball see Problem 2.59, J. Gea-Banacloche, Am. J. Phys. 67, 776 (1999), and N. Wheeler, 
“Classical/quantum dynamics in a uniform gravitational field”, unpublished Reed College report (2002). ‘This may sound like an awfully 
artificial problem, but the experiment has actually been done, using neutrons (V. V. Nesvizhevsky et al., Nature 415, 297 (2002)). 

As always, the WKB result is most accurate in the semi-classical (large 7} regime. In particular, Equation 9.54 is not very good for the 
ground state {n = l}. See W. N. Mei, Am. J. Phys. 66, 541 (1998). 

Application of the WKB approximation to the radial equation raises some delicate and subtle problems, which I will not go into here. The 
classic paper on the subject is R. Langer, Phys. Rev. 51, 669 (1937). 

I thank Ian Gatland and Owen Vajk for pointing this out. 

Even if V {x} is not strictly parabolic in each well, this calculation of 8, and hence the result (Equation 9.64) will be approximately correct, in 
the sense discussed in Section 2.3, with w# = VV" Oom, where -¥q is the position of the minimum. 

R. E. Crandall, Scientific American, February, 1997, p. 74. 

L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory, Pergamon Press, Oxford (1958), pages 190-191. R. L. Jaffe, 
Am. J. Phys. 78, 620 (2010) shows that reflection (for E = Vmax} can be regarded as ¢unneling in momentum space, and obtains Equation 
9.67 by a clever analog to the argument yielding Equation 9.23. 
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10 
Scattering 


© 
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10.1 Introduction 
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10.1.1 Classical Scattering Theory 


Imagine a particle incident on some scattering center (say, a marble bouncing off a bowling ball, or a proton 
fired at a heavy nucleus). It comes in with energy E and impact parameter J, and it emerges at some 
scattering angle 8@—see Figure 10.1. (PI assume for simplicity that the target is symmetrical about the z axis, 
so the trajectory remains in one plane, and that the target is very heavy, so its recoil is negligible.) The 
essential problem of classical scattering theory is this: Given the impact parameter, calculate the scattering angle. 


Ordinarily, of course, the smaller the impact parameter, the greater the scattering angle. 





Scattering center 


Figure 10.1: The classical scattering problem, showing the impact parameter 4 and the scattering angle 9. 


Example 10.1 

Hard-sphere scattering. Suppose the target is a billiard ball, of radius R, and the incident particle is a 
BB, which bounces off elastically (Figure 10.2). In terms of the angle d, the impact parameter is 
b = R sin œ, and the scattering angle is ð = m — 2a, so 


7 (5 a g (10.1) 
b = R sin =~ 5) =Reos (>), 
2 2 ko 


Evidently 


ye 2cos-! (b/R), (b= R), (10.2) 
© (0 (b> R). 
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Figure 10.2: Elastic hard-sphere scattering. 


More generally, particles incident within an infinitesimal patch of cross-sectional area gg will scatter 
into a corresponding infinitesimal solid angle ¢@ (Figure 10.3). The larger gø is, the bigger d% will be; the 
proportionality factor, D(@) = da /d £, is called the differential (scattering) cross-section: 


(10.3) 





In terms of the impact parameter and the azimuthal angle 0, do = bdbdd@anddQ = sing dA de, so 


(10.4) 


po) = |e 
| ea, dê 





(Since @ is typically a decreasing function of 4, the derivative is actually negative—hence the absolute value 


sign.) 





Figure 10.3: Particles incident in the area glg scatter into the solid angle gQ. 
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Example 10.2 
Hard-sphere scattering (continued). In the case of hard-sphere scattering (Example 10.1) 
db Ls» (; ) (10.5) 
—=—=Ksin{ — I, 
dé 2 2 
SO 

_  Reos(d/2) f Rsin(6/2) R? (10.6) 
Be ee lS. 

sin ð 2 4 


This example is unusual, in that the differential cross-section is independent of 8. 


The total cross-section is the integral of D(@), over all solid angles: 


(10.7) 





roughly speaking, it is the total area of incident beam that is scattered by the target. For example, in the case 
of hard-sphere scattering, 


c= (a°/4) | do = rR’, (10.8) 


which is just what we would expect: It’s the cross-sectional area of the sphere; BB’s incident within this area 
will hit the target, and those farther out will miss it completely. But the virtue of the formalism developed 
here is that it applies just as well to “soft” targets (such as the Coulomb field of a nucleus) that are mot simply 
“hit-or-miss’’. 

Finally, suppose we have a beam of incident particles, with uniform intensity (or luminosity, as particle 


physicists call it) 
£ = number of incident particles per unit area, per unit time. (10.9) 


The number of particles entering area qg (and hence scattering into solid angle gg), per unit time, is 


dN = Cdo = £ D(0) dQ, so 


Di- l dN (10.10) 
D= raa 





This is sometimes taken as the definition of the differential cross-section, because it makes reference only to 
quantities easily measured in the laboratory: If the detector subtends a solid angle g@Q, we simply count the 
number recorded per unit time (the event rate, dN), divide by @Q, and normalize to the luminosity of the 


incident beam. 


kk Problem 10.1 Rutherford scattering. An incident particle of charge 41 and kinetic 


energy ÈE scatters off a heavy stationary particle of charge 492. 
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(a) Derive the formula relating the impact parameter to the scattering 
angle.* Answer: b = (qiq / 8m eg E) cot (6/2). 


(b) Determine the differential scattering cross-section. Answer: 


p 2 (10.11) 
D(6) = | qiq | | 


lőr €9E sin? (6/2) 


(c) Show that the total cross-section for Rutherford scattering is infinite. 
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10.1.2 Quantum Scattering Theory 


In the quantum theory of scattering, we imagine an incident plane wave, (z) = Ae!"®, traveling in the z 
direction, which encounters a scattering potential, producing an outgoing spherical wave (Figure 10.4). That 


is, we look for solutions to the Schrodinger equation of the generic form 


(10.12) 


pikr 


wir, @) = A fei + f (8). z , for large r. 





(The spherical wave carries a factor of 1/7, because this portion of lw? must go like | fr? to conserve 


probability.) The wave number is related to the energy of the incident particles in the usual way: 


VIME (10.13) 
ho 


e 
Ill 





(As before, I assume the target is azimuthally symmetrical; in the more general case f would depend on Ẹ as 


well as 8.) 


(is 


ee i 





g KI 
Figure 10.4: Scattering of waves; an incoming plane wave generates an outgoing spherical wave. 


The whole problem is to determine the scattering amplitude f {0}; it tells you the probability of scattering 
in a given direction 8, and hence is related to the differential cross-section. Indeed, the probability that the 


incident particle, traveling at speed v, passes through the infinitesimal area qig, in time aft, is (see Figure 10.5) 


P= [yrinċidentl* dV = |A] (vdt) do. 


But this is equal to the probability that the particle scatters into the corresponding solid angle qd: 


Al? |f| 
dP = |Wecatteredl” av = UT wan? dQ, 
a 


from which it follows that da = | f |2 do, and hence 


(10.14) 


do 
D(@) = = | f(@)|° 


dQ 
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Evidently the differential cross-section (which is the quantity of interest to the experimentalist) is equal to the 
absolute square of the scattering amplitude (which is obtained by solving the Schrödinger equation). In the 
following sections we will study two techniques for calculating the scattering amplitude: partial wave analysis 


and the Born approximation. 





udi 


Figure 10.5: The volume dV of incident beam that passes through area qdo in time dt. 


Problem 10.2 Construct the analogs to Equation 10.12 for one-dimensional and 


two-dimensional scattering. 
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10.2 Partial Wave Analysis 
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10.2.1 Formalism 


As we found in Chapter 4, the Schrodinger equation for a spherically symmetrical potential V {r} admits the 


separable solutions 


wir, 0, p) = R(r)¥;"(0, p). (10.15) 





where ¥;” is a spherical harmonic (Equation 4.32), and u(r) = r R(r) satisfies the radial equation (Equation 
4.37): 
he d*u | ee (Et Ty (10.16) 
—— —— Yin... |u = Eu. 

på 


2m 


At very large r the potential goes to zero, and the centrifugal contribution is negligible, so 





The general solution is 


u(r) = Ce + De": 
the first term represents an outgoing spherical wave, and the second an incoming one—for the scattered wave 


we want J) = (). At very large 7, then, 


el KF 


R(r) ~ 





F 


as we already deduced (on physical grounds) in the previous section (Equation 10.12). 

That’s for very large r (more precisely, for kr => |; in optics it would be called the radiation zone). As in 
one-dimensional scattering theory, we assume that the potential is “localized,” in the sense that exterior to 
some finite scattering region it is essentially zero (Figure 10.6). In the intermediate region (where V can be 


ignored but the centrifugal term cannot), the radial equation becomes 


d*u- €(€ +1) 2 (10.17) 
[= ee E 
dr? p2 





and the general solution (Equation 4.45) is a linear combination of spherical Bessel functions: 
u(r) = Arje(kr) + Brnelkr). (10.18) 


However, neither je (which is somewhat like a sine function) nor ne (which is a sort of generalized cosine 
function) represents an outgoing (or an incoming) wave. What we need are the linear combinations analogous 


to ikr and »—!kr; these are known as spherical Hankel functions: 


(10.19) 


AS (x) = je(x) tine(x); bY? (x) = je(x) — ine(x). 
The first few spherical Hankel functions are listed in Table 10.1. At large 7, h O) (kr) (the Hankel function of 
the first kind) goes like g'*" /r, whereas jı 5 (kr) (the Hankel function of the second kind) goes like e~'"” jr; 


for outgoing waves, then, we need spherical Hankel functions of the first kind: 
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R(r) ~ h” (kr). (10.20) 






Intermediate region 
V=0 


| - \ (kr >> 1) 
| 

i 5 | 

| f | 


\_ Scattering 
region 


Radiation zone 


Figure 10.6: Scattering from a localized potential: the scattering region (dark), the intermediate region, where 


V = 0 (shaded), and the radiation zone (where kr “> 1). 


Table 10.1: Spherical Hankel functions, hi L) (x) and h (x): 


l 


> (— i yt l elk 


| | | for x > 1 
= ( itl eax 





The exact wave function, in the exterior region (where V(r) = 0), is 


(10.21) 
Yir 0p) =A 4 i aE > Ce mh T (kr) Ye" (0, p) 
E Im 
The first term is the incident plane wave, and the sum (with expansion coefficients Cy m) is the scattered 
wave. But since we are assuming the potential is spherically symmetric, the wave function cannot depend on 
.° So only terms with m = Q survive (remember, piona e''"®). Now (from Equations 4.27 and 4.32) 


SELI (10.22) 
Y; (0, p) = y ie ee (cos ð), 


where Py is the th Legendre polynomial. It is customary to redefine the expansion coefficients 


(Ceo = if tlk /4r QEF Dae) 





= (10.23) 
y(r, 0) =A te" kya (28+ 1) ay a (kr) Preset 


‘—0 





You'll see in a moment why this peculiar notation is convenient; dy is called the /th partial wave amplitude. 


For very large r, the Hankel function goes like (—j)!+! ¢!** / kr (Table 10.1), so 
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ikz gn 10.24 
wire) ~ Ale + £6) - k; (10.24) 


where 


00 (10.25) 
£9) = (2 + 1) ag Py (cos 9). 
F=0 


This confirms more rigorously the general structure postulated in Equation 10.12, and tells us how to 





compute the scattering amplitude, f(@), in terms of the partial wave amplitudes (ay, ). The differential cross- 


section is 
D6) = |f)" = yy, (2€ + 1) (26 + 1) af ay: Pe(cos 6) Pe-(cos 9), (10.26) 
E g: 


and the total cross-section is 


00 (10.27) 
ao =4n r GELT lag. 
ë —0Ü 


(I used the orthogonality of the Legendre polynomials, Equation 4.34, to do the angular integration.) 


486 


www.urdukutabkhanapk.blogspot.com 


10.2.2 Strategy 


All that remains is to determine the partial wave amplitudes, ay, for the potential in question. This is 
accomplished by solving the Schrödinger equation in the inzerior region (where V(r) is not zero), and 


matching it to the exterior solution (Equation 10.23), using the appropriate boundary conditions. The only 





problem is that as it stands my notation is hybrid: I used spherical coordinates for the scattered wave, but 
cartesian coordinates for the incident wave. We need to rewrite the wave function in a more consistent 
notation. 

Of course, giz satisfies the Schrodinger equation with ¥ = 0. On the other hand, I just argued that the 


general solution to the Schrodinger equation with ¥ — () can be written in the form 


E.m 


In particular, then, it must be possible to express ,ikz in this way. But ,ikz is finite at the origin, so no 
Neumann functions are allowed in the sum (ny(kr) blows up at p = Q), and since z = r cos @ has no Ọ 
dependence, only m = () terms occur. The resulting expansion of a plane wave in terms of spherical waves is 


known as Rayleigh’s formula: 


ve, aoo a (10.28) 
et = Yi" (2€ + 1) jelkr) Pe (cos 8). 
&—0 
Using this, the wave function in the exterior region (Equation 10.23) can be expressed entirely in terms of r 


and 0: 


i 4: (10.29) 
Yr, o) =A) if (28+ 1) |jeckr) + ik ag hy’ (kr) | P; (cos 8). 
&=0 
Example 10.3 


Quantum hard-sphere scattering. Suppose 


eer (10.30) 

vey [Se PS 
0 ‘Ga: 

The boundary condition, then, is 
w(a, 0) =0, (10.31) 
SO 
ae a (10.32) 
PLi Qe +1) | jelka) + ik ac hf’ (ka)| Pe(cos®) = 0 
é=0 ; 
for all 8, from which it follows (Problem 10.3) that 

jelka) (10.33) 


k hP (ka) 
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In particular, the total cross-section (Equation 10.27) is 


(10.34) 


~ 3 p ika jelka) g 
Leen ma 


That’s the exact answer, but it’s not terribly illuminating, so let’s consider the limiting case of /ow- 
energy scattering: ka « l. (Since k = 27/}, this amounts to saying that the wavelength is much 
greater than the radius of the sphere.) Referring to Table 4.4, we note that my(z) is much larger than 


je(z), for small z, so 











jez) jelz) D ii (z) (10.35) 
hP) Je) + ine(Z) ng (z) 
a. 5) OEA , i E 3 
n 2 elz {QE + 1)! i 2 £! e+) 
—<(2é)iz—f§-1 280) el Lea 


and hence 


de 1 THAT aen 
a z 4E 
a Pre H ad ai 


f=0 








But we're assuming ka < 1, so the higher powers are negligible—in the low-energy approximation 
the scattering is dominated by the ¢ =) term. (This means that the differential cross-section is 


independent of 9, just as it was in the classical case.) Evidently 
o = dra’, (10.36) 


for low energy hard-sphere scattering. Surprisingly, the scattering cross-section is four times the 
geometrical cross-section—in fact, O is the total surface area of the sphere. This “larger effective size” is 
characteristic of long-wavelength scattering (it would be true in optics, as well); in a sense, these waves 


“feel” their way around the whole sphere, whereas classical particles only see the head-on cross-section 


(Equation 10.8). 


Problem 10.3 Prove Equation 10.33, starting with Equation 10.32. Hint: Exploit 





the orthogonality of the Legendre polynomials to show that the coefficients with 


different values of / must separately vanish. 


kK Problem 10.4 Consider the case of low-energy scattering from a spherical delta- 


function shell: 
Vir) =ad(r —a), 


where A and a are constants. Calculate the scattering amplitude, f(@), the 
differential cross-section, D (@), and the total cross-section, O. Assume ka < 1, 
so that only the # = Q term contributes significantly. (To simplify matters, throw 
out all £ Æ 0 terms right from the start.) The main problem, of course, is to 
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determine Cy. Express your answer in terms of the dimensionless quantity 


p= Imag / h*. Answer: g = dna’ pt] (1 4. By. 
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10.3 Phase Shifts 


Consider first the problem of one-dimensional scattering from a localized potential V(x) on the half-line 


x < 0 (Figure 10.7). Pll put a “brick wall” at y = Q, so a wave incident from the left, 

wi(x) = A pikx (x < —a) (10.37) 
is entirely reflected 

w(x) = Be ™ (x < —a). (10.38) 


Whatever happens in the interaction region (—a < x < 0), the amplitude of the reflected wave has gor to be 
the same as that of the incident wave {|B| = |A|), by conservation of probability. But it need not have the 
same phase. If there were no potential at all (just the wall at y = 0), then B = —A, since the total wave 


function (incident plus reflected) must vanish at the origin: 


y (x)=A (E> = Sa (Vix) = 0) (10.39) 
If the potential is noź zero, the wave function (for x = —a) takes the form 
y (x)= A (eis BF pa (V(x) 7 0) | (10.40) 





Figure 10.7: One-dimensional scattering from a localized potential bounded on the right by an infinite wall. 


The whole theory of scattering reduces to the problem of calculating the phase shift’ 5 (as a function of 
k, and hence of the energy E = heh /2m), for a specified potential. We do this, of course, by solving the 
Schrodinger equation in the scattering region (—a < x <Q), and imposing appropriate boundary conditions 
(see Problem 10.5). The advantage of working with the phase shift (as opposed to the complex number B) is 
that it exploits the physics to simplify the mathematics (trading a complex quantity—two real numbers—for a 
single real quantity). 

Now let’s return to the three-dimensional case. The incident plane wave (A g" z) carries no angular 
momentum in the z direction (Rayleigh’s formula contains no terms with m Æ 0), but it includes all values of 
the zotal angular momentum {€ = 0, 1,2, ...). Because angular momentum is conserved (by a spherically 
symmetric potential), each partial wave (labelled by a particular #) scatters independently, with (again) no 
change in amplitude® —only in phase. 


If there is no potential at all, then yy = Ae'*, and the ¢th partial wave is (Equation 10.28) 
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Ww) = Ait (26 + 1) je(kr) Pe(cos 0) (V(r) = 0). (10.41) 


But (from Equation 10.19 and Table 10.1) 


| lr. po [Ce eee ee ae (10.42) 
jes) = 5 [AI 0) +h? @—)| © = [6p e' title] (> 1), 
So for large r 
7 MoD) a. es 10.43 
yO x ALO [eitr — (1) eH" Pr(cos 6) (V(r) = 0), B 
ata 


The second term inside the square brackets represents an incoming spherical wave; it comes from the incident 
plane wave, and is unchanged when we now introduce a potential. ‘The first term is the outgoing wave; it picks 


up a phase shift (due to the scattering potential): 


(26+ 1) (10.44) 


E pace 
i a A 
y Ji kr 


aii aif ee 1)! gi Py (cos 6) (Vir) Æ 0). 
Think of it as a converging spherical wave (the .—ikr term, due exclusively to the j ‘a component in pk), 
which is phase shifted an amount åp on the way in, and again åp on the way out (hence the 2), emerging as an 
outgoing spherical wave (the ikr term, due to the j { L) part of ikz plus the scattered wave). 

In Section 10.2.1 the whole theory was expressed in terms of the partial wave amplitudes ag; now we 





have formulated it in terms of the phase shifts dy. There must be a connection between the two. Indeed, 


comparing the asymptotic (large r) form of Equation 10.23 





i (CEH 1) T x, T 26+ l mE : (10.45) 
with the generic expression in terms of §y (Equation 10.44), we find? 
l rd, ` L (10.46) 
m —— fer’ — 1) — gi’! sin(dy). 
t= Sk ( ) 7 (Of 
It follows in particular (Equation 10.25) that 
1 2 | (10.47) 
f@=- »~ (28 + lye" sin(dy) Pp(cosé@) 
F—() 
and (Equation 10.27) 
(10.48) 


An = 2 ee: EEN 
c= y (2€ + 1) sin“ (8p). 
ED 


Again, the advantage of working with phase shifts (as opposed to partial wave amplitudes) is that they are 
easier to interpret physically, and simpler mathematically—the phase shift formalism exploits conservation of 


angular momentum to reduce a complex quantity ay (two real numbers) to a single real one åp. 


Problem 10.5 A particle of mass m and energy F is incident from the left on the 


potential 
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0, (x = —a), 
Vix)=4—-Vo. (~a 2x £0), 
00, (x > QO). 


(a) Ifthe incoming wave is 4,ik« (where k = y Im E /h), find the reflected 


wave. Answer: 


piita | K— HH cota) | ite were k= Im (E+ Vo)/h 
A€ aA —— a } €@ “, Where kK = «y am 1. 
k + ik’ cot (k'a) | y 


(b) Confirm that the reflected wave has the same amplitude as the incident 


Wave. 


(c) Find the phase shift 0 (Equation 10.40) for a very deep well (E << Vo). 


Answer: § = —kq. 


Problem 10.6 What are the partial wave phase shifts (dy) for hard-sphere 


scattering (Example 10.3)? 


Problem 10.7 Find the S-wave {€ = Ü} partial wave phase shift dg(k) for 


scattering from a delta-function shell (Problem 10.4). Assume that the radial wave 


function u(r) goes to 0 as p — 0. Answer: 





k 2 
—cot! coka) + =| , where p= = A 
Bsin-(ka), hie 
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10.4 The Born Approximation 
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10.4.1 Integral Form of the Schrodinger Equation 


The time-independent Schrödinger equation, 


x, (10.49) 
—-— V y + Fy = Ey, 
2m 
can be written more succinctly as 
(v +e)v =Q, (10.50) 


where 


/ImE Jm (10.51) 
mi and O= a Vy. 
. -2 


IIl 





This has the superficial appearance of the Helmholtz equation; note, however, that the “inhomogeneous” 
term (Q) iżself depends on W. Suppose we could find a function G {r} that solves the Helmholtz equation 


with a delta function “source”: 
(v? — K) G(r) = 8° (r). ena 


Then we could express yf as an integral: 


sie isan. eet (10.53) 
Wr) = | Gæ -rg (rod ro. 


For it is easy to show that this satisfies Schrodinger’s equation, in the form of Equation 10.50: 


g al aida J l t K’) G(r -=ro) | Q(ro)d’ro 
= J Pe-o ro ÖÖ. 


G (r) is called the Green’s function for the Helmholtz equation. (In general, the Green’s function for a linear 
differential equation represents the “response” to a delta-function source.) 
Our first task!2 is to solve Equation 10.52 for G(r). This is most easily accomplished by taking the 


Fourier transform, which turns the differential equation into an algebraic equation. Let 








7) = Gay | e'5T g(s) ds. _— 
Then 

(v? — k*) G(r) = a | (v? — k>) est g(s) d°s. 
But 

yeist — 2 ,isT (10.55) 


and (see Equation 2.147) 
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s(r) = 


| ell dis (10.56) 


(20)? 


so Equation 10.52 says 


| . | l =e 
(2 3/2 | (= T k?) eT g (S) ds = Ony? | eS Tg 
"r S a 2T F 


It follows"! that 





l (10.57) 


i S) — — aA Aa 
oe Gay? (B83) 


Putting this back into Equation 10.54, we find: 


| ma | 10.58 
Gir} = 7 | gine —— d"s: ) 
(27) (k* — 5° 








Now, r is fixed, as far as the s integration is concerned, so we may as well choose spherical coordinates 
(s, 8, @) with the polar axis along r (Figure 10.8). Then s.r = sr cos ø, the integral is trivial (27), and 
the 8 integral is 











[ isr cos? cing do eir cost |"  2sin(sr) (10.59) 
E ~ Sine de = — - a, 
0 isr |p or 
Thus 
(r) l e os l [ Se (10.60) 
2c ie ae so IZ . fo — -ə p ð. 





l 
l 
A p ` i 
l 
l 


Figure 10.8: Convenient coordinates for the integral in Equation 10.58. 


The remaining integral is not so simple. It pays to revert to exponential notation, and factor the 


denominator: 
: o siS Oo EST (10.61) 
on = | | — as - | ——..| 
8r*r [Jo (s — k) (s +k) -ø kis | 
Í 
= —— (lh — þh}. 
8 2p (li — h) 


These two integrals can be evaluated using Cauchy’s integral formula: 


495 


www.urdukutabkhanapk.blogspot.com 


fz) 


—— dz = 2ni (z0), 
(z — z0) i 


(10.62) 


if zo lies within the contour (otherwise the integral is zero). In the present case the integration is along the 
real axis, and it passes right over the pole singularities at + £. We have to decide how to skirt the poles—I'll go 
over the one at — k and under the one at + k (Figure 10.9). (You're welcome to choose some other convention 
if you like—even winding seven times around each pole—you'll get a different Green’s function, but, as PH 


show you in a minute, they’re all equally acceptable.) 


Im(s) 





=k si—+k Reis) 


Figure 10.9: Skirting the poles in the contour integral (Equation 10.61). 


For each integral in Equation 10.61 I must “close the contour” in such a way that the semicircle at 
infinity contributes nothing. In the case of F}, the factor gisr goes to zero when s has a large positive imaginary 


part; for this one I close above (Figure 10.10(a)). The contour encloses only the singularity at 5 = +k, so 











sell | ser | ss (10.63) 
fi = $ ; ds = 2ri = inre". 
l [stk | ssk Etk Jl 
In the case of J>, the factor g—'5" goes to zero when s has a large negative imaginary part, so we close below 
(Figure 10.10(b)); this time the contour encloses the singularity at 5 — — (and it goes around in the clockwise 


direction, so we pick up a minus sign): 


sear l ser cia (10.64) 
Í> = -¢ ec — ds = — 2m i = ime" 5 
s—k leek aes A A oO 


Conclusion: 





ikr (10.65) 











(a) (b) 
Figure 10.10: Closing the contour in Equations 10.63 and 10.64. 


This, finally, is the Green’s function for the Helmholtz equation—the solution to Equation 10.52. (If 


you got lost in all that analysis, you might want to check the result by direct differentiation—see Problem 
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10.8.) Or rather, it is a Green’s function for the Helmholtz equation, for we can add to G(r) any function 


G(r) that satisfies the homogeneous Helmholtz equation: 


(V? +4) Gor) = 0: B 

clearly, the result (G + Go) still satisfies Equation 10.52. This ambiguity corresponds precisely to the 

ambiguity in how to skirt the poles—a different choice amounts to picking a different function Go(r). 
Returning to Equation 10.53, the general solution to the Schrodinger equation takes the form 








= (10.67) 
m ary Fe 
wir) = wo(r) ——— | —m—V¥ (roy (ro) a ro, 
P(r) = yol) a | == (ro) W (ro) a To 
where yro satisfies the free-particle Schrödinger equation, 
(10.68) 


(v? +k?) Wo = O. 


Equation 10.67 is the integral form of the Schrodinger equation; it is entirely equivalent to the more familiar 
differential form. At first glance it /ooks like an explicit solution to the Schrödinger equation (for any potential) 
—which is too good to be true. Don’t be deceived: There’s a yy under the integral sign on the right hand side, 
so you can't do the integral unless you already know the solution! Nevertheless, the integral form can be very 


powerful, and it is particularly well suited to scattering problems, as we'll see in the following section. 


Problem 10.8 Check that Equation 10.65 satisfies Equation 10.52, by direct 
substitution. Hint: V7 (l/r = —4r 53 r)” 








xk Problem 10.9 Show that the ground state of hydrogen (Equation 4.80) satisfies 
the integral form of the Schrödinger equation, for the appropriate V and E (note 
that E is negative, so k = ix, where r = 4/—2mE / i). 
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10.4.2 The First Born Approximation 


Suppose VW (rp) is localized about rn = (that is, the potential drops to zero outside some finite region (as is 
Pp 10 0 pP P 8 
typical for a scattering problem), and we want to calculate {r} at points far away from the scattering center. 


Then |r| œ |rol for all points that contribute to the integral in Equation 10.67, so 





7 y+ r- ray 
ir —rol? =r? tre —2r-ro ©? (1—-2——“). (10.69) 
() E 
and hence 
Ir- ro] #r—r- fo. (10.70) 
Let 
k = kF; (10.71) 
then 
elk r—T pi mee gikr ei ETO. (10.72) 


and therefore 


jkr = rol ikr 10.73 
. i e —ik-rg ( ) 


k-o or. 
(In the denominator we can afford to make the more radical approximation |r = ro| = r; in the exponent we 
need to keep the next term. If this puzzles you, try including the next term in the expansion of the 
denominator. What we are doing is expanding in powers of the small quantity (7/1), and dropping all but 
the lowest order.) 


In the case of scattering, we want 











Wo(r) = Ae’, (10.74) 
representing an incident plane wave. For large 7, then, 
in 2IKr ee : (10.75) 
wir)» Ae =: | e KTV (ro)y(ro)d ro. 
rh r 
This is in the standard form (Equation 10.12), and we can read off the scattering amplitude: 
l m DOE ea (10.76) 
TO= e" OV (ro)y(ro)d ro. 
2m R A , l 


This is exact. Now we invoke the Born approximation: Suppose the incoming plane wave is not substantially 


altered by the potential; then it makes sense to use 


W (ro) © Wolro) = Ae* = AK To, (10.77) 
where 
k’ =k. (10.78) 
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inside the integral. (This would be the exact wave function, if V were zero; it is essentially a weak potential 


approximation. ) In the Born approximation, then, 


(10.79) 


m me es . 
fe. p = ee) fe i tae V (ro) dry. 





(In case you have lost track of the definitions of ;’ and k, they both have magnitude &, but the former points 
in the direction of the incident beam, while the latter points toward the detector—see Figure 10.11; 


h(k — k’) is the momentum transfer in the process.) 





Figure 10.11: Two wave vectors in the Born approximation: |’ points in the incident direction, k in the 
scattered direction. 


In particular, for low energy (long wavelength) scattering, the exponential factor is essentially constant 


over the scattering region, and the Born approximation simplifies to 





(10.80) 
— | Vir)d*r, (low energy). 
whe 
(I dropped the subscript on r, since there is no likelihood of confusion at this point.) 

Example 10.4 

Low-energy soft-sphere scattering. 1° Suppose 

Vir) | Vo (r = a}, (10.81) 

o {o (r>a). 


In this case the low-energy scattering amplitude is 


5 m fd a (10.82) 
TO Qy S= a gue | 


nn, A 
dm he 


kæ 


(independent of 8 and 9), the differential cross-section is 


do yan (Puey soa 
dQ 32 J” 
and the total cross-section is 

(10.84) 


ee. 
2m Voa” ) 


3h? 


a ~ 4a ( 
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For a spherically symmetrical potential, V(r) = V(r)—but zor necessarily at low energy—the Born 


approximation again reduces to a simpler form. Define 
=k —k, (10.85) 
and let the polar axis for the rg integral lie along x, so that 
(k — k) - ro = «ro cos 6p. (10.86) 
Then 


m (10.87) 


= - 
2n ht 





f(@) = | e!XF0 cost y (ror sin 69 dro deo dog. 


The ġo integral is trivial {27r }, and the fp integral is one we have encountered before (see Equation 10.59). 
Dropping the subscript on r, we are left with 


(10.88) 





Ee a 
| rV(r)sin(«r)dr, (spherical symmetry). 
JO 


The angular dependence of fis carried by K; in Figure 10.11 we see that 


K = 2k sin (0/2). (10.89) 


Example 10.5 
Yukawa scattering. The Yukawa potential (which is a crude model for the binding force in an atomic 


nucleus) has the form 


Jer (10.90) 





where B and H are constants. The Born approximation gives 


2m = % 4 ame (10.91) 
p e` sin(er)dr = — p - 


A) — a 
i) hk 0 h? (u? + K?) 





(You get to work out the integral for yourself, in Problem 10.11.) 


Example 10.6 
Rutherford scattering. If we put in 6 = g)q2/4sr€g, H = 0, the Yukawa potential reduces to the 
Coulomb potential, describing the electrical interaction of two point charges. Evidently the scattering 


amplitude is 


2mgq|q? (10.92) 
Ameo?” 


JO) = 


or (using Equations 10.89 and 10.51): 
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gig? (10.93) 


reys- IE 
l6meéegF sin-(@/2) 


The differential cross-section is the square of this: 


da =| Gig? | (10.94) 
dQ | 16reoE sin? (0/2) 


which is precisely the Rutherford formula (Equation 10.11). It happens that for the Coulomb 
potential classical mechanics, the Born approximation, and quantum field theory all yield the same 


result. As they say in the computer business, the Rutherford formula is amazingly “robust.” 


x Problem 10.10 Find the scattering amplitude, in the Born approximation, for 
soft-sphere scattering at arbitrary energy. Show that your formula reduces to 


Equation 10.82 in the low-energy limit. 


Problem 10.11 Evaluate the integral in Equation 10.91, to confirm the expression 





on the right. 


Kk Problem 10.12 Calculate the total cross-section for scattering from a Yukawa 


potential, in the Born approximation. Express your answer as a function of E. 


x Problem 10.13 For the potential in Problem 10.4, 
(a) calculate f(@), D(@), and O, in the low-energy Born approximation; 





(b) calculate f (0) for arbitrary energies, in the Born approximation; 
(c) show that your results are consistent with the answer to Problem 10.4, in 


the appropriate regime. 
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10.4.3. The Born Series 


The Born approximation is similar in spirit to the impulse approximation in classical scattering theory. In the 


impulse approximation we begin by pretending that the particle keeps going in a straight line (Figure 10.12), 





and compute the transverse impulse that would be delivered to it in that case: 
j 10.95 
= | F id l. ( 


If the deflection is relatively small, this should be a good approximation to the transverse momentum 


imparted to the particle, and hence the scattering angle is 
6 = tan! (1/p), (10.96) 


where p is the incident momentum. This is, if you like, the “first-order” impulse approximation (the zeroth- 
order is what we started with: no deflection at all). Likewise, in the zeroth-order Born approximation the 
incident plane wave passes by with no modification, and what we explored in the previous section is really the 
first-order correction to this. But the same idea can be iterated to generate a series of higher-order corrections, 


which presumably converge to the exact answer. 


Actual 
ajectory 
F trajectory 


4 ~ 


Figure 10.12: The impulse approximation assumes that the particle continues undeflected, and calculates the 





Scattering center 


transverse momentum delivered. 


The integral form of the Schrödinger equation reads 


; 3 (10.97) 
wir) = Yor) + | g- ro) V (ro)Y (ro)d ro, 
where wo is the incident wave, 
m e (10.98) 


ENE Inh? r 


is the Green’s function (into which I have now incorporated the factor 2m /Pe, for convenience), and V is the 


scattering potential. Schematically, 


10.99 
ur = Wo + | vv. ( ) 


Suppose we take this expression for W, and plug it in under the integral sign: 
| (10.100) 
Y = yo t | gV Wo + | | gVgV ý. 
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Iterating this procedure, we obtain a formal series for W: 


w = yo+ | aV Wot gV gV yo+ gVgVEeV yot. 


In each integrand only the incident wave function {Wo} appears, together with more and more powers of gV. 
The first Born approximation truncates the series after the second term, but it is pretty clear how one 
generates the higher-order corrections. 

The Born series can be represented diagrammatically as shown in Figure 10.13. In zeroth order y is 
untouched by the potential; in first order it is “kicked” once, and then “propagates” out in some new direction; 
in second order it is kicked, propagates to a new location, is kicked again, and then propagates out; and so on. 
In this context the Green’s function is sometimes called the propagator—it tells you how the disturbance 
propagates between one interaction and the next. The Born series was the inspiration for Feynman’s 
formulation of relativistic quantum mechanics, which is expressed entirely in terms of vertex factors ( V } and 


propagators {g}, connected together in Feynman diagrams. 





Figure 10.13: Diagrammatic interpretation of the Born series (Equation 10.101). 


Problem 10.14 Calculate O (as a function of the impact parameter) for Rutherford 
scattering, in the impulse approximation. Show that your result is consistent with 


the exact expression (Problem 10.1(a)), in the appropriate limit. 


KKK Problem 10.15 Find the scattering amplitude for low-energy soft-sphere 


scattering in the second Born approximation. Answer: 


— (2m Voa” / 3h7)\ 11 — (4m Voa” 5h 
( 
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Further Problems on Chapter 10 


Kk Problem 10.16 Find the Green’s function for the one-dimensional Schrödinger 


equation, and use it to construct the integral form (analogous to Equation 


10.66). Answer: 


(10.102) 





im f airemh 
yix) = vo(X) - = eee V (x0) 0 (Xo) dXo. 


Rek J- 


** Problem 10.17 Use your result in Problem 10.16 to develop the Born 
approximation for one-dimensional scattering (on the interval 
— oo ex < 00, with no “brick wall” at the origin). That is, choose 
Wo(x) = Ae'**, and assume W{xo) = Wo (xo) to evaluate the integral. Show 


that the reflection coefficient takes the form: 


a ff TO PP ieas 
Re (aa) S ë V(x) dx 


Problem 10.18 Use the one-dimensional Born approximation (Problem 10.17) to 


z (10.103) 





compute the transmission coefficient (7 = 1 — R) for scattering from a delta 
function (Equation 2.117) and from a finite square well (Equation 2.148). 
Compare your results with the exact answers (Equations 2.144 and 2.172). 


Problem 10.19 Prove the optical theorem, which relates the total cross-section to 


the imaginary part of the forward scattering amplitude: 


4; me (10.104) 
oS —Im | F0]. 


Hint: Use Equations 10.47 and 10.48. 


Problem 10.20 Use the Born approximation to determine the total cross-section 


for scattering from a gaussian potential 


Vir) —_ Voge erie 


Express your answer in terms of the constants Vo, a, and m (the mass of the 


incident particle), and k = ./2mE {hi where £E is the incident energy. 


Problem 10.21 Neutron diffraction. Consider a beam of neutrons scattering from 
a crystal (Figure 10.14). The interaction between neutrons and the nuclei in 


the crystal is short ranged, and can be approximated as 





nh? b yn 
yoy L 8 ei): 


M 


504 


hel wy 


www.urdukutabkhanapk.blogspot.com 


where the rj are the locations of the nuclei and the strength of the potential is 


expressed in terms of the nuclear scattering length 0. 





k 


Figure 10.14: Neutron scattering from a crystal. 


(a) In the first Born approximation, show that 


R j 
a" 








? ptT; 
E | 

where q = k — k’. 
(b) Now consider the case where the nuclei are arranged on a cubic lattice 


with spacing a. Take the positions to be 


rj=laitmay+nak 


where /, m, and n all range from 0 to Ñ — 1, so there are a total of p3 


nuclei. Show that 


dg p2 sint(N gy a/2) sin? (N dy a/2) sin7(N g-a/2) 


da sin? (qy a/2) sin? (qy a/2) sin? (q: a/2) 


(c) Plot 


l sint (N gy a/2) 


N sin? (gy a/2) 
as a function of Qx & for several values of N(N = 1,5, 10) to show that 
the function describes a series of peaks that become progressively sharper 
as JV increases. 

(d) In light of (c), in the limit of large N the differential scattering cross 


section is negligibly small except at one of these peaks: 


3 BR fya a 5 
q = Gimni = a G + iM J +nk) 


for integer /, m, and n. The vectors Gimn are called reciprocal lattice 
vectors. Find the scattering angles (@) at which peaks occur. If the 
neutron’s wavelength is equal to the crystal spacing a, what are the three 


smallest (nonzero) angles? 
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Comment: Neutron diffraction is one method used, to determine crystal 
structures (electrons and x-rays can also be used and the same expression for 
the locations of the peaks holds). In this problem we looked at a cubic 
arrangement of atoms, but a different arrangement (hexagonal for example) 
would produce peaks at a different set of angles. Thus from the scattering data 


one can infer the underlying crystal structure. 


KK Problem 10.22 Two-dimensional scattering theory. By analogy with Section 10.2, 





develop partial wave analysis for two dimensions. 


(a) In polar coordinates (r, 6) the Laplacian is 


pe 2 OF ild IP (10.105) 
y- FR = oy eT — ian a ne 
ax- i Jy oar? ü r oF j r2 002 
Find the separable solutions to the (time-independent) Schrödinger 
equation, for a potential with azimuthal symmetry (V (r, 6) —> V (r)). 
Answer: 
wir. 8) = Rr) e, (10.106) 
where j is an integer, and y = Jr R satisfies the radial equation 
ii du , = h2 (j? 3 1/4) (10.107) 
ss —— Vir} + ———_ |u = Eu 
2m dr“ 2m A 


(b) By solving the radial equation for very large r (where both V (r )and the 
centrifugal term go to zero), show that an outgoing radial wave has the 
asymptotic form 


gtr (10.108) 
Rr) ~ 





F 


where k = x ImE ih. Check that an incident wave of the form 4 p!kx 
satisfies the Schrödinger equation, for V(r) = O (this is trivial, if you use 


cartesian coordinates). Write down the two-dimensional analog to 





Equation 10.12, and compare your result to Problem 10.2. Answer: 


ikr (10.109) 


rd 
Vr 


(c) Construct the analog to Equation 10.21 (the wave function in the region 





Wir, O= A e *4+f@) / . for larger. 


where V {r} = 0 but the centrifugal term cannot be ignored). Answer: 


Do (10.110) 
TT ees ae ika o arD aija 
wr, 0) = Ake" + ) cjH; (krje! 


j=- 


where H; l) is the Hankel function (not the spherical Hankel function!) of 


order j.+ 
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(d) For large z, 


ae OE eit (10.111) 
HO (2) ~ /2/met*/4 iy — 


rr 


Use this to show that 


ee tee g a (10.112) 
f(@) = Varke i™* rý (—i)/ ce., 


j=—-% 


(e) Adapt the argument of Section 10.1.2 to this two-dimensional geometry. 





Instead of the area a, we have a length, db, and in place of the solid angle 
d&2 we have the increment of scattering angle |d|; the role of the 


differential cross-section is played by 


ld b | (10.113) 


D(é)= Fr 





and the effective “width” of the target (analogous to the total cross- 


section) is 


2m (10.114) 
B =| D(@)de. 
() 
Show that 
5 i 2 F (10.115) 
D(6) = |f (@ |, and B= X r e. 
j=- 


(f) Consider the case of scattering from a hard disk (or, in three dimensions, 


19) 


an infinite cylinder~) of radius a: 


|oo, (r 2a), (10.116) 
Vir) = = 
a 0, (r> a). 
By imposing appropriate boundary conditions at r =a, determine B. 


You'll need the analog to Rayleigh’s formula: 


. o0 | a (10.117) 
gikx. — oa (i) Jj (kr) gil? 


j=% 
(where J; is the Bessel function of order J). Plot B as a function of ka, for 


Q<ka < ?. 


Problem 10.23 Scattering of identical particles. The results for scattering of a 
particle from a fixed target also apply to the scattering of two particles in the 
center of mass frame. With W (R, r) = Wp (R) W, (r), Wr (r) satisfies 
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h 
~ Yp + VE) Yr = Er Yr 
2u 


(10.118) 


(see Problem 5.1) where V(r} is the interaction between the particles 

(assumed here to depend only on their separation distance). This is the one- 

particle Schrödinger equation (with the reduced mass H in place of m). 

(a) Show that if the two particles are identical (spinless) bosons, then W, (r) 
must be an even function of r (Figure 10.15). 

(b) By symmetrizing Equation 10.12 (why is this allowed?), show that the 


scattering amplitude in this case is 


Fe(@) = fe) + fir -—@) 


where f (@) is the scattering amplitude of a single particle of mass H from 
a fixed target V (r). 

(c) Show that the partial wave amplitudes of fr vanish for all odd powers of 
į. 

(d) How are the results of (a)-(c) different if the particles are identical 
fermions (in a triplet spin state). 


(e) Show that the scattering amplitude for identical fermions vanishes at 7r /2 


(f) Plot the logarithm of the differential scattering cross section for fermions 


and for bosons in Rutherford scattering (Equation 10.93). 2 





Figure 10.15: Scattering of identical particles. 





I= 


Tuo 


This is terrible language: D isn’t a differential, and it isn’t a cross-section. To my ear, the words “differential cross-section” would attach 
more naturally to gø. But I’m afraid we’re stuck with this terminology. I should also warn you that the notation D(f} is nonstandard—most 
people just call it g cidh (which makes Equation 10.3 look like a tautology). I think it will be less confusing if we give the differential 
cross-section its own symbol. 

This isn’t easy, and you might want to refer to a book on classical mechanics, such as Jerry B. Marion and Stephen T. Thornton, Classical 
Dynamics of Particles and Systems, 4th edn, Saunders, Fort Worth, TX (1995), Section 9.10. 

For the moment, there’s not much guantum mechanics in this; what we’re really talking about is the scattering of waves, as opposed to 
particles, and you could even think of Figure 10.4 as a picture of water waves encountering a rock, or (better, since we're interested in three- 
dimensional scattering) sound waves bouncing off a basketball. 

What follows does not apply to the Coulomb potential, since | / 7 goes to zero more slowly than | y p=, as —> 0O, and the centrifugal term 


does not dominate in this region. In this sense the Coulomb potential is not localized, and partial wave analysis is inapplicable. 
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There’s nothing wrong with O dependence, of course, because the incoming plane wave defines a z direction, breaking the spherical 
symmetry. But the azimuthal symmetry remains; the incident plane wave has no @ dependence, and there is nothing in the scattering process 
that could introduce any @ dependence in the outgoing wave. 

For a guide to the proof, see George Arfken and Hans-Jurgen Weber, Mathematical Methods for Physicists, 7th edn, Academic Press, 
Orlando (2013), Exercises 15.2.24 and 15.2.25. 

The 2 in front of 0 is conventional. We think of the incident wave as being phase shifted once on the way in, and again on the way out; 0 is 
the “one way” phase shift, and the sofa/ is 34. 

One reason this subject can be so confusing is that practically everything is called an “amplitude”: f (4) is the “scattering amplitude”, &¢ is 
the “partial wave amplitude”, but the first is a function of O, and both are complex numbers. I’m now talking about “amplitude” in the 
original sense: the (real, of course) height of a sinusoidal wave. 

Although I used the asymptotic form of the wave function to draw the connection between / and jy, there is nothing approximate about 
the result (Equation 10.46). Both of them are constants (independent of r), and ġ y means the phase shift in the asymptotic region (where the 
Hankel functions have settled down to etikr ikr) 

Warning: You are approaching two pages of heavy analysis, including contour integration; if you wish, skip straight to the answer, Equation 
10.65. 


= This is clearly sufficient, but it is also necessary, as you can easily show by combining the two terms into a single integral, and using 


Plancherel’s theorem, Equation 2.103. 

If you are unfamiliar with this technique you have every right to be suspicious. In truth, the integral in Equation 10.60 is simply ill-defined 
—it does not converge, and it’s something of a miracle that we can make sense of it at all. The root of the problem is that (7({1r} doesn’t really 
have a legitimate Fourier transform; we're exceeding the speed limit, here, and just hoping we won't get caught. 

See, for example, D. Griffiths, Introduction to Electrodynamics, 4th edn (Cambridge University Press, Cambridge, UK, 2017), Section 1.5.3. 
Remember, f (@, ¢) is by definition the coefficient of Aei% jp at large r. 

Typically, partial wave analysis is useful when the incident particle has low energy, for then only the first few terms in the series contribute 
significantly; the Born approximation is more useful at high energy, when the deflection is relatively small. 

You can’t apply the Born approximation to hard-sphere scattering { Vg = o¢}—the integral blows up. The point is that we assumed the 
potential is weak, and doesn’t change the wave function much in the scattering region. But a hard sphere changes it radically—trom 4 pikz to 
Zero. 

It makes no difference that this crystal isn’t “centered” at the origin: shifting the crystal by R amounts to adding R to each of the Fj, and that 
doesn’t affect gf cidh. After all, we’re assuming an incident plane wave, which extends to + mo in the x and y directions. 

See Mary Boas, Mathematical Methods in the Physical Sciences, 3rd edn (Wiley, New York, 2006), Section 12.17. 

S. McAlinden and J. Shertzer, Am. J. Phys. 84, 764 (2016). 

Equation 10.93 was derived by taking the limit of Yukawa scattering (Example 10.5) and the result for f {f} is missing a phase factor (see 
Albert Messiah, Quantum Mechanics, Dover, New York, NY (1999), Section XI.7). That factor drops out of the cross-section for scattering 





from a fixed potential—giving the correct answer in Example 10.6—but would show up in the cross-section for scattering of identical 


particles. 
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So far, practically everything we have done belongs to the subject that might properly be called quantum 
statics, in which the potential energy function is independent of time: V(r, t) = V(r). In that case the (time- 


dependent) Schrédinger equation, 


dy a 11.1 
dt 
can be solved by separation of variables: 
Wir, t) = ye EN, (11.2) 
where {r} satisfies the time-independent Schrödinger equation, 
Aw = Ew. (11.3) 


Because the time dependence of separable solutions is carried by the exponential factor (e TEM), which 
. : 4 aee : 

cancels out when we construct the physically relevant quantity | |+, all probabilities and expectation values 

(for such states) are constant in time. By forming /inear combinations of these stationary states we obtain wave 


functions with more interesting time dependence, 


(r,t) = cnn (rye en”, (11.4) 


but even then the possible values of the energy (E,,), and their respective probabilities (|c,, |2} are constant. 

If we want to allow for transitions (quantum jumps, as they are sometimes called) between one energy 
level and another, we must introduce a time-dependent potential (quantum dynamics). There are precious few 
exactly solvable problems in quantum dynamics. However, if the time-dependent part of the Hamiltonian is 
small (compared to the time-independent part), it can be treated as a perturbation. The main purpose of this 
chapter is to develop time-dependent perturbation theory, and study its most important application: the 


emission or absorption of radiation by an atom. 


Problem 11.1 Why isnt it zrivial to solve the time-dependent Schrödinger 
equation (11.1), in its dependence on f? After all, it’s a first-order differential 
equation. 


(a) How would you solve the equation 


di 
< T 
dt 
(for f (t)), if & were a constant? 
(b) What if 2 is itself a function of £ (Here k(t) and f(r) might also depend 
on other variables, such as r—it doesn’t matter.) 


(c) Why not do the same thing for the Schrödinger equation (with a time- 


dependent Hamiltonian)? To see that this doesn’t work, consider the 
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simple case 


Hi. Üst er}, 


Hii {°) 
ih, (f>T)}, 


where Hy and f, are themselves time-independent. If the solution in part 
(b) held for the Schrödinger equation, the wave function at time f > T 


would be 


-i| ArH fez) 
=E 


Y(t) I! (0), 


but of course we could also write 
ar (t) ee 7 ' Hx(t—t)/Piygy (T) = eg! H2(1—1)/ fpi AY rih ar (0). 


Why are these generally not the same? [This is a subtle matter; if you 


want to pursue it further, see Problem 11.23. | 
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11.1 Two-Level Systems 


To begin with, let us suppose that there are just zwo states of the (unperturbed) system, W, and Wp. They are 


eigenstates of the unperturbed Hamiltonian, 70: 


H" Wa = EaWa, and A’ Wp = EpWp, (11.5) 
and they are orthonormal: 

(Wile) )=6y, Gf =a,b) . (11.6) 
Any state can be expressed as a linear combination of them; in particular, 


(0) = Ca Wa + Ch Wh. (11.7) 


The states W, and Wp might be position-space wave functions, or spinors, or something more exotic—it 
doesn’t matter. It is the zime dependence that concerns us here, so when I write Y(t), I simply mean the state 
of the system at time ¢. In the absence of any perturbation, each component evolves with its characteristic 


wiggle factor: 


W(t) = ca Wa eo! Eat {hi + crv, ei Ent {he (11.8) 


Informally, we say that |¢,,|* is the “probability that the particle is in state yy,”—by which we really mean the 
probability that a measurement of the energy would yield the value E,,. Normalization of W requires, of 


course, that 


lcal? T lep |? =e.) (11.9) 
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11.1.1 The Perturbed System 


Now suppose we turn on a time-dependent perturbation, H '(r). Since yf, and Wp constitute a complete set, 
the wave function (rf) can still be expressed as a linear combination of them. The only difference is that €a 


and Ch are now functions of t: 


W(t) = cayae eat! + cy (hype BH. (11.10) 


(I could absorb the exponential factors into Calf) and c(t), and some people prefer to do it this way, but I 
think it is nicer to keep visible the part of the time dependence that would be present even without the 
perturbation.) The whole problem is to determine Ca and €h, as functions of time. If, for example, the particle 
started out in the state wr,,(c,(O) = 1, c,(0) = 0), and at some later time ft we find that Calti) = 0, 
ch (f1) = 1, we shall report that the system underwent a transition from Wa to Wp. 


We solve for ca {t} and c,(t) by demanding that V(r) satisfy the time-dependent Schrodinger equation, 


: aw er s 11.11 
HWY = URE where H = H” + H ít). \ 
j 


From Equations 11.10 and 11.11, we find: 
Ca (A.Ya) e`iEatih 4 e, (A4) e`iEnt/h y e, (A'a) o-i Eat/ħ 


+ ep (HW) eiF = in| èa pae Pelt + pippe t PDN 


iE -iE LE EE 
+ Cava (-=*) e Eat {A + CHvy (-=*) e dg! 


In view of Equation 11.5, the first two terms on the left cancel the last two terms on the right, and hence 





Ca ( H Va) et Eat/f + Ch ( H Vp) et Ent M ih (é. We et Ea tih FA Èp Ws get Ept | ") | (11.12) 


To isolate ¢,,, we use the standard trick: Take the inner product with W, and exploit the orthogonality of 
Wa and Wp (Equation 11.6): 








Ya) eo Eat | hh 4+ ch (Va 








—iEpt/ħ _ sp. „—iEat/h 


Ca (y a 
For short, we define 


Hi, = (Vi fa (11.13) 





Wj j; 


note that the hermiticity of 77’ entails Hi, — ( a). Multiplying through by — (i /ħ) et Eat /N, we conclude 


that: 


"e mu u = Er Sa l i L 
{ 7 Daa er C J id i + C b i (7 if i i F rT 


Similarly, the inner product with Wp picks out ¢;,: 
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H' H' 














~iEgt{h ch ee 
Ca (yo Wa)e iEat/ fi +c6( Vo Veje Penh _ pie, gt Eat he 


and hence 


I sa r merik (11.15) 
Ch = h E Al, +a Hya e (25~ Eat, r 

Equations 11.14 and 11.15 determine c,,(t) and cp{t); taken together, they are completely equivalent to 
the (time-dependent) Schrödinger equation, for a two-level system. Typically, the diagonal matrix elements of 
H' vanish (see Problem 11.5 for the general case): 
If so, the equations simplify: 


(11.17) 


o iwp 
t] 
abh* h ba® Cas 


; p l i 
-g ai e TO es Ch =—- TH 





Ep — Ea (11.18) 
7 


(TII assume that Ep > Em so wy = 0.) 


x Problem 11.2 A hydrogen atom is placed in a (time-dependent) electric field 
E = E(t) Į. Calculate all four matrix elements H;; of the perturbation H' = e Ez 
between the ground state {m = l} and the (quadruply degenerate) first excited 
states ( = 2). Also show that H;, = 0 for all five states. Note: There is only one 
integral to be done here, if you exploit oddness with respect to z; only one of the 
n = 2 States is “accessible” from the ground state by a perturbation of this form, 
and therefore the system functions as a two-state configuration—assuming 


transitions to higher excited states can be ignored. 


x Problem 11.3 Solve Equation 11.17 for the case of a time-independent 
perturbation, assuming that c,(0)—=1 and e(0) =O. Check that 
lc (t)|- + lep (l? — ]. Comment: Ostensibly, this system oscillates between 
“pure W, and “some Wp.” Doesnt this contradict my general assertion that no 
transitions occur for time-independent perturbations? No, but the reason is rather 
subtle: In this case yr, and Wp are not, and never were, eigenstates of the 
Hamiltonian—a measurement of the energy never yields E,, or Ep. In time- 
dependent perturbation theory we typically contemplate turning on the 
perturbation for a while, and then turning it off again, in order to examine the 
system. At the beginning, and at the end, W, and Wp are eigenstates of the exact 
Hamiltonian, and only in this context does it make sense to say that the system 


underwent a transition from one to the other. For the present problem, then, 
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assume that the perturbation was turned on at time ¢ = (), and off again at time T 
—this doesn’t affect the calculations, but it allows for a more sensible interpretation 


of the result. 


Problem 11.4 Suppose the perturbation takes the form of a delta function (in 


time): 


H' = US(t): 

assume that Uga = Upp = 0, and let Uab = Uf, =a. If ca (—00) = 1 and 
ch (—00)} = 0, find ca(t) and cp(t), and check that |e, (r)? + lepte)? = 1. 
What is the net probability ( P,_.;, for t — oo) that a transition occurs? Hint: 


You might want to treat the delta function as the limit of a sequence of rectangles. 


Answer: Pap = sin? (\a| /h)- 
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11.1.2 Time-Dependent Perturbation Theory 


So far, everything is exact: We have made no assumption about the size of the perturbation. But if yy" is 
“small,” we can solve Equation 11.17 by a process of successive approximations, as follows. Suppose the 


particle starts out in the lower state: 
(= 1, (0) =0. (11.19) 


If there were no perturbation at all, they would stay this way forever: 


Zeroth Order: 


AAO) (0) (11.20) 


Ca (t n=l, Ch (t) =0. 


(TII use a superscript in parentheses to indicate the order of the approximation.) 
To calculate the first-order approximation, we insert the zeroth-order values on the right side of 


Equation 11.17: 





First Order: 
deth (11.21) 
dt 
dc\) i : 
b Fo ii {li Tose 
=—-ĦH esc = —— | H peg ade! 
a i = a ball 


Now we insert ese expressions on the right side of Equation 11.17 to obtain the second-order approximation: 


Second Order: 


(11.22) 


dc? i\ f! 

f : a F i l rin f 

E — = A pec ee (- =) Hp (tje dt > 
i l l 


h 


7 | x = f f i 
(2) = = f P i pl WY tty i rf r 
Ca (£) = l J i H(t )e | i Hy, (t Je dt dt, 


while €b is unchanged (c; 2 = g (r))- (Notice that ci Vr) includes the zeroth-order term; the second- 
order correction would be the integral part alone.) 

In principle, we could continue this ritual indefinitely, always inserting the mth-order approximation into 
the right side of Equation 11.17, and solving for the {n + 1)th order. The zeroth order contains vo factors of 


H’ the first-order correction contains one factor of yy’, the second-order correction has żwo factors of yy’, and 
so on.! The error in the first-order approximation is evident in the fact that e l a (t) Ii 4 le$ í W Ji £] (the 


| 
Po + 


exact coefficients must, of course, obey Equation 11.9). However, ct) o| is equal to 1 zo first 
order in yy’, which is all we can expect from a first-order approximation. And i same goes for the higher 








orders. 
Equation 11.21 can be written in the form 
(11.23) 


z i 

il —iFEnthh i j BE yi EE, f as re d 

c (e Eumo if j iEp(i CVR (t')e iEat [hh pe! 
BO | 


516 


www.urdukutabkhanapk.blogspot.com 


(where I’ve restored the exponential we factored out in Equation 11.10). This suggests a nice pictorial 
interpretation: reading from right to left, the system remains in state a from time 0 to time -’ (picking up the 
“wiggle factor” g`i Eat ih), makes a transition from state a to state 4 at time ¢', and then remains in state J 
until time ¢ (picking up the “wiggle factor” »—! Eb (i—i N”). This process is represented in Figure 11.1. (Don’t 
take the picture too literally: there is no sharp transition between these states; in fact, you integrate over all the 


times +’ at which this transition can occur.) 


b 


mr time 
Figure 11.1: Pictorial representation of Equation 11.23. 


This interpretation of the perturbation series is especially illuminating at higher orders and for multi- 


level systems, where the expressions become complicated. Consider Equation 11.22, which can be written 


7 — — Salk a (11.24) 
cl) (1) eri Eeh mei Eeh a(i) [I gent Ealt NR 


= pfp np o ET oes HE 
x Hi (t) e~ EUR Hr (t) emi Ea tM ai" at. 





The two terms here describe a process where the system remains in state a for the entire time, and a second 
process where the system transitions from a to J at time p" and then back to a at time +’. Graphically, this is 


shown in Figure 11.2. 





tf 
OR Nd BS Sk i 
Figure 11.2: Pictorial representation of Equation 11.24. 


With the insight provided by these pictures, it is easy to write down the general result for a multi-level 


system: 


F J i 
a ee. 2 ee a (11.25) 
pte) (t) e Enti i =, j€ PEt fh + - E iE, ( li J i Hj ra e rE it [fay 

H 0 i 


E S i r 
h Oo Jü 
š fi (1) et Ei {Peas de 


For n + i, this is represented by the diagram in Figure 11.3. ‘The first-order term describes a direct transition 
from i to n, and the second-order term describes a process where the transition occurs via an intermediate (or 


“virtual”) state m. 
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Figure 11.3: Pictorial representation of Equation 11.25 forn Æ i. 


eK Problem 11.5 Suppose you don’t assume H = H, p= Q. 


ad 


(a) Find c(t) and c,(t) in first-order perturbation theory, for the case 


c, (0) = 1, c,(0) =0. Show that cD o| — Į, to first 





al? 
Pofa 





order in H F, 


(b) ‘There is a nicer way to handle this problem. Let 


dg = et Io Haa Co, di, = et bo Hi ars ee 
Show that 
i E ensen ca R E cs eee eo 7, 
da = ~ze" Haye nra de dp = Ee e Hga ge des 
where 
(11.28) 


i 
600) = | [Hia l) -Haea 


So the equations for d, and dp are identical in structure to Equation 11.17 
(with an extra factor pi? tacked onto H y}. 

(c) Use the method in part (b) to obtain ¢,(f) and c;,(f) in first-order 
perturbation theory, and compare your answer to (a). Comment on any 


discrepancies. 


x Problem 11.6 Solve Equation 11.17 to second order in perturbation theory, for 
the general case c,(0) =a, cp (0) = b. 


Kk Problem 11.7 Calculate c,,(f) and c;,(t), to second order, for the perturbation in 


Problem 11.3. Compare your answer with the exact result. 





x Problem 11.8 Consider a perturbation to a two-level system with matrix elements 
H', = H! = ae dale H! = H', =0. 
ab ba JTT ad pD 


where T and Q are positive constants with the appropriate units. 
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(a) According to first-order perturbation theory, if the system starts off in the 
state ca = l, ch = 0 at tf = — oc, what is the probability that it will be 
found in the state J at f = ner 

(b) In the limit that r —+ 0, H p — ad (t). Compute the r —> 0 limit of 
your expression from part (a) and compare the result of Problem 11.4. 

(c) Now consider the opposite extreme: pr œ 1. What is the limit of your 
expression from part (a)? Comment: This is an example of the adiabatic 


theorem (Section 11.5.2). 
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11.1.3 Sinusoidal Perturbations 


Suppose the perturbation has sinusoidal time dependence: 


H' (r,t) = V (r) cos (wt), (11.29) 
so that 

H`, = Vab COS (wt), (11.30) 
where 

Vab = (Wa |V| Wo). (11.31) 


(As before, I'll assume the diagonal matrix elements vanish, since this is almost always the case in practice.) 
To first order (from now on we'll work exclusively in first order, and [ll dispense with the superscripts) we 


have (Equation 11.21): 





! an phe. eres 11.32) 
so I ont F i Van ‘tt i F n — i r 7 ( s 
cpt) = ——V, | cos (ot je" dr’ = — [e Mace q peou Jar 
BME, -ba 
hh 0 2h 0 
Vha ei lay ray LÌ poo E] 
mi en eS on ae ee I aa a E 
2h ap + w oy — W 


That’s the answer, but it’s a little cumbersome to work with. Things simplify substantially if we restrict 
our attention to driving frequencies («@) that are very close to the transition frequency {ég}, so that the second 


term in the square brackets dominates; specifically, we assume: 


o +o > lo — wl. (11.33) 


This is not much of a limitation, since perturbations at other frequencies have a negligible probability of 


causing a transition anyway. Dropping the first term, we have 


Ving eieh? (11.34) 


3 EREE EES, E ENE, 
Chit) a BTI S, jefe mise — E i(ce saa) 
2h á @0— ew 


. Vba SiN [ (wo —@)t} 2] gi lidg eN ra 


h (oy — w 


The transition probability—the probability that a particle which started out in the state w,, will be found, at 


time ż, in the state W p—is 


(11.35) 


[Veo sin” [(wo — Ww) t/2] 


Poa+p(t) = icp (t)|* me 


he 


" 
(tg — w) 





The most remarkable feature of this result is that, as a function of time, the transition probability oscillates 
sinusoidally (Figure 11.4). After rising to a maximum of | Vpl 2 {he (wy — w) 2_necessarily much less than 1, 
else the assumption that the perturbation is “small” would be invalid—it drops back down to zero! At times 
fa = 2ni f |œ — wl, where n = 1, 2,3, ..., the particle is certain to be back in the lower state. If you want 
to maximize your chances of provoking a transition, you should ort keep the perturbation on for a long period; 


you do better to urn it off after a time yr; |g — wl, and hope to “catch” the system in the upper state. In 
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Problem 11.9 it is shown that this “flopping” is not an artifact of perturbation theory—it occurs also in the 


exact solution, though the flopping frequency is modified somewhat. 


Pir) 





| Fabl | i 





21 dr Or ri 





jg ia bey | kore 
Figure 11.4: Transition probability as a function of time, for a sinusoidal perturbation (Equation 11.35). 


As I noted earlier, the probability of a transition is greatest when the driving frequency is close to the 





“natural” frequency, @p.° This is illustrated in Figure 11.5, where P,_,;, is plotted as a function of œw. The 
peak has a height of (| Vapl t / 2h)? and a width 4: / ft; evidently it gets higher and narrower as time goes on. 
(Ostensibly, the maximum increases without limit. However, the perturbation assumption breaks down before 
it gets close to 1, so we can believe the result only for relatively small ¢ In Problem 11.9 you will see that the 


exact result never exceeds 1.) 





Kai -7 nit) (uit 7 nit) 


Figure 11.5: Transition probability as a function of driving frequency (Equation 11.35). 


xK Problem 11.9 The first term in Equation 11.32 comes from the ¢'“” /2 part of 
cos (wr), and the second from ¢~!" /2. Thus dropping the first term is formally 


equivalent to writing H = (V/2) et, which is to say, 


H! = Vou ji wt H' pn Vab iwl (11.36) 
ha — a * s ab = > es, 


(The latter is required to make the Hamiltonian matrix hermitian—or, if you 
prefer, to pick out the dominant term in the formula analogous to Equation 11.32 
for c,(f).) Rabi noticed that if you make this so-called rotating wave 
approximation at the beginning of the calculation, Equation 11.17 can be solved 
exactly, with no need for perturbation theory, and no assumption about the 


strength of the field. 
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(a) Solve Equation 11.17 in the rotating wave approximation (Equation 
11.36), for the usual initial conditions: ¢,(0) = 1, c,(0) = 0. Express 
your results (c, (tf) and c,(t)) in terms of the Rabi flopping frequency, 

Ly 3 (11.37) 

oO, = zy (co — wo)? + {| Vabl {hy 

(b) Determine the transition probability, P,_.;,(f}, and show that it never 
exceeds 1. Confirm that |e, (r)? zE len (t)|- — |. 

(c) Check that P,_.),(f) reduces to the perturbation theory result (Equation 
11.35) when the perturbation is “small,” and state precisely what small 
means in this context, as a constraint on V. 


(d) At what time does the system first return to its initial state? 
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11.2 Emission and Absorption of Radiation 
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11.2.1 Electromagnetic Waves 


An electromagnetic wave (II refer to it as “light”, though it could be infrared, ultraviolet, microwave, x-ray, 
etc.; these differ only in their frequencies) consists of transverse (and mutually perpendicular) oscillating 
electric and magnetic fields (Figure 11.6). An atom, in the presence of a passing light wave, responds 
primarily to the electric component. If the wavelength is long (compared to the size of the atom), we can 


ignore the spatial variation in the field; the atom, then, is exposed to a sinusoidally oscillating electric field 


E = Eo cos (wt )k (11.38) 


(for the moment TI assume the light is monochromatic, and polarized along the z direction). The perturbing 


Hamiltonian is? 


H’ = —q Eoz cos (wt), (11.39) 


where g is the charge of the electron.© Evidently 


H; =-—Epcos(wt), where p =q (WplzlWa)- (11.40) 


Da 
Typically, yr is an even or odd function of z; in either case z Iyl- is odd, and integrates to zero (this is 


Laporte’s rule, Section 6.4.3; for some examples see Problem 11.2). This licenses our usual assumption that 





the diagonal matrix elements of 77’ vanish. Thus the interaction of light with matter is governed by precisely 


the kind of oscillatory perturbation we studied in Section 11.1.3, with 


Via = —@ME0. (11.41) 


Electric field 





Direction of 
propagation 


Magnetic field 


Figure 11.6: An electromagnetic wave. 
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11.2.2 Absorption, Stimulated Emission, and Spontaneous Emission 


If an atom starts out in the “lower” state W, and you shine a polarized monochromatic beam of light on it, the 
probability of a transition to the “upper” state Wp is given by Equation 11.35, which (in view of Equation 
11.41) takes the form 





(|| Eo \* sin? [(@o — @) 1/2] (11.42) 

Papl) = ( l = _ or 
(wp — wy” 

In this process, the atom absorbs energy Ep — Ea = fig from the electromagnetic field, so it’s called 

absorption. (Informally, we say that the atom has “absorbed a photon” (Figure 11.7(a).) Technically, the word 

“photon” belongs to quantum electrodynamics—the quantum theory of the electromagnetic field—whereas 


we are treating the field itself classically. But this language is convenient, as long as you don’t read too much 


into it.) 


(a) Absorption (b) Stimulated emission (c) Spontaneous emission 


Figure 11.7: Three ways in which light interacts with atoms: (a) absorption, (b) stimulated emission, (c) 


spontaneous emission. 


I could, of course, go back and run the whole derivation for a system that starts off in the upper state 


(c,(0) = 0, c,(0) = 1). Do it for yourself, if you like; it comes out exactly the same—except that this time 


were calculating P, ., = |ca(t) 3, the probability of a transition down to the /ower level: 
| (lol Eo \* sin? [(@o — o) t/2] (11.43) 
Pp+a(t) = (—— ) ———_——. 
oh (o — w)? 


(It as to come out this way—all we’re doing is switching a +> 4, which substitutes — wo for wo. When we get 
to Equation 11.32 we now keep the first term, with — jy + w in the denominator, and the rest is the same as 
before.) But when you stop to think of it, this is an absolutely astonishing result: If the particle is in the upper 
state, and you shine light on it, it can make a transition to the /ower state, and in fact the probability of such a 
transition is exactly the same as for a transition upward from the /ower state. This process, which was first 
predicted by Einstein, is called stimulated emission. 

In the case of stimulated emission the electromagnetic field gains energy hex from the atom; we say that 
one photon went in and ¢wo photons came out—the original one that caused the transition plus another one 
from the transition itself (Figure 11.7(b)). This raises the possibility of amplification, for if I had a bottle of 
atoms, all in the upper state, and triggered it with a single incident photon, a chain reaction would occur, with 
the first photon producing two, these two producing four, and so on. We'd have an enormous number of 
photons coming out, all with the same frequency and at virtually the same instant. This is the principle behind 
the laser (light amplification by Stimulated Emission of fadiation). Note that it is essential (for laser action) to 
get a majority of the atoms into the upper state (a so-called population inversion), because absorption (which 
costs one photon) competes with stimulated emission (which creates one); if you started with an even mixture 


of the two states, you'd get no amplification at all. 
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There is a third mechanism (in addition to absorption and stimulated emission) by which radiation 
interacts with matter; it is called spontaneous emission. Here an atom in the excited state makes a transition 
downward, with the release of a photon, but without any applied electromagnetic field to initiate the process 
(Figure 11.7(c)). This is the mechanism that accounts for the normal decay of an atomic excited state. At first 
sight it is far from clear why spontaneous emission should occur at aX. If the atom is in a stationary state 
(albeit an excited one), and there is no external perturbation, it should just sit there forever. And so it would, if 
it were really free of all external perturbations. However, in quantum electrodynamics the fields are nonzero 
even in the ground state—just as the harmonic oscillator (for example) has nonzero energy (to wit: fi /2) in its 
ground state. You can turn out all the lights, and cool the room down to absolute zero, but there is still some 
electromagnetic radiation present, and it is this “zero point” radiation that serves to catalyze spontaneous 
emission. When you come right down to it, there is really no such thing as fru/y spontaneous emission; it’s a// 
stimulated emission. The only distinction to be made is whether the field that does the stimulating is one that 
you put there, or one that God put there. In this sense it is exactly the reverse of the classical radiative process, 
in which it’s a// spontaneous, and there is no such thing as stimulated emission. 

Quantum electrodynamics is beyond the scope of this book,® but there is a lovely argument, due to 
Einstein,2 which interrelates the three processes (absorption, stimulated emission, and spontaneous emission). 
Einstein did not identify the mechanism responsible for spontaneous emission (perturbation by the ground- 
state electromagnetic field), but his results nevertheless enable us to calculate the spontaneous emission rate, 
and from that the natural lifetime of an excited atomic state.2 Before we turn to that, however, we need to 
consider the response of an atom to non-monochromatic, unpolarized, incoherent electromagnetic waves 
coming in from all directions—such as it would encounter, for instance, if it were immersed in thermal 


radiation. 
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11.2.3 Incoherent Perturbations 


The energy density in an electromagnetic wave ist 
it = £0 572 (11.44) 
THA () 


where Eq is (as before) the amplitude of the electric field. So the transition probability (Equation 11.43) is 
(not surprisingly) proportional to the energy density of the fields: 


| Es 2u , sin? | (wp — w) t {2 (11.45) 
Pp+q(t) = —> ll- sinn [gaa] 


eoh? (o — w)* 


But this is for a monochromatic wave, at a single frequency W. In many applications the system is exposed to 


electromagnetic waves at a whole range of frequencies; in that case u — (w)dm@, where p(@)dm is the 





energy density in the frequency range ¢/q, and the net transition probability takes the form of an integral: 
2 a PER sin” [(wo — w) t/2] (11.46) 
Pp+a(t) = 7 Lal" i piw) ao een aaO da). 
Eghe" Jo (wy — w)? 


The term in curly brackets is sharply peaked about wo (Figure 11.5), whereas («) is ordinarily quite 





broad, so we may as well replace p(w) by (mo), and take it outside the integral: 





2Iel? | f™ siw [to — o) 1/2] (11.47) 
— rt »| ———— 
egh- 0 


Po+a(t) = Pl dw. 
(ay — œ) 


Changing variables to x = (œp —m)t/2, extending the limits of integration to x = oo (since the 
integrand is essentially zero out there anyway), and looking up the definite integral 








z ke =f; 
-p0 P i 
we find 
| (11.49) 
Fhan (E) = 53 P(@g)t. 
Eq hie 


This time the transition probability is proportional to ¢. The bizarre “flopping” phenomenon characteristic of 
a monochromatic perturbation gets “washed out” when we hit the system with an incoherent spread of 


frequencies. In particular, the transition rate (RK = dP/dt) is now a constant: 


T (11.50) 


I ; 
Rpb-sa z= lol p (ap). 


eph? 

Up to now, we have assumed that the perturbing wave is coming in along the y direction (Figure 11.6), 
and polarized in the z direction. But we are interested in the case of an atom bathed in radiation coming from 
all directions, and with all possible polarizations; the energy in the fields {ø ({(%)) is shared equally among these 


Jh, 


different modes. What we need, in place of | al, is the average of | p-n 2, where 


P = q (Wolr|Wa) (11.51) 
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(generalizing Equation 11.40), and the average is over all polarizations and all incident directions. 





The averaging can be carried out as follows: Choose spherical coordinates such that the direction of 


Ma 


propagation (k) is along x, the polarization (77) is along z, and the vector § defines the spherical angles 8 and 
b (Figure 11.8).+° (Actually, §9 is fixed, here, and we're averaging over all fẹ and jj consistent with £ | j— 
which is to say, over all O and . But we might as well integrate over all directions of §9, keeping ;- and } fixed 


—it amounts to the same thing.) Then 
p-n =pcosé, (11.52) 
and 


(11.53) 


ave 


2 l A 7 i. 
ponl = =~ | le? cose sin eddy 


= l 


— lel? ( cos 6) 








Figure 11.8: Axes for the averaging of | p- H | 


Conclusion: The transition rate for stimulated emission from state J to state a, under the influence of 


incoherent, unpolarized light incident from all directions, is 


EJ (11.54) 


psa = lol? pla), 


3E) h? 





where § is the matrix element of the electric dipole moment between the two states (Equation 11.51), and 





(a) ) is the energy density in the fields, per unit frequency, evaluated at wy = (Ep — Ea) / hi. 
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11.3 Spontaneous Emission 
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11.3.1  Einstein’s 4 and B Coefficients 


Picture a container of atoms, N, of them in the lower state {(W,), and Np of them in the upper state (Wp). Let 
A be the spontaneous emission rate,“ so that the number of particles leaving the upper state by this process, 
per unit time, is N pa. The transition rate for stimulated emission, as we have seen (Equation 11.54), is 
proportional to the energy density of the electromagnetic field: Bpap (wo), where Bpa = v | p|? T30 hz the 
number of particles leaving the upper state by this mechanism, per unit time, is Np Bba p{&œ0). The absorption 
rate is likewise proportional to p{œwp}—call it Bap (cp); the number of particles per unit time joining the 
upper level is therefore N, B,, (a9). All told, then, 


dN, 7 PET | | anes 
dt = —NpA — Np B bap (%0) + Na Bab Pwo). 





Suppose these atoms are in thermal equilibrium with the ambient field, so that the number of particles in 


each level is constant. In that case d Np /'dt = 0, and it follows that 


A (11.56) 


P(e) = —— m. 
(Naf N b) Bab sA Bpa 


On the other hand, we know from statistical mechanics!® that the number of particles with energy E, in 
thermal equilibrium at temperature T, is proportional to the Boltzmann factor, exp (—E,/' kK pT), so 


-E Ea/tal 11.57 
Na Č i = gliw / kr T ( ) 





Np g EbikeT 
and hence 


A (11.58) 


MOO) = Taw kat B 


ab — Bba 


But Planck’s blackbody formulat tells us the energy density of thermal radiation: 


h w (11.59) 


ga) =a ae ee 
AO) =T a hapke? 


comparing the two expressions, we conclude that 


Bab = B ba (11.60) 
and 
wh (11.61) 
== oe a 
fi it Ea 


Equation 11.60 confirms what we already knew: the transition rate for stimulated emission is the same as for 
absorption. But it was an astonishing result in 1917—indeed, Einstein was forced to “invent” stimulated 
emission in order to reproduce Planck’s formula. Our present attention, however, focuses on Equation 11.61, 
for this tells us the spontaneous emission rate {(A}—which is what we are looking for—in terms of the 


stimulated emission rate { Bba P (9) which we already know. From Equation 11.54 we read off 


| 11.62 
B ba a ipl? l ) 


Jeol? 
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and it follows that the spontaneous emission rate is 


(11.63) 


À ey 


am eghc? 





Problem 11.10 As a mechanism for downward transitions, spontaneous emission 
competes with thermally stimulated emission (stimulated emission for which 
blackbody radiation is the source). Show that at room temperature (T = 300 K) 
thermal stimulation dominates for frequencies well below 5 ,, {q!2 Hz, whereas 
spontaneous emission dominates for frequencies well above 5 ẹ {Q!2 Hz. Which 


mechanism dominates for visible light? 


Problem 11.11 You could derive the spontaneous emission rate (Equation 11.63) 
without the detour through Ejinstein’s 4 and B coefficients if you knew the ground 
state energy density of the electromagnetic field, pg(w), for then it would simply 
be a case of stimulated emission (Equation 11.54). To do this honestly would 
require quantum electrodynamics, but if you are prepared to believe that the 
ground state consists of one photon in each classical mode, then the derivation is 

fairly simple: 
(a) To obtain the classical modes, consider an empty cubical box, of side /, 
with one corner at the origin. Electromagnetic fields (in vacuum) satisfy 


the classical wave equation!® 


mJ 


iy al ; 
(a5 a v?) TIE yui) = 0. 


where f stands for any component of E or of B. Show that separation of 
variables, and the imposition of the boundary condition f = Ü on all six 


surfaces yields the standing wave patterns 


ity Fy Tt M-m Oy 
tng ny ne = A cos (cor) sin (— x) sin ( y)s sin (=) ; 


with 





"H 
w = n? + ne + née, 
D ag i 


There are two modes for each triplet of positive integers 
(nx: ny, nz = 1,2, 3, ...), corresponding to the two polarization states. 
(b) The energy of a photon is F = hv = fie» (Equation 4.92), so the energy 


in the mode (n x, My, nz) is 


| ERE Ta- m a 
En..n,y.n- = = | yri +n% + ne. 
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What, then, is the zota/ energy per unit volume in the frequency range qq 


, if each mode gets one photon? Express your answer in the form 


| 
73 dE = plado 


and read off pplæ). Hint: refer to Figure 5.3. 





(c) Use your result, together with Equation 11.54, to obtain the spontaneous 


emission rate. Compare Equation 11.63. 
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11.3.2 The Lifetime of an Excited State 


Equation 11.63 is our fundamental result; it gives the transition rate for spontaneous emission. Suppose, now, 
that you have somehow pumped a large number of atoms into the excited state. As a result of spontaneous 
emission, this number will decrease as time goes on; specifically, in a time interval dż you will lose a fraction 4 


dt of them: 


dN, = —ANpdt. (11.64) 


(assuming there is no mechanism to replenish the supply). Solving for Nj (rt), we find: 


Np(t) = Np(O)e~™; vey 
evidently the number remaining in the excited state decreases exponentially, with a time constant 


| (11.66) 


We call this the lifetime of the state—technically, it is the time it takes for Np(t) to reach 1 /e = 0.368 of its 
initial value. 

I have assumed all along that there are only ‘wo states for the system, but this was just for notational 
simplicity—the spontaneous emission formula (Equation 11.63) gives the transition rate for Wp —> Wa 
regardless of what other states may be accessible (see Problem 11.24). Typically, an excited atom has many 
different decay modes (that is: yp can decay to a large number of different lower-energy states, Wap Was, Way 


...). In that case the transition rates add, and the net lifetime is 


| (11.67) 
Toni 
Aj HA + A3 +- 


Example 11.1 
Suppose a charge g is attached to a spring and constrained to oscillate along the x axis. Say it starts out 
in the state |n} (Equation 2.68), and decays by spontaneous emission to state |n"}. From Equation 
11.51 we have 





p = q (n|x|n} i. 


You calculated the matrix elements of x back in Problem 3.39: 





fetah | h 
i d n | ~ V Imw 





(Vm ðn ni + Viên n1) , 


where w is the natural frequency of the oscillator (I no longer need this letter for the frequency of the 
stimulating radiation). But we’re talking about emission, so p! must be /ower than n; for our purposes, 


then, 


ES (11.68) 


F, 


= qy) —— În nll- 
p ty Omi ot 


Evidently transitions occur only to states one step lower on the “ladder”, and the frequency of the 
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Evidently transitions occur only to states one step lower on the “ladder”, and the frequency of the 
photon emitted is 
Ep — Ew  (n+1/2) hw — (n' + 1/2) hw ; (11.69) 
o = = = —__ = (1 - 1 Jv = 
h h 

Not surprisingly, the system radiates at the classical oscillator frequency. The transition rate 
(Equation 11.63) is 
ng w (11.70) 


A = me ~~A 
Oreqinc? 


and the lifetime of the nth stationary state is 


B 6reqmc (11.71) 


Ty = a, i. A 
ng-w- 


Meanwhile, each radiated photon carries an energy jig), so the power radiated is A Jre: 


1 4 

i 

= —— nhw), 
Orr Eom c- 


or, since the energy of an oscillator in the mth state is E = {n + 1/2) hen, 


J J 1 
: af) l (11.72) 
P= te (z — —ħø |. 

Orr equnc 2 


This is the average power radiated by a quantum oscillator with (initial) energy £. 
For comparison, lets determine the average power radiated by a classical oscillator with the same 
energy. According to classical electrodynamics, the power radiated by an accelerating charge g is given 


by the Larmor formula: 


an ga (11.73) 


E 6x Epc? | 





For a harmonic oscillator with amplitude xp, x(f) = xo COS (wt), and the acceleration is 


a= — xg cos (wr): Averaging over a full cycle, then, 
q xja 
= r eoc? 
But the energy of the oscillator is E = (1/2) mæ xg, so x¢ = 2E/ mw”, and hence 
qr (11.74) 
Or Eome 


This is the average power radiated by a classical oscillator with energy E. In the classical limit (A — 0) 
the classical and quantum formulas agree; however, the quantum formula (Equation 11.72) protects 


the ground state: If E = (1/2) fie the oscillator does not radiate. 
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Problem 11.12 The half-life (11/2) of an excited state is the time it would take for 
half the atoms in a large sample to make a transition. Find the relation between 


f1 ;2 and T (the “lifetime” of the state). 


Problem 11.13 Calculate the lifetime (in seconds) for each of the four p — 7? 
states of hydrogen. Hint: You'll need to evaluate matrix elements of the form 
(yioo |x| v200), (Yoo |v] Wi) and so on. Remember that x = r sin cos @, 
y =r sinf sing, and z = r cos 8. Most of these integrals are zero, so inspect 
them closely before you start calculating. Answer: 1.60 x 10-9 seconds for all 


except Wip which is infinite. 
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11.3.3 Selection Rules 


The calculation of spontaneous emission rates has been reduced to a matter of evaluating matrix elements of 


the form 


(Waler Wa). 


As you will have discovered if you worked Problem 11.13, (if you didn’t, go back right now and do so!) these 





quantities are very often zero, and it would be helpful to know in advance when this is going to happen, so we 
don’t waste a lot of time evaluating unnecessary integrals. Suppose we are interested in systems like hydrogen, 
for which the Hamiltonian is spherically symmetrical. In that case we can specify the states with the usual 


quantum numbers 7, ;’, and m, and the matrix elements are 
(n'e'm' |r| ném). 
Now, r is a vector operator, and we can invoke the results of Chapter 6 to obtain the selection rules” 


(11.75) 


Aga’ —-f£=+41, Am =m'—m=Oor +1. 





These conditions follow from symmetry alone. If they are mo¢ met, then the matrix element is zero, and the 


transition is said to be forbidden. Moreover, it follows from Equations 6.56—6.58 that 
if mm’ =m, then (n'e'm' |x in ém) = (n'é'm'|y|n Em) =; (11.76) 


: | ` e . a 
ifm =m+l, then in €'m' |x ném] =#+i {nt 'm'| yiném) 


Zz In Em) = {): 





l ` 
and (n Em 


So it is never necessary to compute the matrix elements of both x and y, you can always get one from the 
other. 

Evidently not all transitions to lower-energy states can proceed by electric dipole radiation; most are 
forbidden by the selection rules. The scheme of allowed transitions for the first four Bohr levels in hydrogen is 
shown in Figure 11.9. Notice that the 25 state {700} is “stuck”: it cannot decay, because there is no lower- 
energy state with #¢ — |. It is called a metastable state, and its lifetime is indeed much longer than that of, for 
example, the 2 P states (W211, Y/ajq, and Wə1—] )}. Metastable states do eventually decay, by collisions, or by 


“forbidden” transitions (Problem 11.31), or by multiphoton emission. 








Figure 11.9: Allowed decays for the first four Bohr levels in hydrogen. 
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Problem 11.14 From the commutators of L, with x, y, and z (Equation 4.122): 
[L x] =ihy, [L,,y]=—ihx, [L,,z]=0, (11.77) 


obtain the selection rule for Am and Equation 11.76. Hint: Sandwich each 


commutator between {n'ġ'm'| and |ném)}. 


xk Problem 11.15 Obtain the selection rule for A,‘ as follows: 


(a) Derive the commutation relation 
i LEA, r| | =a (rz? + L*r) | (11.78) 


Hint: First show that 
Ee z| = 2iħ (xL, — yL, —ihz). 


Use this, and (in the final step) the fact that r - L = r - {r x p) = 0, to 


demonstrate that 


EA je’, z|] EG (a 4 Lz) | 


The generalization from z to r is trivial. 
(b) Sandwich this commutator between {n't''m'| and |néim)}, and work out 


the implications. 


K Problem 11.16 An electron in the » = 3, é = 0, m = Ü state of hydrogen decays 
by a sequence of (electric dipole) transitions to the ground state. 


(a) What decay routes are open to it? Specify them in the following way: 
1300) — |ném} > |n l'm’ — .--—> |100}. 


(b) Ifyou had a bottle full of atoms in this state, what fraction of them would 
decay via each route? 

(c) What is the lifetime of this state? Hinz: Once it’s made the first transition, 
it’s no longer in the state |300}, so only the first step in each sequence is 


relevant in computing the lifetime. 
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11.4 Ferms Golden Rule 


In the previous sections we considered transitions between two discrete energy states, such as two bound states 
of an atom. We saw that such a transition was most likely when the final energy satisfied the resonance 
condition: E p = E; + hw, where W is the frequency associated with the perturbation. I now want to look at 
the case where È p falls in a continuum of states (Figure 11.10). To stick close to the example of Section 11.2, 
if the radiation is energetic enough it can ionize the atom—the photoelectric effect—exciting the electron 


from a bound state into the continuum of scattering states. 


li 3 f 





(ar) ( fy) 


Figure 11.10: A transition (a) between two discrete states and (b) between a discrete state and a continuum of 


states. 


We can’t talk about a transition to a precise state in that continuum (any more than we can talk about 
someone being precisely 16 years old), but we can compute the probability that the system makes a transition 
to a state with an energy in some finite range A E about E p. That is given by the integral of Equation 11.35 


over all the final states: 


(11.79) 





Pp — | _ Vin!" | a [erasa it | p (End Én 
p—-AE/2 M (ap — w)“ 

where wy = (E, — E;) /ħ. The quantity p (E}dE is the number of states with energy between E and 

E + dE; e(E)is called the density of states, and I'll show you how it’s calculated in Example 11.2. 

At short times, Equation 11.79 leads to a transition probability proportional to ;2, just as for a transition 
between discrete states. On the other hand, at long times the quantity in curly brackets in Equation 11.79 is 
sharply peaked: as a function of E, its maximum occurs at E p = E; + hw and the central peak has a width 
of 4yr fi/ t. For sufficiently large ¢, we can therefore approximate Equation 11.79 as? 





Pz —_—_—_—_——_.——dE,,,. 





a E) [ sin? [ (wp — w) 1/2] 
ve (p — w) 


The remaining integral was already evaluated in Section 11.2.3: 


E (11.80) 





The oscillatory behavior of P has again been “washed out,” giving a constant transition rate: 24 
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(11.81) 





Equation 11.81 is known as Fermi’s Golden Rule. Apart from the factor of 2yr //i, it says that the transition 
rate is the square of the matrix element (this encapsulates all the relevant information about the dynamics of 
the process) times the density of states (how many final states are accessible, given the energy supplied by the 


perturbation—the more roads are open, the faster the traffic will flow). It makes sense. 


Example 11.2 


Use Fermi’s Golden Rule to obtain the differential scattering cross-section for a particle of mass m and 


fh, 


incident wave vector |’ scattering from a potential V (rr) (Figure 11.11). 
k’ i sA 
\vz0 4 


k detector 
Sa 


Figure 11.11: A particle with incident wave vector ’ is scattered into a state with wave vector k. 





Solution: 


We take our initial and final states to be plane waves: 


lees (11.82) 
vi = ek "andy p = 


| 
J5 J5 


Here lve used a technique called box normalization; I place the whole setup inside a box of length / 








gi kr 


on a side. This makes the free-particle states normalizable and countable. Formally, we want the limit 
| — o; in practice / will drop out of our final expression. Using periodic boundary conditions,~° the 


allowed values of k are 


2T 3 p k 
k = T (nî +nyj + nk) 


(11.83) 


for integers Fy, "ly, and z. Our perturbation is the scattering potential, Ho = y (r), and the relevant 


matrix element is 


E eer | 11.84 
Vri = | Y5 E) V (r) yi dr = =| iE (r) d'r. 
: J [3 


We need to determine the density of states. In a scattering experiment we measure the number of 
particles scatterred into a solid angle g@q2. We want to count the number of states with energies 
between £ and E + d E, with wave vectors k lying inside ¢Q. In & space these states occupy a section 
of a spherical shell of radius Å and thickness gk that subtends a solid angle qd £}; it has a volume 


k-dkdQ 
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and contains a number of states 


dEdQ. 


= kKdkdQ LX? aik 
p(E)dE = — ~= | ) ko 


Orj) \2n} dE 


Since F — Kk {2m this gives 


LN VE A 
p (E) = =) go 


From Fermi’s Golden Rule, the rate at which particles are scattered into the solid angle ¢Q is2® 


27.3 /2m3 E ; 
(1) VaR 
2T h 


This is closely related to the differential scattering cross section: 











do _ Ri-ao (11.86) 
dQ  JidQ 





where J; is the flux (or probability current) of incident particles. For an incident wave of the form 


W; = Ae'E T, the probability current is (Equation 4.220). 





tary IE (11.87) 
i = Pm 
and 

| 3 (11.88) 
de L mf avoi. 
dQ 27 hie 


This is exactly what we got from the first Born approximation (Equation 10.79). 


kk Problem 11.17 In the photoelectric effect, light can ionize an atom if its energy 
(Jima) exceeds the binding energy of the electron. Consider the photoelectric effect 
for the ground state of hydrogen, where the electron is kicked out with 
momentum fik. The initial state of the electron is Wo (r) (Equation 4.80) and its 


final state is? 





as in Example 11.2. 
(a) For light polarized along the z direction, use Fermis Golden Rule to 
compute the rate at which electrons are ejected into the solid angle g@Q in 


the dipole approximation.*Y 
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nove » R; sae = 256 





Hint:To evaluate the matrix element, use the following trick. Write 





ikr = d ikr 


dk, 


pull d/dk; outside the integral, and what remains is straightforward to 


compute. 


(b) ‘The photoelectric cross section is defined as 


gik) = 


(c) 


Risan w 


l aioe 


where the quantity in the numerator is the rate at which energy is 


absorbed (fice = i a E; per photoelectron) and the quantity in the 


Im 
denominator is the intensity of the incident light. Integrate your result 





from (a) over all angles to obtain Ri— all, and compute the photoelectric 
cross section. 

Obtain a numerical value for the photoelectric cross section for ultraviolet 
light of wavelength 299A (n.b. this is the wavelength of the incident 


light, not the scattered electron). Express your answer in mega-barns 


(Mb = I0 =m}. 
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11.5 The Adiabatic Approximation 
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11.5.1 Adiabatic Processes 


Imagine a perfect pendulum, with no friction or air resistance, oscillating back and forth in a vertical plane. If 
you grab the support and shake it in a jerky manner the bob will swing around chaotically. But if you very 


gently move the support (Figure 11.12), the pendulum will continue to swing in a nice smooth way, in the 





same plane (or one parallel to it), with the same amplitude. This gradual change of the external conditions 
defines an adiabatic process. Notice that there are two characteristic times involved: T;, the “internal” time, 
representing the motion of the system itself (in this case the period of the pendulum’s oscillations), and T,, the 
“external” time, over which the parameters of the system change appreciably (if the pendulum were mounted 
on a rotating platform, for example, T, would be the period of the p/atform’s motion). An adiabatic process is 
one for which T, œ T; (the pendulum executes many oscillations before the platform has moved 


appreciably).*! 





Figure 11.12: Adiabatic motion: If the case is transported very gradually, the pendulum inside keeps swinging 


with the same amplitude, in a plane parallel to the original one. 


What if I took this pendulum up to the North Pole, and set it swinging—say, in the direction of 
Portland (Figure 11.13). For the moment, pretend the earth is not rotating. Very gently (that is, adiabatically), 
I carry it down the longitude line passing through Portland, to the equator. At this point it is swinging north- 
south. Now I carry it (still swinging north-south) part way around the equator. And finally, I take it back up 
to the North Pole, along the new longitude line. The pendulum will no longer be swinging in the same plane 
as it was when I set out—indeed, the new plane makes an angle © with the old one, where © is the angle 
between the southbound and the northbound longitude lines. More generally, if you transport the pendulum 
around a closed loop on the surface of the earth, the angular deviation (between the initial plane of the swing 
and the final plane) is equal to the solid angle subtended by the path with respect to the center of the sphere, 


as you can prove for yourself if you are interested. 
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pa Pendulum 
F 
x 


Portland 





Figure 11.13: Itinerary for adiabatic transport of a pendulum on the surface of the earth. 


Incidentally, the Foucault pendulum is an example of precisely this sort of adiabatic transport around a 
closed loop on a sphere—only this time instead of me carrying the pendulum around, I let the rotation of the 
earth do the job. The solid angle subtended by a latitude line 6) (Figure 11.14) is 


saih 11.89 
O = I sin ddid@ = 2m (— cos ola = Im (1 — cos op). l ) 


Relative to the earth (which has meanwhile turned through an angle of 27}, the daily precession of the 
Foucault pendulum is 27r cos ĝg—a result that is ordinarily obtained by appeal to Coriolis forces in the 


rotating reference frame, but is seen in this context to admit a purely geometrical interpretation. 





Figure 11.14: Path of a Foucault pendulum, in the course of one day. 


The basic strategy for analyzing an adiabatic process is first to solve the problem with the external 
parameters held constant, and only at the end of the calculation allow them to vary (slowly) with time. For 
example, the classical period of a pendulum of (fixed) length L is 2yr JL jz ; if the length is now gradually 
changing, the period will be 27 ,/L(r)/g. A more subtle subtle example occurred in our discussion of the 
hydrogen molecule ion (Section 8.3). We began by assuming that the nuclei were aż rest, a fixed distance R 
apart, and we solved for the motion of the electron. Once we had found the ground state energy of the system 
as a function of R, we located the equilibrium separation and from the curvature of the graph we obtained the 


frequency of vibration of the nuclei (Problem 8.11). In molecular physics this technique (beginning with 
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nuclei at rest, calculating electronic wave functions, and using these to obtain information about the positions 


and—relatively sluggish—motion of the nuclei) is known as the Born—Oppenheimer approximation. 
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11.5.2 The Adiabatic Theorem 


In quantum mechanics, the essential content of the adiabatic approximation can be cast in the form of a 
theorem. Suppose the Hamiltonian changes gradually from some initial form H (0) to some final form H (T)- 
The adiabatic theorem? states that if the particle was initially in the mth eigenstate of H (0), it will be carried 
(under the Schrödinger equation) into the nth eigenstate of H (T). (I assume that the spectrum is discrete and 
nondegenerate throughout the transition, so there is no ambiguity about the ordering of the states; these 
conditions can be relaxed, given a suitable procedure for “tracking” the eigenfunctions, but I’m not going to 


pursue that here.) 


Example 11.3 
Suppose we prepare a particle in the ground state of the infinite square well (Figure 11.15(a)): 


, Tene (11.90) 
ue ix) = y z sin (>). 


wit) 








a 2a x a 2a x a 2a xX 
(a) (b) (c) 
Figure 11.15: (a) Particle starts out in the ground state of the infinite square well. (b) If the wall 
moves s/ow/y, the particle remains in the ground state. (c) If the wall moves rapidly, the particle is left 


(momentarily) in its initial state. 


If we now gradually move the right wall out to Jø , the adiabatic theorem says that the particle will 


end up in the ground state of the expanded well (Figure 11.15(b)): 


WI (x) = i (<x). re 
WG 2a 

(apart from a phase factor, which we'll discuss in a moment). Notice that we’re not talking about a 

small change in the Hamiltonian (as in perturbation theory)—this one is Auge. All we require is that it 

happen slowly. 

Energy is not conserved here—of course not: Whoever is moving the wall is extracting energy from 
the system, just like the piston on a slowly expanding cylinder of gas. By contrast, if the well expands 
suddenly, the resulting state is still yy! (x) (Figure 11.15c), which is a complicated linear combination 
of eigenstates of the new Hamiltonian (Problem 11.18). In this case energy is conserved (at least, its 
expectation value is); as in the free expansion of a gas (into a vacuum) when the barrier is suddenly 


removed; no work is done. 


According to the adiabatic theorem, a system that starts out in the mth eigenstate of the initial 


Hamiltonian ( H (Q)) will evolve as the nth eigenstate of the instantaneous Hamiltonian ( H (t)), as the 
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Hamiltonian gradually changes. However, this doesn’t tell us what happens to the phase of the wave function. 


For a constant Hamiltonian it would pick up the standard “wiggle factor” 


pa En i ih 


but the eigenvalue E„ may now itself be a function of time, so the wiggle factor naturally generalizes to 


no | T (11.92) 
el) where @ (0) = -; | E(t hae. 
Lh 0 


This is called the dynamic phase. But it may not be the end of the story; for all we know there may be an 
additional phase factor, yn {t}, the so-called geometric phase. In the adiabatic limit, then, the wave function at 


time ¢ takes the form? 


W(t) = eih gi Xa yy (t), (11.93) 


where yr, (t) is the nth eigenstate of the instantaneous Hamiltonian, 


H (t)Wy(t) = En (OYn (0). (11.94) 


Equation 11.93 is the formal statement of the adiabatic theorem. 

Of course, the phase of yf, (tf) is itself arbitrary (it’s still an eigenfunction, with the same eigenvalue, 
whatever phase you choose), so the geometric phase itself carries no physical significance. But what if we carry 
the system around a closed cycle (like the pendulum we hauled down to the equator, around, and back to the 
north pole), so that the Hamiltonian at the end is identical to the Hamiltonian at the beginning? Then the net 
phase change is a measurable quantity. The dynamic phase depends on the elapsed time, but the geometric 
phase, around an adiabatic closed cycle, depends only on the path taken.® It is called Berry’s phase:*° 


ye = ¥(T) — y (0). (11.95) 


Example 11.4 
Imagine an electron (charge — €, mass m) at rest at the origin, in the presence of a magnetic field 
whose magnitude (By) is constant, but whose direction sweeps out a cone, of opening angle A, at 


constant angular velocity w (Figure 11.16): 








B(t) = Bo [sina cos (wt): + sina sin (œr) 7 + cos ak ; dL 
The Hamiltonian (Equation 4.158) is 
i s ehB STR (11.97) 
Hi E E 3 2 [sin a cos (wt)oy + sin æ sin (wt)oy + cos aa; | 
m ial hE 
hea, f cosa e' sina 
~~ 2 \e™ sing —cosa 
where 
e By (11.98) 
Oo) = 


mM 


The normalized eigenspinors of H (t) are 
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we _ { eps (a/2) (11.99) 
X+ (f) = (a sin foul 7 
and 

no fe ™ sin/Dd}. (11.100) 
FA ( — cos (a /2) ) i 


they represent spin up and spin down, respectively, along the instantaneous direction of B(t) (see 


Problem 4.33). The corresponding eigenvalues are 





he (11.101) 


Pico m 





Figure 11.16: The magnetic field sweeps around in a cone, at angular velocity w (Equation 11.96). 


Suppose the electron starts out with spin up, along B(0): 

0) = cos (a /2)* (11.102) 
KAUI = ae aD } 
The exact solution to the time-dependent Schrödinger equation is (Problem 11.20): 


| cos (Ar/2)—i =o sin (at /2) cos (a /2)e7H@/? (11.103) 


x(t) = | ii, 
[cos (At/2)—i ort) sin (at /2) sin (a /2)etie/? 


where 


— 11.104 
; y we + wr — 20) COS a, | i 


or, expressing it as a linear combination of X+ and ¥—: 


At (awos) . Nl egar a (11.105) 
y(t) = | cos a4 i: ~ m] z |ie aiie we ALY 


Ful Fu ral 


Tae... lt at sa 
+i ki sin a sin Al en Cee 
fu pa 


Evidently the (exact) probability of a transition to spin down (along the current direction of B) is 
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a a | ee rE (11.106) 
KOl- =] — sing sin (> || . 
i i À. 2 
The adiabatic theorem says that this transition probability should vanish in the limit T; >> T;, 
where Te is the characteristic time for changes in the Hamiltonian (in this case, 1 /&@)} and T; is the 
characteristic time for changes in the wave function (in this case, A/ (E — E_) = 1/1). Thus the 
adiabatic approximation means w < «: the field rotates slowly, in comparison with the phase of the 


(unperturbed) wave functions. In the adiabatic regime 4. == wq (Equation 11.104), and therefore 


(11.107) 


- Ra I 
aw f = 
x (Dlx) = 2 sin œ sin (>) —> 0, 
w] 2 
as advertised. The magnetic field leads the electron around by its nose, with the spin always pointing 


in the direction of B. By contrast, if œ >> œ] then à = œ, and the system bounces back and forth 


between spin up and spin down (Figure 11.17). 


xt] To 






2TA 4TA TIA ETA i 
Figure 11.17: Plot of the transition probability, Equation 11.106, in the non-adiabatic regime 


(w >> w]). 


x Problem 11.18 A particle of mass m is in the ground state of the infinite square 
well (Equation 2.22). Suddenly the well expands to twice its original size—the 
right wall moving from a to 2g—leaving the wave function (momentarily) 
undisturbed. The energy of the particle is now measured. 

(a) What is the most probable result? What is the probability of getting that 
result? 

(b) What is the next most probable result, and what is its probability? 
Suppose your measurement returned this value; what would you conclude 
about conservation of energy? 

(c) What is the expectation value of the energy? Hint: If you find yourself 


confronted with an infinite series, try another method. 
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Problem 11.19 A particle is in the ground state of the harmonic oscillator with 
classical frequency w, when suddenly the spring constant quadruples, so gp! — 26» 
without initially changing the wave function (of course, W will now evolve 
differently, because the Hamiltonian has changed). What is the probability that a 
measurement of the energy would still return the value fig» /2? What is the 


probability of getting fie? Answer: 0.943. 


Problem 11.20 Check that Equation 11.103 satisfies the time-dependent 
Schrödinger equation for the Hamiltonian in Equation 11.97. Also confirm 
Equation 11.105, and show that the sum of the squares of the coefficients is 1, as 


required for normalization. 


Problem 11.21 Find Berry’s phase for one cycle of the process in Example 11.4. 
Hint: Use Equation 11.105 to determine the ¢ota/ phase change, and subtract off 
the dynamical part. You'll need to expand 4, (Equation 11.104) to first order in 


w fi. 


Problem 11.22 The delta function well (Equation 2.117) supports a single bound 
state (Equation 2.132). Calculate the geometric phase change when d gradually 
increases from Q] to @2. If the increase occurs at a constant rate (da/dt =c), 


what is the dynamic phase change for this process? 
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Further Problems on Chapter 11 


KKK Problem 11.23 In Problem 11.1 you showed that the solution to 


Jae 
OF _ geen 
Fe = kf) 


(where k(t} is a function of f) is 


| l 
f(t)=e*" f(0), where K(t)= | k(t jdt’. 
() 


This suggests that the solution to the Schrödinger equation (11.1) might be 


G(r) i T aney (11.108) 
W(t) =e”7"p (0), where G(t)= -f H(t')dt’. 
2 Jo 


It doesn’t work, because Hf (t) is an operator, not a function, and H (t)) does 
not (in general) commute with H (t>). 
(a) Try calculating rhdW/dr, using Equation 11.108. Noze: as always, the 


exponentiated operator is to be interpreted as a power series: 


Show that if] G, H | = Ü, then W satisfies the Schrödinger equation. 
(b) Check that the correct solution in the general case (|G H | J 0) is 


r E E ge PE o Ii 
V(r) = 11+ (5) / Ayan + (-7) | ñe | Atan dt) 
AS Jo hy} Jo 0 
re 3 P i | ae fz 2 
+ (-;) | H (t1) J H (t2) (| fes)ats in| dì +--- lvo. 
hy Jo 0 Jo 


(11.109) 
UGLY! Notice that the operators in each term are “time- 


ordered,” in the sense that the /ażest yy appears at the far left, followed by 
the next latest, and so on {t > ti > f = f3--+). Dyson introduced the 


time-ordered product of two operators: 


T- T MDAU. t >t: (11.110) 
T| A) Â (t) | = ~ (a) eee 
| H(t )H(ij), Ht 
or, more generally, 
(11.111) 


T| AAN) e P (tn) | = H (ti) E (tp) es H(t;,), 


where fh Z fh Z =- > fje 
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(c) Show that 
ee F E H 
T|ĉô]=-5 | w| | Adn |an: 
ws 0 | 


and generalize to higher powers of ¢;. In place of ¢", in equation 11.108, 


we really want T |ê" |: 


This is Dyson’s formula; it’s a compact way of writing Equation 11.109, 
the formal solution to Schrödingers equation. Dyson’s formula plays a 


fundamental role in quantum field theory.” 


** Problem 11.24 In this problem we develop time-dependent perturbation theory 
for a multi-level system, starting with the generalization of Equations 11.5 and 
11.6: 


Ho Wh = Ep Wy : (Wr, |Win ) = i : (11.113) 
At time ¢ = () we turn on a perturbation H' {t}, so that the total Hamiltonian 

is 

H = Ho + H'(t). (11.114) 
(a) Generalize Equation 11.10 to read 


H(t} = > atyne R (11.115) 


i 


and show that 


l IE- EMRh (11.116) 
Ca = E Cn H 22 Epi, E 
t n 
where 
j | “il af 1117 
fs Bee = (Vin H Vn): ( ) 








(b) If the system starts out in the state Wẹ, show that (in first-order 


perturbation theory) 


Ta (11.118) 
h Jo ` 


and 


(11.119) 


: i 
i ce - ith 
= a E — Ew i} d T 
Cm (E) a -f EE a3 (rJe mi NJE, idt". (m ai N) 
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(c) For example, suppose jy’ is constant (except that it was turned on at ¢ = Q 
, and switched off again at some later time T}. Find the probability of 
transition from state N to state M (M + N), as a function of T. Answer: 


, 2 sin? [(Ey — Em) T/2h] (11.120) 
4 |H yrn |  (Ev-Eny 


(d) Now suppose #7’ is a sinusoidal function of time: H' = V cos (wt) 
Making the usual assumptions, show that transitions occur only to states 


with energy Eqy = En + fi, and the transition probability is 


, sin” [(En — Em £ ħw) T /2h] (11.121) 
Py +a = Wan) A, 
(Ey — Ey t hor 


(e) Suppose a multi-level system is immersed in incoherent electromagnetic 
radiation. Using Section 11.2.3 as a guide, show that the transition rate 
for stimulated emission is given by the same formula (Equation 11.54) as 


for a two-level system. 


Problem 11.25 For the examples in Problem 11.24 (c) and (d), calculate € {£}, to 


first order. Check the normalization condition: 


D lem (t)|? = l, (11.122) 


In 


and comment on any discrepancy. Suppose you wanted to calculate the 


probability of remaining in the original state W; would you do better to use 


; 4 
lon Glg or ] pz A miN [Cih (t)|"? 


Problem 11.26 A particle starts out (at time £ = 0) in the Mth state of the infinite 
square well. Now the “floor” of the well rises temporarily (maybe water leaks 
in, and then drains out again), so that the potential inside is uniform but time 
dependent: V(r), with ¥4(0) = Vo(T) = 0. 

(a) Solve for the exact c,,(t), using Equation 11.116, and show that the wave 
function changes phase, but no transitions occur. Find the phase change, 
@(T ), in terms of the function Vp (fr). 

(b) Analyze the same problem in first-order perturbation theory, and 
compare your answers. 

Comment: The same result holds whenever the perturbation simply 

adds a constant (constant in x, that is, not in f} to the potential; it has 
nothing to do with the infinite square well, as such. Compare Problem 


1.8. 


* Problem 11.27 A particle of mass m is initially in the ground state of the (one- 
dimensional) infinite square well. At time ¢ = Q a “brick” is dropped into the 


well, so that the potential becomes 
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Vo; Of x= afd: 
Vig= 0, 2f25 sa, 


oo, otherwise. 


where Vo < E]. After a time T, the brick is removed, and the energy of the 
particle is measured. Find the probability (in first-order perturbation theory) 


that the result is now E>. 


Problem 11.28 We have encountered stimulated emission, (stimulated) 
absorption, and spontaneous emission. How come there is no such thing as 


spontaneous absorption? 


kk Problem 11.29 Magnetic resonance. A spin-1/2 particle with gyromagnetic ratio 
y, at rest in a static magnetic field Bok precesses at the Larmor frequency 
wg = y Bo (Example 4.3). Now we turn on a small transverse radiofrequency 


(rf) field, Brf [cos (wt — sin (wt) j! so that the total field is 


B = B,cos (wt): — Bye sin (wt) 7 + Bok. (11.123) 


(a) Construct the ? x 2 Hamiltonian matrix (Equation 4.158) for this 


system. 


(b) If y(t) = he is the spin state at time 4, show that 
b(t 


i m ` . i a 11.124 
å = z (2e b+ wa) = p= = (Re= a — wob) ; ( 
where {2 = y Brf is related to the strength of the rf field. 
(c) Check that the general solution for a(t) and (f), in terms of their initial 


values ay and jy, is 
| j Pec 4 ) eS ee 
a(t} = lao cos (w t/2) + — [ap (wo — w) + bol] sin (wt/2) pres 
i to , ' 
b(t) = la cos (w't/2) + — [bo (w — wo) + aQ] sin (w't/2) go tat 
i io , ; 


where 
; p~~ ~ 11.125 
w = y! (œ — ao) — Q, l ) 
(d) If the particle starts out with spin up (i.e. ap = 1, bo = 0), find the 
probability of a transition to spin down, as a function of time. Answer: 
P(t) = [2 [o — ao)? + 2 ]} sin? (w't/2). 
(e) Sketch the resonance curve, 
oO (11.126) 


P(w) = sr: 
(w — wo)? + 2? 
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as a function of the driving frequency w (for fixed « and 2). Note that 
the maximum occurs at œ = p. Find the “full width at half maximum,” 
Aw. 

(f) Since œp = y Bo, we can use the experimentally observed resonance to 
determine the magnetic dipole moment of the particle. In a nuclear 
magnetic resonance (nmr) experiment the g-factor of the proton is to be 
measured, using a static field of 10,000 gauss and an rf field of amplitude 
0.01 gauss. What will the resonant frequency be? (See Section 7.5 for the 
magnetic moment of the proton.) Find the width of the resonance curve. 


(Give your answers in Hz.) 


** Problem 11.30 In this problem we will recover the results Section 11.2.1 directly 
from the Hamiltonian for a charged particle in an electromagnetic field 
(Equation 4.188). An electromagnetic wave can be described by the potentials 

Eo 


A = — sin (k-r— or). g =Å 
G 


where in order to satisfy Maxwells equations, the wave must be transverse 

(Eg - k = 0) and of course travel at the speed of light (@ = c |k]). 

(a) Find the electric and magnetic fields for this plane wave. 

(b) The Hamiltonian may be written as H0 yy’ where yy" is the 
Hamiltonian in the absence of the electromagnetic wave and H" is the 


perturbation. Show that the perturbation is given by 


_ going, pe!" (E7) 


R aye pk 
MMO 


—e' "Eo - pe 
Mmo 


—iwi 





plus a term proportional to E that we will ignore. Noże: the first term 
corresponds to absorption and the second to emission. 

(c) In the dipole approximation we set pikt ~ 1. With the electromagnetic 
wave polarized along the z direction, show that the matrix element for 


absorption is then 
cw 
Keg Soe — ý) Eg. 
0 


Compare Equation 11.41. Theyre not exactly the same; would the 
difference effect our calculations in Section 11.2.3 or 11.3? Why or why 


not? Hint: To turn the matrix element of p into a matrix element of r, you 


need to prove the following identity: im [Á 0. J = hp. 


Kk Problem 11.31 In Equation 11.38 I assumed that the atom is so small (in 
comparison to the wavelength of the light) that spatial variations in the field 


can be ignored. The rue electric field would be 


E (r,t) = Epcos (k -r — wr). (11.128) 
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If the atom is centered at the origin, then k -r < | over the relevant volume 
(k| = 27/4, sok-r~r/d < 1), and that’s why we could afford to drop 


this term. Suppose we keep the first-order correction: 
E (r,t) = Eg [cos (wr) + (K-r) sin(@r)]. (11.129) 


The first term gives rise to the allowed (electric dipole) transitions we 

considered in the text; the second leads to so-called forbidden (magnetic 

dipole and electric quadrupole) transitions (higher powers of k . r lead to even 

more “forbidden” transitions, associated with higher multipole moments).-~ 

(a) Obtain the spontaneous emission rate for forbidden transitions (don’t 
bother to average over polarization and propagation directions, though 


this should really be done to complete the calculation). Answer: 


(a (71 -r) ($ l r) b) 


(b) Show that for a one-dimensional oscillator the forbidden transitions go 


g7w” 2 (11.130) 


Rp ig m Ẹ 
tegole’ 

















from level 7 to level  — 2, and the transition rate (suitably averaged over 
ñ and k) is 

pE hg*wn (na — l) (11.131) 

15 €qinec 

(Note: Here W is the frequency of the photon, not the oscillator.) Find the 
ratio of the “forbidden” rate to the “allowed” rate, and comment on the 
terminology. 

(c) Show that the 25 — 15 transition in hydrogen is not possible even by a 
“forbidden” transition. (As it turns out, this is true for all the higher 
multipoles as well; the dominant decay is in fact by two-photon emission, 


and the lifetime is about a tenth of a second.“” ) 


kk Problem 11.32 Show that the spontaneous emission rate (Equation 11.63) for a 


transition from n, Ë ton’, ¢” in hydrogen is 


f+] a (11.132) 
OM sat. E See, 
e*w I? aii 
Amr ephe’ P j | 
JEN E — E rae l. 
where 
(11.133) 


I =| rò Rng (r) Rye (rdr. 
0 


(The atom starts out with a specific value of m, and it goes to any of the states 
m’ consistent with the selection rules: m” = m + 1, m. or m — 1. Notice that 


the answer is independent of m.) Hint: First calculate all the nonzero matrix 
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elements of x, y, and z between |nëm } and n'em’) for the case (’ = é+ |. 


From these, determine the quantity 


i. t + 1m + I|r|ném}|> + Nee EL, m|r|ném)|” + |{n’, € + 1,m—1|r|ném}|°. 


Then do the same for ¢' — ¢ — |. You may find useful the following recursion 


formulas (which hold for m = 0): 
(26 + 1)x Py (x) = (+m) Pel (x) + (€ — mt 1) Pe), (11.134) 

(2 +1) V1 — x2 PM (x) = PMT (xy — PM (x), 
and the orthogonality relation Equation 4.33. 


Problem 11.33 The spontaneous emission rate for the 21-cm hyperfine line in 


hydrogen (Section 7.5) can be obtained from Equation 11.63, except that this 


is a magnetic dipole transition, not an electric one:* 


| | | 
p > -M = 7 (1 |(xe + #p)|0}, 
where 


ë 5.59 @ 
he x = 
Me r Hp 





he = — >—Sp 
i 2M p i 


are the magnetic moments of the electron and proton (Equation 7.89), and |0}, 





|l} are the singlet and triplet configurations (Equations 4.175 and 4.176). 
Because M p > Me, the proton contribution is negligible, so 
wpe 


3 

= a Se: 
3m €ghc? m= 

Work out |/1| S, |0}| 2 (use whichever triplet state you like). Put in the actual 

numbers, to determine the transition rate and the lifetime of the triplet state. 


Answer: | 1% 10° years. 


Problem 11.34 A particle starts out in the ground state of the infinite square well 
(on the interval 0 = x = a) . Now a wall is slowly erected, slightly off- 


center = 


Visi = F(t)3(x — 5 — e), 


where f(t) rises gradually from 0 to čo. According to the adiabatic theorem, 

the particle will remain in the ground state of the evolving Hamiltonian. 

(a) Find (and sketch) the ground state at f — oo. Hint: This should be the 
ground state of the infinite square well with an impenetrable barrier at 
aj2+e. Note that the particle is confined to the (slightly) larger left 
“half” of the well. 
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(b) Find the (transcendental) equation for the ground state energy at time ¢ 


Answer: 
z sinz = T [cos z — cos (zd)], 


where z = ka, T = ma f (1) RF, = 2e /a, and k = Im E ih. 

(c) Setting § — Qj, solve graphically for z, and show that the smallest z goes 
from 7 to 2m as T goes from 0 to oo. Explain this result. 

(d) Now set § = 0.0] and solve numerically for z, using T = 0, 1, 5, 20, 
100, and 1000. 

(e) Find the probability P, that the particle is in the right “half” of the well, as 
a function of z and 0. Answer: P, = 1/ [1 + (f,/ I_)], where 
I4 =[1+6 — (1/2) sin (z(1 + 8))] sin? [z (1 F 8) /2]. Evaluate this 
expression numerically for the 7’s and 0 in part (d). Comment on your 
results. 

(e) Plot the ground state wave function for those same values of T and 0. 
Note how it gets squeezed into the left half of the well, as the barrier 


grows.“ 


kk Problem 11.35 The case of an infinite square well whose right wall expands at a 


constant velocity (v) can be solved exactly. A complete set of solutions is 


Dax) n Hee i 11.136 
— sin (x jemet 2 nat) 2h, ( ) 


where w(t) =a + Ut is the width of the well and — : = nêr hie / Ima? is 
the nth allowed energy of the original well (width a). The general solution is a 


linear combination of the O's: 


oo (11.137) 
W(x, 1) = ) en On(x, 1), 

n=] 
whose coefficients Cy are independent of t. 


(a) Check that Equation 11.136 satisfies the time-dependent Schrödinger 





equation, with the appropriate boundary conditions. 
(b) Suppose a particle starts out {f = 0) in the ground state of the initial 


well: 


W(x, 0) = [2s (=s) 


Show that the expansion coefficients can be written in the form 


2 ái versk cs (11.138) 
_—— — | e' "= sin (nz) sin (z)dz, 
H Jü 


where w = mva /2n*h is a dimensionless measure of the speed with 


which the well expands. (Unfortunately, this integral cannot be evaluated 
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in terms of elementary functions.) 

(c) Suppose we allow the well to expand to twice its original width, so the 
“external” time is given by w(7,) = 2a. The “internal” time is the period 
of the time-dependent exponential factor in the (initial) ground state. 
Determine T, and T;, and show that the adiabatic regime corresponds to 
a < l, so that exp (—iaz’) = ] over the domain of integration. Use 
this to determine the expansion coefficients, Cy. Construct W(x, t), and 
confirm that it is consistent with the adiabatic theorem. 


(d) Show that the phase factor in W(x, f) can be written in the form 


ie I r! oe ealy (11.139) 
an=- Ei {t jdt’, 
h Jo a 
where E (f) = ntn he /2m w? is the nth instantaneous eigenvalue, at 
time £ Comment on this result. What is the geometric phase? If the well 


now contracts back to its original size, what is Berry’s phase for the cycle? 


> Problem 11.36 The driven harmonic oscillator. Suppose the one-dimensional 
harmonic oscillator (mass m, frequency «) is subjected to a driving force of the 
form F(t) = mis" f(t) where f(t} is some specified function. (I have 
factored out mæ for notational convenience; f(t) has the dimensions of 
length.) The Hamiltonian is 
fae: I a (11.140) 


H(t} = -aA + zmo x? — marx T(E). 
AIM gox“ fa 


Assume that the force was first turned on at time ¢ = 0: f(t) = 0 fort < 0. 
This system can be solved exactly, both in classical mechanics and in quantum 
mechanics.“ 
(a) Determine the classical position of the oscillator, assuming it started from 
rest at the origin {xp (0) = x (0) = 0). Answer: 
po (11.141) 
x(t) =w | f(t) sinfo (t — t) ldr. 
0 


(b) Show that the solution to the (time-dependent) Schrödinger equation for 


this oscillator, assuming it started out in the nth state of the undriven 





oscillator (W(x, 0) = wW,,(x) where wW,,(x«) is given by Equation 2.62), 


can be written as 


afoot io (pte) me? A Aa 
V(x. D = Ula — x pett) norte EHF LW) xc) dr’) 

(11.142) 
(c) Show that the eigenfunctions and eigenvalues of H (t } are 


a ig | 7 j | Les Be (11.143) 
Wis fia eS Fe Ee (» + z) lit — zmo fr. 
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(d) Show that in the adiabatic approximation the classical position (Equation 
11.141) reduces to x,.(f} © f(t). State the precise criterion for 
adiabaticity, in this context, as a constraint on the time derivative of f 
Hint: Write sin [œw (t —t’)] as (1/@) (d/dt’) cos [w (t — t') | and use 
integration by parts. 

(e) Confirm the adiabatic theorem for this example, by using the results in (c) 
and (d) to show that 


Wx t) = W(x, pet nD) et ¥alt) (11.144) 


Check that the dynamic phase has the correct form (Equation 11.92). Is 


the geometric phase what you would expect? 


Problem 11.37 Quantum Zeno Paradox.*/ Suppose a system starts out in an 
excited state Wp, which has a natural lifetime T for transition to the ground 
state W. Ordinarily, for times substantially less than T, the probability of a 
transition is proportional to ¢ (Equation 11.49): 


f 11.145 
i ES Se l ) 


If we make a measurement after a time ¢, then, the probability that the system 


is still in the upper state is 


t 
PG) =i (11.146) 
T 


Suppose we do find it to be in the upper state. In that case the wave function 
collapses back to Wp, and the process starts all over again. If we make a second 


measurement, at r, the probability that the system is s¢i//in the upper state is 


Re J (11.147) 
| — L) x] -— —, 


which is the same as it would have been had we never made the first 
measurement at ¢ (as one would naively expect). 
However, for extremely short times, the probability of a transition is of 


proportional to ¢, but rather to p2 (Equation 11.46): 


Pegs = ote. (11.148) 


(a) In this case what is the probability that the system is still in the upper 
state after the two measurements? What would it have been (after the 
same elapsed time) if we had never made the first measurement? 

(b) Suppose we examine the system at n regular (extremely short) intervals, 
from ¢ = Q out to f = T (that is, we make measurements at T /n, 2T /n, 
3T /n, ..., T }. What is the probability that the system is still in the upper 
state at time 7? What is its limit as n —> oo? Moral of the story: Because 
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of the collapse of the wave function at every measurement, a continuously 


observed system never decays at all!“” 


skk Baek aed Problem 11.38 The numerical solution to the time-independent Schrödinger 
equation in Problem 2.61 can be extended to solve the time-dependent 


Schrodinger equation. When we discretize the variable x, we obtain the matrix 


equation 

l 11.149 
HW = ih—w, L 

dt 

The solution to this equation can be written 
Wr + Ar) =U (Af) Y (f). (11.150) 
IfH is time independent, the exact expression for the time-evolution operator 
ise 


and for Af small enough, the time-evolution operator can be approximated as 


A 1L? 
T A a Cd 


While Equation 11.152 is the most obvious way to approximate UJ, a 


numerical scheme based on it is unstable, and it is preferable to use Cayley’s 


form for the approximation: 
ne — i H (11.153) 
a aE 
1+ 5i H 
Combining Equations 11.153 and 11.150 we have 
TAR i L Af (11.154) 
(1+ 51H wot an=(1- 57H Wir). 
2A | 2A 


This has the form of a matrix equation Mx = b which can be solved for the 

unknown x = WẸ {f + Ar). Because the matrix M = 1 + xi oH is tri- 

diagonal,” efficient algorithms exist for doing so.” 

(a) Show that the approximation in Equation 11.153 is accurate to second 
order. That is, show that Equations 11.151 and 11.153, expanded as 


power series in Af, agree up through terms of order (Ar)*. Verify that the 





matrix in Equation 11.153 is unitary. 

As an example, consider a particle of mass m moving in one dimension 
in a simple harmonic oscillator potential. For the numerical part set 
m = l, œ = l, and fi = | (this just defines the units of mass, time, and 


length). 
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(b) Construct the Hamiltonian matrix H for N + 1 = 100 spatial grid 
points. Set the spatial boundaries where the dimensionless length is 
& = +10 (far enough out that we can assume that the wave function 
vanishes there for low-energy states). By computer, find the lowest two 
eigenvalues of H, and compare the exact values. Plot the corresponding 
eigenfunctions. Are they normalized? If not, normalize them before doing 
part (c). 

(c) Take w (0) = (Wo + Wry) / 2 (from part (b)) and use Equation 11.154 
to evolve the wave function from time ¢ =Q to f = 41/'m. Create a 
movie (Animate, in Mathematica) showing Re(W(r)), Im("(r)), and 
| (r)|, together with the exact result. Hint: You need to decide what to 
use for Af. In terms of the number of time steps N,, N, At = 4r /@. In 
order for the approximation of the exponential to hold, we need to have 
EAt/h < 1. The energy of our state is of order fig, and therefore 
N, © 4r. So you will need at least (say) 100 time steps. 


eee Gok bar Problem 11.39 We can use the technique of Problem 11.38 to investigate time 
evolution when the Hamiltonian does depend on time, as long as we choose Af 
small enough. Evaluating H at the midpoint of each time step we simply 


replace Equation 11.154 with24 


LA f AEN lA l AEN 
ya È ya é È pa 
| 11.155) 


Consider the driven harmonic oscillator of Problem 11.36 with 
f (ft) = Asin (Qf), (11.156) 


where A is a constant with the units of length and Q is the driving frequency. 

In the following we will set m = œ = fh = A = | and look at the effect of 

varying Q. Use the same parameters for the spatial discretization as in 

Problem 11.38, but set N, = 1000. For a particle that starts off in the ground 

state at ¢ — (), create a movie showing the numerical and exact solutions as 

well as the instantaneous ground state from ¢ — () to f = 2yr / Q2 for 

(a) £2 = /5. In line with the adiabatic theorem, you should see that the 
numerical solution is close (up to a phase) to the instantaneous ground 
State. 

(b) Q = Se. In line with what you've learned about sudden perturbations, 
you should see that the numerical solution is barely affected by the driving 
force. 


(c) Q = 6w/5. 





1 Notice that Eg is modified in every even order, and €h in every odd order; this would not be true if the perturbation included diagonal terms, 
or if the system started out in a linear combination of the two states. 


2 Perturbation theory for multi-level systems is treated in Problem 11.24. 
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For very small £, P,,—.)(f) is independent of W; it takes a couple of cycles for the system to “realize” that the perturbation is periodic. 
For visible light } ~ 5000 A, while the diameter of an atom is around 1 A, so this approximation is reasonable; but it would not be for x- 


rays. Problem 11.31 explores the effect of spatial variation of the field. 





The energy of a charge g in a static field E is — g | E - dr. You may well object to the use of an electrostatic formula for a manifestly time- 
dependent field. I am implicitly assuming that the period of oscillation is long compared to the time it takes the charge to move around 
(within the atom). 

As usual, we assume the nucleus is heavy and stationary; it is the wave function of the electron that concerns us. 

The letter §? is supposed to remind you of electric dipole moment (for which, in electrodynamics, the letter p is customarily used—in this 
context it is rendered as a squiggly § to avoid confusion with momentum). Actually, § is the off-diagonal matrix element of the z 
component of the dipole moment operator, ¥. Because of its association with electric dipole moments, radiation governed by Equation 
11.40 is called electric dipole radiation; it is overwhelmingly the dominant kind, at least in the visible region. See Problem 11.31 for 
generalizations and terminology. 

For an accessible treatment see Rodney Loudon, The Quantum Theory of Light, 2nd edn (Clarendon Press, Oxford, 1983). 

Einstein’s paper was published in 1917, well before the Schrödinger equation. Quantum electrodynamics comes into the argument via the 
Planck blackbody formula, which dates from 1900. 

For an alternative derivation using “seat-of-the-pants” quantum electrodynamics, see Problem 11.11. 

David J. Griffiths, Introduction to Electrodynamics, 4th edn, (Cambridge University Press, Cambridge, UK, 2017), Section 9.2.3. In general, 


the energy per unit volume in electromagnetic fields is 
7 a 1 

u = (€9/2) E+ (1/29) 57. 

For electromagnetic waves, the electric and magnetic contributions are equal, so 
7 7 J 

u = €9£~ = eg E cos” (wf), 


and the average over a full cycle is (€9/2) E i since the average of cos? (or sinô) is 1/2. 


Equation 11.46 assumes that the perturbations at different frequencies are independent, so that the total transition probability is a sum of the 





individual probabilities. If the different components are coherent (phase-correlated), then we should add amplitudes {c h(t) ), not probabilities 
(Icp(f) 2 ), and there will be cross-terms. For the applications we will consider the perturbations are always incoherent. 


Pll treat § as though it were real, even though in general it will be complex. Since 


lp al? = |Re(p) -H+ilmig) - al? = |Re( p) Al? + [Imp "Ñ à 


we can do the whole calculation for the real and imaginary parts separately, and simply add the results. In Equation 11.54 the absolute value 


signs denote doth the vector magnitude and the complex amplitude: 


T, a A a 
lel = lexi + oyl” + lel? - 


Normally Id use R for a transition rate, but out of deference to der Alte everyone follows Einstein’s notation in this context. 

Assume that Ng and Np are very large, so we can treat them as continuous functions of time and ignore statistical fluctuations. 

See, for example, Daniel Schroeder, An Introduction to Thermal Physics (Pearson, Upper Saddle River, NJ, 2000), Section 6.1. 

Schroeder, footnote 16, Section 7.4. 

Griffiths, footnote 11, Section 9.2.1. 

This situation is not to be confused with the case of thermal equilibrium, which we considered in the previous section. We assume here that 
the atoms have been lifted out of equilibrium, and are in the process of cascading back down to their equilibrium levels. 


See, for example, Griffiths, footnote 11, Section 11.2.1. 


& This is an example of Bohr’s Correspondence Principle. In fact, if we express P in terms of the energy above the ground state, the two 


formulas are identical. 


See Equation 6.62 (Equation 6.26 eliminates Af’ = 0), or derive them from scratch using Problems 11.14 and 11.15. 


< This is the same set of approximations we made in Equations 11.46-11.48. 


< In deriving Equation 11.35, our perturbation was 


: we 
j l —feur 
H = VK cos (at) > ze 


_ 


since we dropped the other (off-resonance) exponential. That is the source of the two inside the absolute value in Equation 11.81. Fermi’s 


Golden rule can also be applied to a constant perturbation, FY’ — |, if we set g = Ü drop the 2: 
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= It is actually due to Dirac, but Fermi is the one who gave it the memorable name. See T. Visser, Am. J. Phys. 77, 487 (2009) for the history. 


Fermi’s Golden Rule doesn’t just apply to transitions to a continuum of states. For instance, Equation 11.54 can be considered an example. 
In that case, we integrated over a continuous range of perturbation frequencies—not a continuum of final states—but the end result is the 


same. 


< Periodic boundary conditions are discussed in Problem 5.39. In the present context we use periodic boundary conditions—as opposed to 


impenetrable walls—because they admit traveling-wave solutions. 

Each state in k-space “occupies” a volume of (377 ity 4, as shown in Problem 5.39. 

See footnote 24. 

This is an approximation; we really should be using a scattering state of hydrogen. For an extended discussion of the photoelectric effect, 
including comparison to experiment and the validity of this approximation, see W. Heitler, The Quantum Theory of Radiation, 3rd edn, 
Oxford University Press, London (1954), Section 21. 

The result here is too large by a factor of four; correcting this requires a more careful derivation of the matrix element for radiative 
transitions (see Problem 11.30). Only the overall factor is affected though; the more interesting features (the dependence on & and #’} are 
correct. 

For an interesting discussion of classical adiabatic processes, see Frank S. Crawford, Am. J. Phys. 58, 337 (1990). 

See, for example, Jerry B. Marion and Stephen T. Thornton, Classical Dynamics of Particles and Systems, 4th edn, Saunders, Fort Worth, TX 
(1995), Example 10.5. Geographers measure latitude {A} up from the equator, rather than down from the pole, so cos 8q = sin A. 

The adiabatic theorem, which is usually attributed to Ehrenfest, is simple to state, and it sounds plausible, but it is not easy to prove. The 


argument will be found in earlier editions of this book, Section 10.1.2. 





Im suppressing the dependence on other variables; only the time dependence is at issue here. 

As Michael Berry puts it, the dynamic phase answers the question “How long did your trip take?” and the geometric phase, “Where have 
you been?” 

For more on this subject see Alfred Shapere and Frank Wilczek, eds., Geometric Phases in Physics, World Scientific, Singapore (1989); 
Andrei Bernevig and ‘Taylor Hughes, Topological Insulators and Topological Superconductors, Princeton University Press, Princeton, NJ (2013), 
Chapter 2. 


= If ir, (f) is real, the geometric phase vanishes. You might try to beat the rap by tacking an unnecessary (but perfectly legal) phase factor onto 


the eigenfunctions: Wi (Ñ = eltn wry {E} Where gp is an arbitrary (real) function. Try it. You'll get a nonzero geometric phase, all right, but 


note what happens when you put it back into Equation 11.93. And for a closed loop it gives zero. 





= The interaction picture is intermediate between the Heisenberg and Schrödinger pictures (see Section 6.8.1). In the interaction picture, the 


wave function satisfies the “Schrödinger equation” 


d ; 
in Wr) = ApH M7 (0), 
: 


where the interaction- and Schrédinger-picture operators are related by 


Ay (= e' Hor rh ey (f) Pee | Alot fhe 


and the wave functions satisfy 


Wp (1) = ef MOE WKH). 


If you apply the Dyson series to the Schrödinger equation in the interaction picture, you end up with precisely the perturbation series derived 
in Section 11.1.2. For more details see Ramamurti Shankar, Principles of Quantum Mechanics, 2nd edn, Springer, New York (1994), Section 
18.3. 

For a systematic treatment (including the role of the magnetic field) see David Park, Introduction to the Quantum Theory, 3rd edn (McGraw- 
Hill, New York, 1992), Chapter 11. 

See Masataka Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure, Benjamin, New York (1970), Section 5.6. 

George B. Arfken and Hans J. Weber, Mathematical Methods for Physicists, 7th edn, Academic Press, San Diego (2013), p. 744. 


Electric and magnetic dipole moments have different units—hence the factor of | /¢ (which you can check by dimensional analysis). 


= Julio Gea-Banacloche, Am. J. Phys. 70, 307 (2002) uses a rectangular barrier; the delta-function version was suggested by M. Lakner and 


J. Peternelj, Am. J. Phys. 71, 519 (2003). 

Gea-Banacloche (footnote 43) discusses the evolution of the wave function without using the adiabatic theorem. 
S. W. Doescher and M. H. Rice, Am. J. Phys. 37, 1246 (1969). 

See Y. Nogami, Am. J. Phys. 59, 64 (1991), and references therein. 
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This phenomenon doesn’t have much to do with Zeno, but it is reminiscent of the old adage, “a watched pot never boils,” so it is sometimes 
called the watched pot effect. 


In the argument leading to linear time dependence, we assumed that the function sin (Qi/2) / O- in Equation 11.46 was a sharp spike. 





However, the width of the “spike” is of order Ac = 4r jt, and for extremely short £ this assumption fails, and the integral becomes 


(1 - /4) Toi dæ. 


fj 


= This argument was introduced by B. Misra and E. C. G. Sudarshan, J. Math. Phys. 18, 756 (1977). The essential result has been confirmed 


in the laboratory: W. M. Itano, D. J. Heinzen, J. J. Bollinger, and D. J. Wineland, Phys. Rev. A 41, 2295 (1990). Unfortunately, the 
experiment is not as compelling a test of the collapse of the wave function as its designers hoped, for the observed effect can perhaps be 
accounted for in other ways—see L. E. Ballentine, Found. Phys. 20, 1329 (1990); T. Petrosky, S. Tasaki, and I. Prigogine, Phys. Lett. A 151, 
109 (1990). 

If you choose ; f small enough, you can actually use this exact form. Routines such as Mathematica’s MatrixExp can be used to find 
(numerically) the exponential of a matrix. 

See A. Goldberg et al., Am. J. Phys. 35, 177 (1967) for further discussion of these approximations. 

A tri-diagonal matrix has nonzero entries only along the diagonal and one space to the right or left of the diagonal. 

Use your computing enviroment’s built-in linear equation solver; in Mathematica that would be x = LinearSolve[M, b]. To learn how it 
actually works, see A. Goldberg eż al., footnote 51. 

C. Lubich, in Quantum Simulations of Complex Many-Body Systems: From Theory to Algorithms, edited by J. Grotendorst, D. Marx, and 
A. Muramatsu (John von Neumann Institute for Computing, Jülich, 2002), Vol. 10, p. 459. Available for download from the Neumann 
Institute for Computing (NIC) website. 
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Now that you have a sound understanding of what quantum mechanics says, I would like to return to the 
question of what it means—continuing the story begun in Section 1.2. The source of the problem is the 
indeterminacy associated with the statistical interpretation of the wave function. For W (or, more generally, 
the quantum state—it could be a spinor, for example) does not uniquely determine the outcome of a 
measurement; all it tells us is the statistical distribution of possible results. This raises a profound question: 
Did the physical system “actually have” the attribute in question prior to the measurement (the so-called 
realist viewpoint), or did the act of measurement itself “create” the property, limited only by the statistical 
constraint imposed by the wave function (the orthodox position)—or can we duck the issue entirely, on the 
grounds that it is “metaphysical” (the agnostic response)? 

According to the realist, quantum mechanics is an incomplete theory, for even if you know everything 
quantum mechanics has to tell you about the system (to wit: its wave function), still you cannot determine all of 
its features. Evidently there is some other information, unknown to quantum mechanics, which (together with 
W) is required for a complete description of physical reality. 

The orthodox position raises even more disturbing problems, for if the act of measurement forces the 
system to “take a stand,” helping to create an attribute that was not there previously, then there is something 
very peculiar about the measurement process. Moreover, in order to account for the fact that an immediately 
repeated measurement yields the same result, we are forced to assume that the act of measurement collapses 
the wave function, in a manner that is difficult, at best, to reconcile with the normal evolution prescribed by 
the Schrodinger equation. 

In light of this, it is no wonder that generations of physicists retreated to the agnostic position, and 


advised their students not to waste time worrying about the conceptual foundations of the theory. 
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12.1 The EPR Paradox 


In 1935, Einstein, Podolsky, and Rosen2 published the famous EPR paradox, which was designed to prove 
(on purely theoretical grounds) that the realist position is the only tenable one. I'll describe a simplified 
version of the EPR paradox, due to David Bohm (call it EPRB). Consider the decay of the neutral pi meson 


into an electron and a positron: 


x” +e + eT, 


Assuming the pion was at rest, the electron and positron fly off in opposite directions (Figure 12.1). Now, the 
pion has spin zero, so conservation of angular momentum requires that the electron and positron occupy the 
singlet spin configuration: 

Ls (12.1) 
5 F= HT 
If the electron is found to have spin up, the positron must have spin down, and vice versa. Quantum 
mechanics can’t tell you which combination you'll get, in any particular pion decay, but it does say that the 
measurements will be correlated, and you'll get each combination half the time (on average). Now suppose we 
let the electron and positron fly far off—10 meters, in a practical experiment, or, in principle, 10 light years— 
and then you measure the spin of the electron. Say you get spin up. Immediately you know that someone 20 
meters (or 20 light years) away will get spin down, if that person examines the positron. 

0 


E it er 
$$ 7 


Figure 12.1: Bohm’s version of the EPR experiment: A y” at rest decays into an electron—positron pair. 


To the realist, there’s nothing surprising about this—the electron really had spin up (and the positron 
spin down) from the moment they were created ...it’s just that quantum mechanics didn’t know about it. But 
the “orthodox” view holds that neither particle had either spin up or spin down until the act of measurement 
intervened: Your measurement of the electron collapsed the wave function, and instantaneously “produced” 
the spin of the positron 20 meters (or 20 light years) away. Einstein, Podolsky, and Rosen considered such 
“spooky action-at-a-distance” (Einstein’s delightful term) preposterous. They concluded that the orthodox 
position is untenable; the electron and positron must have had well-defined spins all along, whether quantum 
mechanics knows it or not. 

The fundamental assumption on which the EPR argument rests is that no influence can propagate faster 
than the speed of light. We call this the principle of locality. You might be tempted to propose that the 
collapse of the wave function is mof instantaneous, but “travels” at some finite velocity. However, this would 
lead to violations of angular momentum conservation, for if we measured the spin of the positron before the 
news of the collapse had reached it, there would be a fifty-fifty probability of finding Jo¢h particles with spin 
up. Whatever you might think of such a theory in the abstract, the experiments are unequivocal: No such 
violation occurs—the (anti-)correlation of the spins is perfect. Evidently the collapse of the wave function— 


whatever its ontological status—is instantaneous.° 
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Problem 12.1 Entangled states. The singlet spin configuration (Equation 12.1) is 
the classic example of an entangled state—a two-particle state that cannot be 
expressed as the product of two one-particle states, and for which, therefore, one 
cannot really speak of “the state” of either particle separately. You might wonder 
whether this is somehow an artifact of bad notation—maybe some linear 
combination of the one-particle states would disentangle the system. Prove the 
following theorem: 

Consider a two-level system, |g } and| qh), with (qh; |qb;) = 4; j. (For example, |bq } might 

represent spin up and |g; } spin down.) The two-particle state 

&|ba(1)} lbp (2)) + Bilbo C1) ) la (2)) 
(with @ Æ Ü and p Æ ()) cannot be expressed as a product 


IW (1) Ws (2), 


for any one-particle states | yr rt and | yr P Y. 


Hint: Write |W, } and |s} as linear combinations of |a} and |p). 


Problem 12.2 Einstein’s Boxes. In an interesting precursor to the EPR paradox, 
Einstein proposed the following gedanken experiment: Imagine a particle 
confined to a box (make it a one-dimensional infinite square well, if you like). It’s 
in the ground state, when an impenetrable partition is introduced, dividing the 
box into separate halves, B; and B>, in such a way that the particle is equally likely 
to be found in either one.2 Now the two boxes are moved very far apart, and a 
measurement is made on B| to see if the particle is in that box. Suppose the 
answer is yes. Immediately we know that the particle will ot be found in the 
(distant) box BH. 

(a) What would Einstein say about this? 

(b) How does the Copenhagen interpretation account for it? What is the 


wave function in B», right after the measurement on B}? 
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12.2 Bell’s Theorem 


Einstein, Podolsky, and Rosen did not doubt that quantum mechanics is correct, as far as it goes; they only 
claimed that it is an incomplete description of physical reality: The wave function is not the whole story—some 
other quantity, A, is needed, in addition to W, to characterize the state of a system fully. We call 4, the “hidden 
variable” because, at this stage, we have no idea how to calculate or measure it. Over the years, a number of 
hidden variable theories have been proposed, to supplement quantum mechanics;° they tend to be 
cumbersome and implausible, but never mind—until 1964 the program seemed eminently worth pursuing. 
But in that year J. S. Bell proved that any local hidden variable theory is incompatible with quantum 
mechanics.” 

Bell suggested a generalization of the EPRB experiment: Instead of orienting the electron and positron 
detectors along the same direction, he allowed them to be rotated independently. The first measures the 
component of the electron spin in the direction of a unit vector a, and the second measures the spin of the 
positron along the direction b (Figure 12.2). For simplicity, lets record the spins in units of fi/2; then each 
detector registers the value + | (for spin up) or — | (spin down), along the direction in question. A table of 


results, for many 7" decays, might look like this: 


electron positron product 


+] —] —] 
+] +] +] 
—] +] —] 
+] —] —] 
—] —] +] 





Figure 12.2: Bell’s version of the EPRB experiment: detectors independently oriented in directions a and b. 


Bell proposed to calculate the average value of the product of the spins, for a given set of detector 
orientations. Call this average P (a,b). If the detectors are parallel (b = a), we recover the original EPRB 
configuration; in this case one is spin up and the other spin down, so the product is always — |, and hence so 


too is the average: 


P (a, a) =- 1. (12.2) 
By the same token, if they are anti-parallel {b = —a), then every product is + 1, so 
P(a, —a) = +1. (12.3) 


For arbitrary orientations, quantum mechanics predicts 
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(12.4) 





(see Problem 4.59). What Bell discovered is that this result is incompatible with any local hidden variable theory. 

The argument is stunningly simple. Suppose that the “complete” state of the electron—positron system is 
characterized by the hidden variable(s) A (A varies, in some way that we neither understand nor control, from 
one pion decay to the next). Suppose further that the outcome of the electron measurement is independent of 
the orientation (b) of the positron detector—which may, after all, be chosen by the experimenter at the 
positron end just before the electron measurement is made, and hence far too late for any subluminal message 
to get back to the electron detector. (This is the locality assumption.) ‘Then there exists some function A(a, A) 
which determines the result of an electron measurement, and some other function B(b, A} for the positron 


measurement. These functions can only take on the values + 1:+# 

Af@caAyS= +1; oA Ay Hd, (12.5) 
When the detectors are aligned, the results are perfectly (anti)-correlated: 

A(a, A) = — 5 (a, À), (12.6) 


regardless of the value of à.. 


Now, the average of the product of the measurements is 


D7 
P(a,b) = | pl(A)A(a, A) B(b, A)dd, (12.7) 


where (A) is the probability density for the hidden variable. (Like any probability density, it is real, 
nonnegative, and satisfies the normalization condition ‘i p(Ajdd. = 1l, but beyond this we make no 
assumptions about (A); different hidden variable theories would presumably deliver quite different 


expressions for p.) In view of Equation 12.6, we can eliminate B: 


. 12.8 
Pia, b) = — | POJA, AJA (b, dA. ( ) 
If c is any other unit vector, 
7 oes A a ae SA (12.9) 
P(a, b)— P(a,c) = — | pP0[A(a, A) A (b, A) — Ala, AJA (c, A) |d. 
Or, since [ A (b, AYP — |: 
(12.10) 


P(a,b) — P(a,c) = — | p(a)[1 — A(b, A)A(e, A) ]A (a, A)A(D, Adda. 


But it follows from Equation 12.5 that |A(a, A)A(b, A)| = l; moreover p(A)[]1 — Atb, 4) Ale, A)] = 0, 


SO 


12.11 
|P(a, b) — P(a,c)| = feol — A(b, AJA (c, à) ]da, Pean 


or, more simply: 


(12.12) 
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This is the famous Bell inequality. It holds for any local hidden variable theory (subject only to the minimal 


requirements of Equations 12.5 and 12.6), for we have made no assumptions whatever as to the nature or 





number of the hidden variable(s), or their distribution (9). 
But it is easy to show that the quantum mechanical prediction (Equation 12.4) is incompatible with 
Bell’s inequality. For example, suppose the three vectors lie in a plane, and c makes a 45° angle with a and b 


(Figure 12.3); in this case quantum mechanics says 





P(a,b)=0, P(a,c) = P(b, c) = —0.707, 
which is patently inconsistent with Bell’s inequality: 


0.707 £ 1— 0.707 = 0.295. 





Figure 12.3: An orientation of the detectors that demonstrates quantum violations of Bell’s inequality. 


With Bell’s modification, then, the EPR paradox proves something far more radical than its authors 
imagined: If they are right, then not only is quantum mechanics incomplete, it is downright wrong. On the 
other hand, if quantum mechanics is right, then no hidden variable theory is going to rescue us from the 
nonlocality Einstein considered so preposterous. Moreover, we are provided with a very simple experiment to 
settle the issue once and for all 

Many experiments to test Bell’s inequality were performed in the 1960s and 1970s, culminating in the 
work of Aspect, Grangier, and Roger.“ The details do not concern us here (they actually used two-photon 
atomic transitions, not pion decays). To exclude the remote possibility that the positron detector might 
somehow “sense” the orientation of the electron detector, both orientations were set quasi-randomly after the 
photons were already in flight. The results were in excellent agreement with the predictions of quantum 
mechanics, and inconsitent with Bell’s inequality by a wide margin.” 

Ironically, the experimental confirmation of quantum mechanics came as something of a shock to the 
scientific community. But not because it spelled the demise of “realism’—most physicists had long since 
adjusted to this (and for those who could not, there remained the possibility of nonlocal hidden variable 
theories, to which Bell’s theorem does not apply).4 The real shock was the demonstration that nature itself is 
fundamentally nonlocal. Nonlocality, in the form of the instantaneous collapse of the wave function (and for 
that matter also in the symmetrization requirement for identical particles) had always been a feature of the 
orthodox interpretation, but before Aspect’s experiment it was possible to hope that quantum nonlocality was 
somehow a nonphysical artifact of the formalism, with no detectable consequences. That hope can no longer 
be sustained, and we are obliged to reexamine our objection to instantaneous action-at-a-distance. 

Why are physicists so squeamish about superluminal influences? After all, there are many things that 
travel faster than light. If a bug flies across the beam of a movie projector, the speed of its shadow is 
proportional to the distance to the screen; in principle, that distance can be as large as you like, and hence the 


shadow can move at arbitrarily high velocity (Figure 12.4). However, the shadow does not carry any energy, 
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nor can it transmit any information from one point on the screen to another. A person at point X cannot cause 


anything to happen at point Y by manipulating the passing shadow. 
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Figure 12.4: The shadow of the bug moves across the screen at a velocity y" greater than c, provided the screen 


is far enough away. 


On the other hand, a causal influence that propagated faster than light would carry unacceptable 
implications. For according to special relativity there exist inertial frames in which such a signal propagates 
backward in time—the effect preceding the cause—and this leads to inescapable logical anomalies. (You could, 
for example, arrange to kill your infant grandfather. Think about it ...not a good idea.) The question is, are 
the superluminal influences predicted by quantum mechanics and detected by Aspect causal, in this sense, or 
are they somehow ethereal enough (like the bug’s shadow) to escape the philosophical objection? 

Well, let’s consider Bell’s experiment. Does the measurement of the electron influence the outcome of the 
positron measurement? Assuredly it does—otherwise we cannot account for the correlations in the data. But 
does the measurement of the electron cause a particular outcome for the positron? Not in any ordinary sense of 
the word. There is no way the person manning the electron detector could use his measurement to send a 
signal to the person at the positron detector, since he does not control the outcome of his own measurement 
(he cannot make a given electron come out spin up, any more than the person at X can affect the passing 
shadow of the bug). It is true that he can decide whether to make a measurement at all, but the positron 
monitor, having immediate access only to data at his end of the line, cannot tell whether the electron has been 
measured or not. The lists of data compiled at the two ends, considered separately, are completely random. It 
is only later, when we compare the two lists, that we discover the remarkable correlations. In another reference 
frame the positron measurements occur before the electron measurements, and yet this leads to no logical 
paradox—the observed correlation is entirely symmetrical in its treatment, and it is a matter of indifference 
whether we say the observation of the electron influenced the measurement of the positron, or the other way 
around. This is a wonderfully delicate kind of influence, whose only manifestation is a subtle correlation 
between two lists of otherwise random data. 

We are led, then, to distinguish two types of influence: the “causal” variety, which produce actual changes 
in some physical property of the receiver, detectable by measurements on that subsystem alone, and an 
“ethereal” kind, which do not transmit energy or information, and for which the only evidence is a correlation 
in the data taken on the two separate subsystems—a correlation which by its nature cannot be detected by 
examining either list alone. Causal influences cannot propagate faster than light, but there is no compelling 
reason why ethereal ones should not. The influences associated with the collapse of the wave function are of 
the latter type, and the fact that they “travel” faster than light may be surprising, but it is not, after all, 


catastrophic.» 
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Problem 12.3 One example”® of a (local) deterministic (“hidden variable”) theory 
is ...classical mechanics! Suppose we carried out the Bell experiment with classical 
objects (baseballs, say) in place of the electron and proton. They are launched (by a 
kind of double pitching machine) in opposite directions, with equal and opposite 
spins (angular momenta), Są and S$; = —S,. Now, these are classical objects— 
their angular momenta can point in any direction, and this direction is set (let’s say 
randomly) at the moment of launch. Detectors placed 10 meters or so on either 
side of the launch point measure the spin vectors of their respective baseballs. 
However, in order to match the conditions for Bell’s theorem, they only record the 


sign of the component of S along the directions a and b: 
A = sign (a-S,), = sign (b-S,). 


Thus each detector records either + | or — ], in any given trial. 
In this example the “hidden variable” is the actual orientation of $, specified 
(say) by the polar and azimuthal angles O and Q: A. = (6, @): 
(a) Choosing axes as in the figure, with a and b in the x—y plane and a along 


the x axis, verify that 


A (a, A) B (b, A) = —sign [cos (f) cos (6 — n)]. 


where n is the angle between a and b (take it to run from — 7 to + 7). 

(b) Assuming the baseballs are launched in such a way that S,, is equally 
likely to point in any direction, compute P (a, b). Answer: {(2|n|/ m) — 1. 

(c) Sketch the graph of P (a, b), from 7) = — to + xm, and (on the same 
graph) the quantum formula (Equation 12.4, with @ —> n). For what 
values of n does this hidden variable theory agree with the quantum- 
mechanical result? 

(d) Verify that your result satisfies Bell’s inequality, Equation 12.12. Hint: 
The vectors a, b, and c define three points on the surface of a unit sphere; 


the inequality can be expressed in terms of the distances between those 


points. 





A 


Figure 12.5: Axes for Problem 12.3. 
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12.3 Mixed States and the Density Matrix 
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12.3.1 Pure States 


In this book we have dealt with particles in pure states, |Y }—a harmonic oscillator in its mth stationary state, 
for instance, or in a specific linear combination of stationary states, or a free particle in a gaussian wave packet. 


The expectation value of some observable 4 is then 








A 


a) = (vlAly): 233) 


it’s the average of measurements on an ensemble of identically-prepared systems, all of them in the same state 
|}. We developed the whole theory in terms of |} } (a vector in Hilbert space, or, in the position basis, the 
wave function). 

But there are other ways to formulate the theory, and a particularly useful one starts by defining the 


density operator,“ 


6 = Yh], (12.14) 


With respect to an orthonormal basis [le ay} an operator is represented by a matrix; the if element of the 


matrix A, representing the operator A 1S 


A 








Aij = (e; A i). (12.15) 


In particular, the 77 element of the density matrix P is 








piy 





e;) = le; ea). (12.16) 


a 





j 
Pij = \€i 


The density matrix (for pure states) has several interesting properties: 


p? =p, (it is idempotent), (12.17) 

pt =p. (it is hermitian }, (12.18) 

Tr (0) = on =1, (its trace is 1). (12.19) 
i 


The expectation value of an observable 4 is 
(A) = Tr(pA). (12.20) 


We could do everything using the density matrix, instead of the wave function, to represent the state of a 


particle. 


Example 12.1 
In the standard basis 


ae co eee (12.21) 
a-h). a=) 


representing spin up and spin down along the z direction (Equation 4.149), construct the density 


matrix for an electron with spin up along the x direction. 
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Solution: In this case 


FER T2 (12.22) 
Wi (yy 
(Equation 4.151). So 
) SAIT no ok | 1l ] 
m=[e o(a alo) az 
ie sf Lita ee 0 | | l 
we Eea aO- 
< ARA off’ I] i 
male Ala val- 
< ARA A o] i 
pra = | (0 w Ee WW (1) =z 
and hence 
pl fe 1/2 (12.23) 
o= (ij 2) 
Or, more efficiently, 
Fy 7 (12.24) 
p = m = (1/92) (1/2 v3) = (115 a). 
Note that p is hermitian, its trace is 1, and 
ee 12 12/12 1/2 _ Y2 1⁄2 = (12.25) 
p ane a ae oe a p 
Problem 12.4 


(a) Prove properties 12.17, 12.18, 12.19, and 12.20. 
(b) Show that the time evolution of the density operator is governed by the 


equation 
dp T: (12.26) 
ger = [Á , ô|. 
dt 


(This is the Schrödinger equation, expressed in terms of /.) 


Problem 12.5 Repeat Example 12.1 for an electron with spin down along the y 


direction. 
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12.3.2 Mixed States 


In practice it is often the case that we simply don’t know the state of the particle. Suppose, for example, we are 
interested in an electron emerging from the Stanford Linear Accelerator. It might have spin up (along some 
chosen direction), or it might have spin down, or it might be in some linear combination of the two—we just 
don’t know.42 We say that the particle is in a mixed state. +? 

How should we describe such a particle? I could simply list the probability, Pk, that it’s in each possible 
state |W, }. The expectation value of an observable would now be the average of measurements taken over an 


ensemble of systems that are noż identically prepared (they are vof all in the same state); rather, a fraction Pk 


of them is in each (pure) state |Y% }: 
| es e, (12.27 
(A) => Pi (WJA |t). i 
K 
There’s a slick way to package this information, by generalizing the density operator: 
ô = $ pel) (Vel. (12.28) 
K 
Again, it becomes a matrix when referred to a particular basis: 
pij =Y prle: Yr) (Yee ,)- (12.29) 
K 


The density matrix encodes all the information available to us about the system. 


Like any probabilities, 


O<m<1 and J mal (12.30) 
K 


The density matrix for mixed states retains most of the properties we identified for pure states: 


p =p, (12.31) 
Trip) = I, (12.32) 
(A) = Tr( pA). (12.33) 
1p eee eee ee | (12.34 
in =|H, A], at = =0 for all k) 
dt dt 
but P is idempotent on/y if it represents a pure state: 


(indeed, this is a quick way to test whether the state is pure). 


Example 12.2 
Construct the density matrix for an electron that is either in the spin-up state or the spin-down state 


(along z), with equal probability. 
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Solution: In this case py = p = 1/2, so 
15 I SON | 
o> Pele) (Yel = 5 0 Ll OS i (0 1) 
k 7 ~ Meee 


-(? 0 i ij- 0 
= 0 OPT mo 0 1/2)" 


Note that p is hermitian, and its trace is 1, but 


m fe ONCE OF Oye BO 
Pef wis mets mer 


this is noź a pure state. 


Problem 12.6 
(a) Prove properties 12.31, 12.32, 12.33, and 12.34. 





(12.36) 


(12.37) 


(b) Show that Tx p”) =< ], and equal to 1 only if p represents a pure state. 


(c) Show that p? = pif and only if p represents a pure state. 


Problem 12.7 


(a) Construct the density matrix for an electron that is either in the state spin 


up along x (with probability 1/3) or in the state spin down along y (with 


probability 2/3). 
(b) Find (5,} for the electron in (a). 


Problem 12.8 


(a) Show that the most general density matrix for a spin-1/2 particle can be 


written in terms of three real numbers (a), a2, a3): 


: =5( (1 + a3) (a) — tar) 


| L 
2 \(a +i) (1 —2a3) ) ü he pee 


(12.38) 


where @|. 3, 03 are the three Pauli matrices. Hing It has to be 


hermitian, and its trace must be 1. 


(b) In the literature, a is known as the Bloch vector. Show that p represents a 


pure state if and only if |a| = 1, and for a mixed state |a| < |. Hint: Use 


Problem 12.6(c). Thus every density matrix for a spin-1/2 particle 


corresponds to a point in the Bloch sphere, of radius 1. Points on the 


surface are pure states, and points inside are mixed states. 


(c) What is the probability that a measurement of $, would return the value 


+fi/2, if the tip of the Bloch vector is at (i) the north pole 
(a = (0,0, 1)), Gi) the center of the sphere (a = (0,0, 0)), Gii) the 


south pole (a = (0,0, —1))? 
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(d) Find the spinor X representing the (pure) state of the system, if the Bloch 


vector lies on the equator, at azimuthal angle @. 
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12.3.3 Subsystems 


There is another context in which one might invoke the density matrix formalism: an entangled state, such as 


the singlet spin configuration of an electron/positron pair, 


\ (12.39) 
E tH — T). 


Suppose we are interested only in the positron: what is it’s state? I cannot say ...a measurement could return 
spin up (fifty-fifty probability) or spin down. This has nothing to do with ignorance, I know the state of the 
system precisely. But the subsystem (the positron) by itself does not occupy a pure state. If I insist on talking 


about the positron alone, the best I can do is to tell you its density matrix: 


np o (12.40) 
e =( 0 ha 


representing the 50/50 mixture. 
Of course, this is the same as the density matrix representing a positron in a specific (but unknown) spin 
state (Example 12.2). PU call it a subsystem density matrix, to distinguish it from an ignorance density matrix. 


The EPRB paradox illustrates the difference. Before the electron spin was measured, the positron (alone) was 





represented by the “subsystem” density matrix (Equation 12.40); when the electron is measured the positron is 
knocked into a definite state ...but we (at the distant positron detector) don’t know which. The positron is 
now represented by the “ignorance” density matrix (Equation 12.36). But the two density matrices are 
identical! Our description of the state of the positron has not been altered by the measurement of the electron 


—all that has changed is our reason for using the density matrix formalism. 
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12.4 The No-Clone Theorem 


Quantum measurements are typically destructive, in the sense that they alter the state of the system measured. 
This is how the uncertainty principle is enforced in the laboratory. You might wonder why we don’t just make 
a bunch of identical copies (clones) of the original state, and measure them, leaving the system itself 
unscathed. It can’t be done. Indeed, if you could build a cloning device (a “quantum Xerox machine”), 
quantum mechanics would be out the window. 

For example, it would then be possible to send superluminal messages using the EPRB apparatus.“ Say 
the message to be transmitted, from the operator of the electron detector (conventionally “Alice”) to the 
operator of the positron detector (“Bob”), is either “yes” (“drop the bomb”) or “no.” If the message is to be 
“yes,” Alice measures S- (of the electron). Never mind what result she gets—all that matters is that she makes 
the measurement, for this means that the positron is now in the pure state t or | (never mind which). If she 
wants to say “no,” she measures §,, and that means the positron is now in the definite state +— or —> (never 
mind which). In any case, Bob makes a million clones of the positron, and measures S- on half of them, and 
S, on the other half. If the first group are all in the same state (all t or all |), then Alice must have measured 
S., and the message is “yes” (the §, group should be a 50/50 mixture). If all the §, measurements yield the 
same answer (all <— or all +), then Alice must have measured S,, and the message is “no” (in that case the S- 
measurements should be a 50/50 mixture). 

It doesn’t work, because you can’t make a quantum Xerox machine, as Wootters, Zurek, and Dieks 
proved in 1982.2! Schematically, we want the machine to take as input a particle in state |y} (the one to be 


copied), plus a second particle in state |X} (the “blank sheet of paper”), and spit out żwo particles in the state 
|y} (original plus copy): 


IW 1X} —> Yeh. (12.41) 
Suppose we have made a device that successfully clones the state | yy }: 
Wi |X) —> Yw, (12.42) 


and also works for state | Ur}: 


Iwo) 1X) > |Wa) v2) Maan 
(Wi) and |yv2} might be spin up and spin down, for example, if the particle is an electron). So far, so good. 
But what happens when we feed in a linear combination |W) = œ|} + Bly} Evidently we get? 

\W |X) — aly) lv) + Ply |W), (12.44) 
which is not at all what we wanted—what we wanted was 

IW )IX) — Why) = Lali) + Blvo) ely) + Elw] (12.45) 


= a lyy) + Bly) lwo) +a Bll¥1)lv2) + Woly). 


You can make a machine to clone spin-up electrons and spin-down electrons, but it will fail for any nontrivial 
linear combinations (such as eigenstates of §,). It’s as though you bought a Xerox machine that copies vertical 


lines perfectly, and also horizontal lines, but completely distorts diagonals. 
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The no-clone theorem turned out to have an importance well beyond “merely” protecting quantum 
mechanics from superluminal communication (and hence an inescapable conflict with special relativity). In 
particular, it opened up the field of quantum cryptography, which exploits the theorem to detect 
eavesdropping. This time Alice and Bob want to agree on a key for decoding messages, without the 
cumbersome necessity of actually meeting face-to-face. Alice is to send the key (a string of numbers) to Bob 
via a stream of carefully prepared photons. But they are worried that their nemesis, Eve, might try to 
intercept this communication, and thereby crack the code, without their knowledge. Alice prepares a string of 
photons in four different states: linearly polarized (horizontal | H } and vertical |V}), and circularly polarized 
(left |} and right |R }), which she sends to Bob. Eve hopes to capture and clone the photons en route, sending 
the originals along to Bob, who will be none the wiser. (Later on, she knows, Alice and Bob will compare 
notes on a sample of the photons, to make sure there has been no tampering—that’s why she has to clone 
them perfectly, to go undetected.) But the no-clone theorem guarantees that Eve’s Xerox machine will fail; 
Alice and Bob will catch the eavesdropping when they compare the samples. (They will then, presumably, 
discard that key.) 
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12.5 Schrodinger’s Cat 


The measurement process plays a mischievous role in quantum mechanics: It is here that indeterminacy, 
nonlocality, the collapse of the wave function, and all the attendant conceptual difficulties arise. Absent 
measurement, the wave function evolves in a leisurely and deterministic way, according to the Schrodinger 
equation, and quantum mechanics looks like a rather ordinary field theory (much simpler than classical 
electrodynamics, for example, since there is only one field {Y}, instead of two (E and B), and it’s a scalar). It is 
the bizarre role of the measurement process that gives quantum mechanics its extraordinary richness and 
subtlety. But what, exactly, 7s a measurement? What makes it so different from other physical processes? 
And how can we tell when a measurement has occurred? 


Schrödinger posed the essential question most starkly, in his famous cat paradox: 


A cat is placed in a steel chamber, together with the following hellish contraption.... In a Geiger counter there is a tiny amount of 
radioactive substance, so tiny that maybe within an hour one of the atoms decays, but equally probably none of them decays. If one decays 
then the counter triggers and via a relay activates a little hammer which breaks a container of cyanide. If one has left this entire system for 
an hour, then one would say the cat is living if no atom has decayed. The first decay would have poisoned it. The wave function of the 


entire system would express this by containing equal parts of the living and dead cat. 


At the end of the hour, then, the wave function of the cat has the schematic form 


i | (12.46) 
y = Ja Waive + Wdead?- 


The cat is neither alive nor dead, but rather a linear combination of the two, until a measurement occurs— 
until, say, you peek in the window to check. At that moment your observation forces the cat to “take a stand”: 
dead or alive. And if you find him to be dead, then it’s really you who killed him, by looking in the window. 

Schrödinger regarded this as patent nonsense, and I think most people would agree with him. There is 
something absurd about the very idea of a macroscopic object being in a linear combination of two palpably 
different states. An electron can be in a linear combination of spin up and spin down, but a cat simply cannot 
be in a linear combination of alive and dead. But how are we to reconcile this with quantum mechanics? 

The Schrödinger cat paradox forces us to confront the question “What constitutes a ‘measurement, in 
quantum mechanics”? Does the “measurement” really occur when we peek in the keyhole? Or did it happen 
much earlier, when the atom did (or did not) decay? Or was it when the Geiger counter registered (or did not) 
the decay, or when the hammer did (or did not) hit the vial of cyanide? Historically, there have been many 
answers to this question. Wigner held that measurement requires the intervention of human consciousness; 
Bohr thought it meant the interaction between a microscopic system (subject to the laws of quantum 
mechanics) and a macroscopic measuring apparatus (described by classical laws); Heisenberg maintained that 
a measurement occurs when a permanent record is left; others have pointed to the irreversible nature of a 
measurement. The embarrassing fact is that none of these characterizations is entirely satisfactory. Most 
physicists would say that the measurement occurred (and the cat became either alive or dead) well before we 
looked in the window, but there is no real consensus as to when or why. 

And this still leaves the deeper question of why a macroscopic system cannot occupy a linear combination 
of two clearly distinct states—a baseball, say, in a linear combination of Seattle and Toronto. Suppose you 
could get a baseball into such a state, what would happen to it? In some ultimate sense the macroscopic system 


must itself be described by the laws of quantum mechanics. But wave functions, in the first instance, represent 
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individual elementary particles; the wave function of a macroscopic object would be a monstrously 
complicated composite structure, built out of the wave functions of its 1023 constituent particles. And it is 
subject to constant bombardment from the environment~ —subject, that is, to continuous “measurement” 
and the attendant collapse. In this process, presumably, “classical” states are statistically favored, and in 
practice the linear combination devolves almost instantaneously into one of the ordinary configurations we 
encounter in everyday life. This phenomenon is called decoherence, and although it is still not entirely 


understood it appears to be the fundamental mechanism by which quantum mechanics reduces to classical 


mechanics in the macroscopic realm. 
e > où òo o @ 


In this book I have tried to tell a consistent and coherent story: The wave function {¥ } represents the state of 
a particle (or system); particles do not in general possess specific dynamical properties (position, momentum, 
energy, angular momentum, etc.) until an act of measurement intervenes; the probability of getting a 
particular value in any given experiment is determined by the statistical interpretation of W; upon 
measurement the wave function collapses, so that an immediately repeated measurement is certain to yield the 
same result. There are other possible interpretations—nonlocal hidden variable theories, the “many worlds” 
picture, “consistent histories,” ensemble models, and others—but I believe this one is conceptually the simplest, 
and certainly it is the one shared by most physicists today.*! It has stood the test of time, and emerged 
unscathed from every experimental challenge. But I cannot believe this is the end of the story; at the very least, 
we have much to learn about the nature of measurement and the mechanism of collapse. And it is entirely 
possible that future generations will look back, from the vantage point of a more sophisticated theory, and 


wonder how we could have been so gullible. 





Ie 


This may be strange, but it is not mystical, as some popularizers would like to suggest. The so-called wave—particle duality, which Niels Bohr 
elevated to the status of a cosmic principle (complementarity), makes electrons sound like unpredictable adolescents, who sometimes behave 


like adults, and sometimes, for no particular reason, like children. I prefer to avoid such language. When I say that a particle does not have a 
particular attribute before its measurement, I have in mind, for example, an electron in the spin state ¥ = ( ; a measurement of the x- 
0 


component of its angular momentum could return the value fi,'2,, or (with equal probability) the value — fi,/ 2, but until the measurement is 
made it simply does not have a well-defined value of § ,. 

A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 (1935). 

Bohr wrote a famous rebuttal to the EPR paradox (Phys. Rev. 48, 696 (1935)). I doubt many people read it, and certainly very few 


Iœ” |e) 


understood it (Bohr himself later admitted that he had trouble making sense of his own argument), but it was a relief that the great man had 
solved the problem, and everybody else could go back to business. It was not until the mid-1960s that most physicists began to worry 
seriously about the EPR paradox. 

: Although the term “entanglement” is usually applied to systems of two (or more) particles, the same basic notion can be extended to single 


particle states (Problem 12.2 is an example). For an interesting discussion see D. V. Schroeder, Am. J. Phys. 85, 812 (2017). 


2 See T. Norsen, Am. J. Phys. 73, 164 (2005). 

e The partition is inserted rapidly; if it is done adiabatically the particle may be forced into the (however slightly) larger of the two, as you 
found in Problem 11.34. 

2 The hidden variable could be a single number, or it could be a whole collection of numbers; perhaps à, is to be calculated in some future 
theory, or maybe it is for some reason of principle incalculable. It hardly matters. All I am asserting is that there must be something—if only a 
list of the outcomes of every possible experiment—associated with the system prior to a measurement. 

8 D. Bohm, Phys. Rev. 85, 166, 180 (1952). 

9 


Bell’s original paper (Physics 1, 195 (1964), reprinted as Chapter 2 in John S. Bell, Speakable and Unspeakable in Quantum Mechanics, 
Cambridge University Press, UK (1987)) is a gem: brief, accessible, and beautifully written. 

= This already concedes far more than a classical determinist would be prepared to allow, for it abandons any notion that the particles could 
have well-defined angular momentum vectors with simultaneously determinate components. The point of Bell’s argument is to demonstrate 
that quantum mechanics is incompatible with any local deterministic theory—even one that bends over backwards to be accommodating. Of 


course, if you reject Equation 12.5, then the theory is manifestly incompatible with quantum mechanics. 


586 


www.urdukutabkhanapk.blogspot.com 


= It is an embarrassing historical fact that Bell’s theorem, which is now universally recognized as one of the most profound discoveries of the 


twentieth century, was barely noticed at the time, with the exception of an inspired fringe element. For a fascinating account, see David 
Kaiser, How the Hippies Saved Physics, W. W. Norton, New York, 2011. 


~ A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 49, 91 (1982). There were logically possible (if implausible) loopholes in the Aspect 


experiment, which were gradually closed over the ensuing years; see J. Handsteiner et al., Phys. Rev. Lett. 118, 060401 (2017). It is now 
possible to test Bell’s inequality in the undergraduate laboratory: D. Dehlinger and M. W. Mitchell, 4m. J. Phys. 70, 903 (2002). 


= Bells theorem involves averages and it is conceivable that an apparatus such as Aspect’s contains some secret bias which selects out a 


nonrepresentative sample, thus distorting the average. In 1989, an improved version of Bell’s theorem was proposed, in which the contrast 
between the quantum prediction and that of any local hidden variable theory is even more dramatic. See D. Greenberger, M. Horne, A. 
Shimony, and A. Zeilinger, Am. J. Phys. 58, 1131 (1990) and N. D. Mermin, Am. J. Phys. 58, 731, (1990). An experiment of this kind 
suitable for an undergraduate laboratory has been carried out by Mark Beck and his students: Am. J. Phys. 74, 180 (2006). 


— It is a curious twist of fate that the EPR paradox, which assumed locality in order to prove realism, led finally to the demise of locality and 


left the issue of realism undecided—the outcome (as Bell put it) Einstein would have liked Zast. Most physicists today consider that if they 
can’t have /oca/ realism, there’s not much point in realism at a//, and for this reason nonlocal hidden variable theories occupy a rather 
peripheral niche. Still, some authors—notably Bell himself, in Speakable and Unspeakable in Quantum Mechanics (footnote 9 in this chapter) 
—argue that such theories offer the best hope of bridging the conceptual gap between the measured system and the measuring apparatus, 


and for supplying an intelligible mechanism for the collapse of the wave function. 


= An enormous amount has been written about Bell’s theorem. My favorite is an inspired essay by David Mermin in Physics Today (April 


1985, page 38). An extensive bibliography will be found in L. E. Ballentine, 4m. J. Phys. 55, 785 (1987). 

This problem is based on George Greenstein and Arthur G. Zajonc, The Quantum Challenge, 2nd edn., Jones and Bartlett, Sudbury, MA 
(2006), Section 5.3. 

It’s actually the “projection operator” onto the state | }—see Equation 3.91. 

Im not talking about any fancy quantum phenomenon (Heisenberg uncertainty or Born indeterminacy, which would apply even if we knew 
the precise state); ’m talking here about good old-fashioned ignorance. 

Do not confuse a /inear combination of two pure states, which itself is still a pure state (the sum of two vectors in Hilbert space is another 
vector in Hilbert space) with a mixed state, which is not represented by amy (single) vector in the Hilbert space. 

Starting around 1975, members of the so-called “Fundamental Fysiks Group” proposed a series of increasingly ingenious schemes for faster- 
than-light communication—inspiring in turn a succession of increasingly sophisticated rebuttals, culminating in the no-clone theorem, 
which finally put a stop to the whole misguided enterprise. For a fascinating account, see Chapter 11 of Kaiser’s How the Hippies Saved 
Physics (footnote 11, page 451). 

W. K. Wootters and W. H. Zurek, Nature 299, 802 (1982); D. Dieks, Phys. Lett. A 92, 271 (1982). 


<< This assumes that the device acts /inearly on the state |r}, as it must, since the time-dependent Schrödinger equation (which presumably 


governs the process) is linear. 


= The no-clone theorem is one of the foundations for quantum information theory, “teleportation,” and quantum computation. For a brief 


history and a comprehensive bibliography, see F. W. Strauch, Am. J. Phys. 84, 495 (2016). 
For a brief summary, see W. K. Wootters and W. H. Zurek, Physics Today, February 2009, page 76. 
Electrons would do, but traditionally the story is told using photons. By the way, there is no entanglement involved, and they're not in a 


hurry—this has nothing to do with EPR or superluminal signals. 


= If Alice and Bob were foolish enough to use just żwo orthogonal photon states (say, | Ħ } and | F }), then Eve might get lucky, and use a 


quantum Xerox machine that does faithfully clone those two states. But as long as they include nontrivial linear combinations (such as | R} 


and | LY), the cloning is certain to fail, and the eavesdropping will be detected. 


& There is a school of thought that rejects this distinction, holding that the system and the measuring apparatus should be described by one 


great big wave function which itself evolves according to the Schrödinger equation. In such theories there is no collapse of the wave function, 
but one must typically abandon any hope of describing individual events—quantum mechanics (in this view) applies only to ensembles of 
identically prepared systems. See, for example, Philip Pearle, Am. J. Phys. 35, 742 (1967), or Leslie E. Ballentine, Quantum Mechanics: A 
Modern Development, 2nd edn, World Scientific, Singapore (1998). 


<_E. Schrödinger, Naturwiss. 48, 52 (1935); translation by Josef M. Jauch, Foundations of Quantum Mechanics, Addison-Wesley, Reading, MA 


(1968), page 185. 


& This is true even if you put it in an almost complete vacuum, cool it down practically to absolute zero, and somehow shield out the cosmic 


background radiation. It is possible to imagine a single electron avoiding all contact for a significant time, but not a macroscopic object. 
See, for example, M. Schlosshauer, Decoherence and the Quantum-to- Classical Transition, Springer, (2007), or W. H. Zurek, Physics Today, 
October, 2014, page 44. 

See Daniel Styer eż al., Am. J. Phys. 70, 288 (2002). 
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Linear algebra abstracts and generalizes the arithmetic of ordinary vectors, as we encounter them in first-year 
physics. The generalization is in two directions: (1) we allow the scalars to be complex numbers, and (2) we do 


not restrict ourselves to three dimensions. 
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A.1 Vectors 


is closed? under two operations: vector addition and scalar multiplication. 


e Vector Addition 


The “sum” of any two vectors is another vector: 


la) + |B) = ly). 


Vector addition is commutative: 


la) +18) = 12) + la}, 


and associative: 


ja) + (1B) + ly) = (le) +18)) + ly). 


There exists a zero (or null) vector, |0}, with the property that 


læ) + |0) = la), 


A vector space consists of a set of vectors (|a}, |6}, |y} ... ), together with a set of scalars (a, 4, c, ... ),- which 


(A.1) 


(A.2) 


(A.3) 


(A.4) 


for every vector |œ}. And for every vector |æ } there is an associated inverse vector (| — a}),2 such that 
ry ry } F, 


læ) + |æ} = |0}. 
Scalar Multiplication 


The “product” of any scalar with any vector is another vector: 


4 


ala) = |y). 
Scalar multiplication is distributive with respect to vector addition: 
a (læ) + |B)) = ala) + alf), 
and with respect to scalar addition: 
(a + b) la) = ala) + bla). 
It is also associative with respect to the ordinary multiplication of scalars: 
a (b|a@}) = (ab) |a). 
Multiplication by the scalars 0 and 1 has the effect you would expect: 
Ola) = |0); liek |æ). 


Evidently |—a@} = (—1) |æ} (which we write more simply as — |æ}. 


(A.5) 


(A.6) 


(A.7) 


(A.8) 


(A.9) 


(A.10) 


There’s a lot less here than meets the eye—all I have done is to write down in abstract language the 


same formal properties. 
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A linear combination of the vectors |æ} | 6}, |y} ... , is an expression of the form 
ala) + b|B) + ely) t (A.11) 
A vector |A} is said to be linearly independent of the set |æ}, |6} |), ... , if it cannot be written as a linear 


combination of them. (For example, in three dimensions the unit vector $ is linearly independent of f and J, 
but any vector in the xy plane is linearly dependent on f and f.) By extension, a set of vectors is “linearly 
independent” if each one is linearly independent of all the rest. A collection of vectors is said to span the space 
if every vector can be written as a linear combination of the members of this set.2 A set of /inearly independent 
vectors that spans the space is called a basis. The number of vectors in any basis is called the dimension of the 
space. For the moment we shall assume that the dimension (71) is finite. 


With respect to a prescribed basis 
lan [eds exo Herh (A.12) 
any given vector 
|) = ayley) + azlez} +--+ +anlen), (A.13) 
is uniquely represented by the (ordered) n-tuple of its components: 
lt} > (ajs Alr- anh- (A.14) 


It is often easier to work with the components than with the abstract vectors themselves. To add vectors, you 


add their corresponding components: 

la) oe EB) Sack bi Gr HEL ca heck Brh (A.15) 
to multiply by a scalar you multiply each component: 

cla) <> (ca|,caz,..., Cap}; (A.16) 
the null vector is represented by a string of zeroes: 

I0} <> (0,0, ...,0); (A.17) 
and the components of the inverse vector have their signs reversed: 

|—a'} + (—a@], —a>...., —d,). (A.18) 


The only disadvantage of working with components is that you have to commit yourself to a particular basis, 


and the same manipulations will look very different to someone using a different basis. 


Problem A.1 Consider the ordinary vectors in three dimensions 
(a,? +adayj+ ak) with complex components. 
(a) Does the subset of all vectors with a; = 0 constitute a vector space? If so, 
what is its dimension; if not, why not? 
(b) What about the subset of all vectors whose z component is 1? Hint: 
Would the sum of two such vectors be in the subset? How about the null 
vector? 


(c) What about the subset of vectors whose components are all equal? 
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Problem A.2 Consider the collection of all polynomials (with complex 
coefficients) of degree < N in x. 
(a) Does this set constitute a vector space (with the polynomials as “vectors”? 
If so, suggest a convenient basis, and give the dimension of the space. If 
not, which of the defining properties does it lack? 
(b) What if we require that the polynomials be even functions? 
(c) What if we require that the leading coefficient (i.e. the number 
multiplying ,—!) be 1? 
(d) What if we require that the polynomials have the value 0 at y = |? 
(e) What if we require that the polynomials have the value 1 at y = 0°? 


Problem A.3 Prove that the components of a vector with respect to a given basis 


are unique. 
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A.2 Inner Products 


In three dimensions we encounter two kinds of vector products: the dot product and the cross product. The 
latter does not generalize in any natural way to n-dimensional vector spaces, but the former does—in this 
context it is usually called the inner product. The inner product of vectors |œ} and |} is a complex number 


(which we write as (a@|}), with the following properties: 


(Bla) = alb)", (Ad?) 
(ala} >0O, and (ala) =0 e |a} = |0}, (A.20) 
(al (b |B) + cly}) = b alf} +e (aly). (A.21) 


Apart from the generalization to complex numbers, these axioms simply codify the familiar behavior of dot 


products. A vector space with an inner product is called an inner product space. 





Because the inner product of any vector with itself is a non-negative number (Equation A.20), its square 


root is rea/—we call this the norm of the vector: 
la || = y (ala); (A.22) 


it generalizes the notion of “length.” A unit vector (one whose norm is 1) is said to be normalized (the word 
should really be “normal,” but I guess that sounds too judgmental). Two vectors whose inner product is zero 
are called orthogonal (generalizing the notion of “perpendicular”). A collection of mutually orthogonal 


normalized vectors, 


(ov; læ) = ijs (A.23) 





is called an orthonormal set. It is always possible (see Problem A.4), and almost always convenient, to choose 
an orthonormal basis; in that case the inner product of two vectors can be written very neatly in terms of their 


components: 





(a|) = ajbi + azbo +--+ +a; Pn, (A.24) 


the norm (squared) becomes 


(calor) = lay |? + lanl? +--+ + lan l?, (A.25) 
and the components themselves are 
ad; = leila) ; (A.26) 


(These results generalize the familiar formulas a- b = ay by + ayby + azbz, lal? = a? + a? + a, and 
a =a, a =] <a, ie k -a, for the three-dimensional orthonormal basis 7, 7, ;-) From now on we 
shall a/ways work in orthonormal bases, unless it is explicitly indicated otherwise. 

Another geometrical quantity one might wish to generalize is the angle between two vectors. In ordinary 
vector analysis cos 6 = (a - b) / |a| |b|, but because the inner product is in general a complex number, the 
analogous formula (in an arbitrary inner product space) does not define a (real) angle 8. Nevertheless, it is still 


true that the absolute value of this quantity is a number no greater than 1, 
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alB)? < (ala) (BIB). (A.27) 


This important result is known as the Schwarz inequality; the proof is given in Problem A.5. So you can, if 


you like, define the angle between |œ} and |£} by the formula 


eeo A.28 
, _ [elb (Bla) ie 
cos = | — 
y (ela) (BIA) 
x Problem A.4 Suppose you start out with a basis (|e)}. |er}, .... lEn }) that is zor 


orthonormal. The Gram-Schmidt procedure is a systematic ritual for generating 
: 3 ‘| f r - ad 
from it an orthonormal basis {|e} }, le>}, -.-, le} }). It goes like this: 


(i) Normalize the first basis vector (divide by its norm): 


TA |e1) 


ë = : 
let | 








(ii) Find the projection of the second vector along the first, and subtract it 
off: 


el ). 





ex) — [ei en 


This vector is orthogonal to |e; }; normalize it to get |e }. 
8 | 8 4 


(iii) Subtract from |e3} its projections along le) + and le, t: 


es) — (eiles) lei) — leles) lei) 
This is orthogonal to le; tand le, k normalize it to get le; +. And so on. 

Use the Gram-Schmidt procedure to orthonormalize the 3-space basis 
ler) = (1 +i) 
P+(D7+ Qk, leo) =Mi+G)7F+A)k, le3) = (0) i + (28) 7+ (0k 


Problem A.5 Prove the Schwarz inequality (Equation A.27). Hint: Let 
lv) = |B) — (alf) / (alar)) læ} and use {yy} = 0. 


Problem A.6 Find the angle (in the sense of Equation A.28) between the vectors 


la) =(1+)i+ (1) f+ Wkand|p) = (4 — i) î + (0) f + 2—-2)k. 


Problem A.7 Prove the triangle inequality: || (lœ) + 1E) ||= |la|| + I8 |l 
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A.3 Matrices 


Suppose you take every vector (in 3-space) and multiply it by 17, or you rotate every vector by 39° about the z 
axis, or you reflect every vector in the xy plane—these are all examples of linear transformations. A linear 
transformation® (T) takes each vector in a vector space and “transforms” it into some other vector 


(la} > la’) = T læ) subject to the condition that the operation be /inear: 


Î (ala) + b|B)) =a (Tla)) +b (ĈI). (A.29) 


for any vectors |œ}, |} and any scalars a, 3. 
If you know what a particular linear transformation does to a set of asis vectors, you can easily figure out 


what it does to any vector. For suppose that 
Tle) = Tiler) + Taile2) +--+ + Tarlen}, 


T les) = Tiler) + Dalea} + --- + Trrlen), 


Tlen) = Tinler) t Talen} a cast Siege (One) s 


or, more compactly, 





; ù (A.30) 
Tlej}= > Tulah Q =1,2,...,7). 
i=] 
If |q@} is an arbitrary vector, 
3 (A.31) 
lw) = aiei) + ager) +--- +.anlen) = Y ajlej), 
j=l 
then 
fi fi fi fi fi (A.32) 
Tia) =X a (Tle) =X, Tule) =} | Yo Tyas | le. 
j=l j=l i=] i=} ķj=l 
Evidently 7 takes a vector with components 4&1, @2, . -. , @n into a vector with components“ 
(A.33) 


fl 
r 
a; = ) Tj jj. 
j=! 
Thus the „2 elements T; ; uniquely characterize the linear transformation 7 (with respect to a given basis), just 
as the n components 4; uniquely characterize the vector |~} (with respect to that basis): 
ey Ue, Des (A.34) 


If the basis is orthonormal, it follows from Equation A.30 that 


$ ej) l (A.35) 








Tij = (i 
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It is convenient to display these complex numbers in the form of a matrix:® 
fii Tj ase fja (A.36) 
T— To] Éi os tai | | 
Tp | Tna pi Tan 


The study of linear transformations reduces, then, to the theory of matrices. The sum of two linear 


transformations (5 + f) is defined in the natural way: 


(5+ È) la) = Slo) + Flo: ad 
this matches the usual rule for adding matrices (you add the corresponding elements): 
U=S84T © Uj = Syt Tj. (A.38) 


The product of two linear transformations (5 7) is the net effect of performing them in succession—first F, 








then ¢: 

lar’) = Tjay: a") — 5 ct’) = s (7\a) = ST la). (A.39) 
What matrix LJ represents the combined transformation 7; — ¢7? It’s not hard to work it out: 

fl n n fl n n 
a = 9 Suaj = DSi (È rua) =} | 2 Su Tix | ak =D Vina 
{= fl pez K= k=l j=l k=l 
Evidently 
(A.40) 


n 

U= St e Up= > SyTj 
j=l 

—this is the standard rule for matrix multiplication: to find the z&th element of the product, you look at the 

ith row of S, and the kth column of T, multiply corresponding entries, and add. The same prescription allows 

you to multiply rectangular matrices, as long as the number of columns in the first matches the number of 

rows in the second. In particular, if we write the n-tuple of components of |œ} as an n x | column matrix (or 


“column vector”):2 


a] (A.41) 


the transformation rule (Equation A.33) can be expressed as a matrix product: 


a’ — Ta. (A.42) 
Now some matrix terminology: 


e The transpose of a matrix (which we shall write with a tilde: T) is the same set of elements, but with 
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rows and columns interchanged. In particular, the transpose of a co/umn matrix is a row matrix: 
a= (a) a ees aq): (A.43) 


For a square matrix taking the transpose amounts to reflecting in the main diagonal (upper left to lower 


right): 
(it Te ss Ta (A.44) 
i Ta n - fa 
T= 
Tin Dn ... Thn 


A (square) matrix is symmetric if it is equal to its transpose; it is antisymmetric if this operation reverses 


the sign: 


symmetric: Î = T; antisymmetric : T = —T. (A.45) 


The (complex) conjugate of a matrix (which we denote, as usual, with an asterisk, T*), consists of the 


complex conjugate of every element: 


Th Th Sete Ti ay (A.46) 
7 Ty, Th --- Da . |@ 
F ae F w * ee i 
nl 9 ea atl Fai ai 


A matrix is real if all its elements are real, and imaginary if they are all imaginary: 


real : T* = T; imaginary: T* ——T. (A.47) 


The hermitian conjugate (or adjoint) of a matrix (indicated by a dagger, T?) is the transpose 


conjugate: 
Ti Ta = Ta (A.48) 
kok $ 
Ter = i 2 y a' =ã" = (af a ay). 
Pin Th Tan 


A square matrix is hermitian (or self-adjoint) if it is equal to its hermitian conjugate; if hermitian 


conjugation introduces a minus sign, the matrix is skew hermitian (or anti-hermitian): 


hermitian : T? =T: skew hermitian : T? = —T. (A.49) 


In this notation the inner product of two vectors (with respect to an orthonormal basis—Equation A.24), 





can be written very neatly as a matrix product: 


(a |B) =a'b. (A.50) 


Notice that each of the three operations defined in this paragraph, if applied twice, returns you to the original 


matrix. 
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Matrix multiplication is not, in general, commutative (ST Æ TS); the difference between the two 


orderings is called the commutator: 2 


[S, T| =ST—TS. (A.51) 
The transpose of a product is the product of the transposes in reverse order: 

(St) = 18. = 
(see Problem A.11), and the same goes for hermitian conjugates: 


The identity matrix (representing a linear transformation that carries every vector into itself) consists of 


ones on the main diagonal, and zeroes everywhere else: 


FEW se. BY (A.54) 
0 1 0 

{= 
GO asx | 


In other words, 
li; = diy. (A.55) 


The inverse of a (square) matrix (written T~!) is defined in the obvious way: 





TRS Tier aoe) 
A matrix has an inverse if and only if its determinant” is nonzero; in fact, 
"IEN R” (A.57) 
det T 


where © is the matrix of cofactors (the cofactor of element Tij is (—])!+/ times the determinant of the 
submatrix obtained from T by erasing the ith row and the jth column). A matrix that has no inverse is said to 


be singular. The inverse of a product (assuming it exists) is the product of the inverses in reverse order: 


(sty Tign, (A.58) 


A matrix is unitary if its inverse is equal to its hermitian conjugate:!9 


unitary : Ut = UT, (A.59) 


Assuming the basis is orthonormal, the columns of a unitary matrix constitute an orthonormal set, and so too 
do its rows (see Problem A.12). Linear transformations represented by unitary matrices preserve inner 


products, since (Equation A.50) 


p = ab’ = (Ua)! (Ub) = a'U'Ub = afb = (ap). (A.60) 





(a 
xk Problem A.8 Given the following two matrices: 
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—| | i 2 0 —i\ 
A=] 2 0 31. B=1/|0 1 =O 
2b =a 2J E 3 2 


compute: (a) A + B, (b) A B, (c) [A,B], (d) A, (e) A*, (6) At, (g) det (B), and (h) 
B-!. Check that RB B-! — 1. Does A have an inverse? 


Problem A.9 Using the square matrices in Problem A.8, and the column matrices 





fi \ 2 
2 \ 0 


find: (a) Aa, (b) atb» (©) ABb; (d a bt- 


Problem A.10 By explicit construction of the matrices in question, show that any 
matrix T can be written 

(a) as the sum of a symmetric matrix S and an antisymmetric matrix A; 

(b) as the sum of a real matrix R and an imaginary matrix M; 


(c) as the sum of a hermitian matrix H and a skew-hermitian matrix K. 


Problem A.11 Prove Equations A.52, A.53, and A.58. Show that the product of 


two unitary matrices is unitary. Under what conditions is the product of two 





hermitian matrices hermitian? Is the sum of two unitary matrices necessarily 


unitary? Is the sum of two hermitian matrices always hermitian? 


Problem A.12 Show that the rows and columns of a unitary matrix constitute 


orthonormal sets. 


Problem A.13 Noting that det (T) = det (T), show that the determinant of a 
hermitian matrix is real, the determinant of a unitary matrix has modulus 1 (hence 


the name), and the determinant of an orthogonal matrix (footnote 13) is either 


+] or — ]. 
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A.4 Changing Bases 


The components of a vector depend, of course, on your (arbitrary) choice of basis, and so do the elements of 
the matrix representing a linear transformation. We might inquire how these numbers change when we switch 


to a different basis. The old basis vectors, |e; } are—like a// vectors—linear combinations of the new ones, | f; }: 


fer) = Silff +891 fo} Sa fe) 
ler) = Salfi) + So2| fo) +---+ Spal fn). 


len) a Sial fi} + 5>,,| f2} + 444 + San lJa) 


(for some set of complex numbers 5; j), or, more compactly, 
(A.61) 
i=] 


This is itse/f a linear transformation (compare Equation A.30), and we know immediately how the 





components transform: 


. " (A.62) 
a! = > Sija$, 
j=! 
(where the superscript indicates the basis). In matrix form 
af = Sa’. (A.63) 


What about the matrix representing a linear transformation 7—how is i¢ modified by a change of basis? 


Well, in the old basis we had (Equation A.42) 
= h = Te 4° í 


and Equation A.63—multiplying both sides by g- I—entailst? a€ — 9- ląf, so 
a'f = Sa = S (Taf) = ST°S ‘al. 
Evidently 


Th=stTs-!. aea 


In general, two matrices (T } and T») are said to be similar if Tə = ST} S~—! for some (nonsingular) matrix $. 
What we have just found is that matrices representing the same linear transformation, with respect to different 
bases, are similar. Incidentally, if the first basis is orthonormal, the second will also be orthonormal if and only 
if the matrix § is unitary (see Problem A.16). Since we always work in orthonormal bases, we are interested 
mainly in unitary similarity transformations. 

While the elements of the matrix representing a given linear transformation may look very different in the 
new basis, ¢wo numbers associated with the matrix are unchanged: the determinant and the trace. For the 


determinant of a product is the product of the determinants, and hence 
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det (T/) = det (ST°S~') = det (S) det (T°) det (S~!) = det T°. (A.65) 
And the trace, which is the sum of the diagonal elements, 


m (A.66) 
Tr(T) = > E 


i=l 


has the property (see Problem A.17) that 
Tre(Ti T2) = Tr(T2 T1), (A.67) 


(for any two matrices T} and T>), so 


min jer(ars =n re ajent] (A.68) 


Problem A.14 Using the standard basis (i PE k) for vectors in three dimensions: 

(a) Construct the matrix representing a rotation through angle © 
(counterclockwise, looking down the axis toward the origin) about the z 
axis. 

(b) Construct the matrix representing a rotation by 120e (counterclockwise, 
looking down the axis) about an axis through the point (1,1,1). 

(c) Construct the matrix representing reflection through the xy plane. 

(d) Check that all these matrices are orthogonal, and calculate their 


determinants. 


Problem A.15 In the usual basis (i, T: k} construct the matrix T, representing a 
rotation through angle O about the x axis, and the matrix T, representing a 
rotation through angle O about the y axis. Suppose now we change bases, to 
D= f ee i’ =k. Construct the matrix S that effects this change of 
basis, and check that ST ,S~ land ST,S~ | are what you would expect. 


Problem A.16 Show that similarity preserves matrix multiplication (that is, if 
A’ BS —C*, then AS BS = Cf). Similarity does of, in general, preserve 
symmetry, reality, or hermiticity; show, however, that if § is unitary, and H” is 
hermitian, then Hf is hermitian. Show that § carries an orthonormal basis into 


another orthonormal basis if and only if it is unitary. 


x Problem A.17 Prove that Tr(T, T+) = Tr(T2T)). It follows immediately that Tr 
(Ti 1213) = Tr(T2T37}1), but is it the case that Tr(T] 1213) = Tr(121T 1 13), in 
general? Prove it, or disprove it. Hint: The best disproof is always a 


counterexample—the simpler the better! 
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A.5  Ejigenvectors and Eigenvalues 


Consider the linear transformation in 3-space consisting of a rotation, about some specified axis, by an angle 
O. Most vectors (with tails at the origin) will change in a rather complicated way (they ride around on a cone 
about the axis), but vectors that happen to lie a/ong the axis have very simple behavior: They don’t change at 
all (Tla) — |q}). If O is 180°, then vectors which lie in the the “equatorial” plane reverse signs 
(Tla — —|qa)). In a complex vector spacet every linear transformation has “special” vectors like these, 


which are transformed into scalar multiples of themselves: 


T|a) = Ala): (A.69) 


they are called eigenvectors of the transformation, and the (complex) number }, is their eigenvalue. (The null 
vector doesn’t count, even though in a trivial sense it obeys Equation A.69 for any T and any }; technically, an 
eigenvector is any nonzero vector satisfying Equation A.69.) Notice that any (nonzero) multiple of an 
eigenvector is still an eigenvector, with the same eigenvalue. 


With respect to a particular basis, the eigenvector equation assumes the matrix form 
Ta = ìa, (a #0), (A.70) 
or 
(T—Alha =O. (A.71) 


(Here 0 is the (column) matrix whose elements are all zero.) Now, if the matrix (T — Al) had an inverse, we 
could multiply both sides of Equation A.71 by (T — 4l)—!, and conclude that q = Q. But by assumption a is 


not zero, so the matrix {T — Al) must in fact be singular, which means that its determinant is zero: 


(Ti — A) Tiz pii Tip (A.72) 
Ti (DIA) isa Py 
det (T — Al) = | | | =Ü. 
Thl Thn? somo {Tan — A) 


Expansion of the determinant yields an algebraic equation for A.: 


on F HE E E aE I CLA + Co = 0, (A.73) 


where the coefficients C; depend on the elements of T (see Problem A.20). This is called the characteristic 
equation for the matrix; its solutions determine the eigenvalues. Notice that it’s an mth-order equation, so (by 
the fundamental theorem of algebra) it has n (complex) roots. However, some of these may be multiple 
roots, so all we can say for certain is that an n x n matrix has at least one and at most n distinct eigenvalues. 
The collection of all the eigenvalues of a matrix is called its spectrum; if two (or more) linearly independent 
eigenvectors share the same eigenvalue, the spectrum is said to be degenerate. 

To construct the eigenvectors it is generally easiest simply to plug each j, back into Equation A.70 and 


solve “by hand” for the components of a. I'll show you how it goes by working out an example. 


Example 1.1 
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Find the eigenvalues and eigenvectors of the following matrix: 


2 i —2 (A.74) 
M—|-2 i 2i 
i p 


Solution: The characteristic equation is 


(2-4) 0 =A | ee) 
an Es 260 |= 4+:(14+1)47-iA =0, 


| 0) (—l— A) 


and its roots are 0, 1, and 7. Call the components of the first eigenvector {a] , a>, a3); then 


ae 0 —2 a] a| 0 
—2i i 2 a}j—Ola}]=—]0 
| QO —] az a3, 0 


which yields three equations: 
2a) — 2a3 = 0, 
—2ia, +iar + 2iax — 0, 
aj — az = 0: 


The first determines @3 (in terms of &1): 43 = a]; the second determines 2: an = 0; and the third is 


redundant. We may as well pick a} = | (since any multiple of an eigenvector is still an eigenvector): 

| (A.76) 
aÙ — 10], fora; =0. 

E 


For the second eigenvector (recycling the same notation for the components) we have 


2 0) —2 al al al 
-u i H ae}t—lla)| = le 
| 0 —] a3 az j az j 


which leads to the equations 


2a) — 243 = a). 
— JNa; +ias+2fay =a, 


aj — a3 = a3, 
with the solution a3 = (1/2) al, a7 = [ad — 1) /2] ay; this time I'll pick aj = 2, so 


9 (A.77) 
—i |, foras — 1. 
| 


Finally, for the third eigenvector, 
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“St E =f a\\ a] fial) 
—2i i H|leal=ila|=|im 
l QO —] az} ay \1a3 


which gives the equations 


2a) — 2a3 = ta), 
—2ia, + im + 2ia3 = tar, 


ay — a3 = 1a3, 


whose solution is a3 = a, = 0, with a? undetermined. Choosing as = |, we conclude 

0) (A.78) 
a — 7] FOR Aa =i. 

0) 


If the eigenvectors span the space (as they do in the preceding example), we are free to use them as a 


basis: 


Tift) =ailf), 
T | fo) =l fo), 


are == Àn | Frat 


In this basis the matrix representing 7 takes on a very simple form, with the eigenvalues strung out along the 


main diagonal, and all other elements zero: 


Ay oO ose D (A.79) 
QO Ad o 

T= 
Du E ass Aa 


and the (normalized) eigenvectors are 


1\ 0 0\ (A.80) 
0 0 
of {0 0 

\o 0 


A matrix that can be brought to diagonal form (Equation A.79) by a change of basis is said to be 
diagonalizable (evidently a matrix is diagonalizable if and only if its eigenvectors span the space). The 
similarity matrix that effects the diagonalization can be constructed by using the eigenvectors (in the old basis) 


as the columns of oo l; 


(s-') = (a?) , (A.81) 
: ij i 
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Example 1.2 
In Example A.1, 
| 2 oy 
g-t jo g-i 1 
l | 0 


so (using Equation A.57) 


=] 0 ? 
a= | 0 -1 }; 
G- 1. 8 


you can check for yourself that 


sa) — ol. SaD — i}. Sal) — ol. 
0 .0 V1) 
and 
fo 0 0 
Sus-'—[o0 1 0 
0 O | 


There’s an obvious advantage in bringing a matrix to diagonal form: it’s much easier to work with. 
Unfortunately, not every matrix can be diagonalized—the eigenvectors have to span the space. If the 
characteristic equation has n distinct roots, then the matrix is certainly diagonalizable, but it may be 
diagonalizble even if there are multiple roots. (For an example of a matrix that cannot be diagonalized, see 
Problem A.19.) It would be handy to know in advance (before working out all the eigenvectors) whether a 
given matrix is diagonalizable. A useful sufficient (though not necessary) condition is the following: A matrix 


is said to be normal if it commutes with its hermitian conjugate: 
normal : [N*,N| = 0. (A.82) 


Every normal matrix is diagonalizable (its eigenvectors span the space). In particular, every Aermitian matrix is 
diagonalizable, and so is every unitary matrix. 

Suppose we have zwo diagonalizable matrices; in quantum applications the question often arises: Can 
they be simultaneously diagonalized (by the same similarity matrix $)? That is to say, does there exist a basis 
all of whose members are eigenvectors of both matrices? In this basis, both matrices would be diagonal. The 
answer is yes if and only if the two matrices commute, as we shall now prove. (By the way, if two matrices 
commute with respect to one basis, they commute with respect to any basis—see Problem A.23.) 

We first show that if a basis of simultaneous eigenvectors exists then the matrices commute. Actually, it’s 


trivial in the (simultaneously) diagonal form: 


607 


www.urdukutabkhanapk.blogspot.com 


Ay) O --- O u 0 --- O (A.83) 
Q Ax --- OQ 0 wi --- 0 
TV = 
0 O An QO o0 Vi 
AIV] 0 0 
0 AMV 0 
= = VT. 
0 0 --- AnVy 


The converse is trickier. We start with the special case where the spectrum of T is nondegenerate. Let 


the basis of eigenvectors of T be labeled t) 
Ta?) = pa. (A.84) 


We assume |T, V] = Q and we want to prove that {i} is also an eigenvector of V. 


[T.Vja®=0, or  TVa® — VTa® =0 (A.85) 
and from Equation A.84 
T (va) = (va) | (A.86) 


Equation A.86 says that the vector pt — Yali is an eigenvector of T with eigenvalue };. But by assumption, 
the spectrum of T is nondegenerate and that means that pli) must be (up to a constant) al itself. If we call 


the constant Vj, 
b® = Val) — va”, (A.87) 


so l} is an eigenvector of VY. 
All that remains is to relax the assumption of nondegeneracy. Assume now that T has at least one 


degenerate eigenvalue such that both (l) and (2 are eigenvectors of T with the same eigenvalue Ag: 
Ta) = 1ga” 
ee a 
Ta? = Aga. 


We again assume that the matrices T and \¥ commute, so 


T, ¥VJa@=0 
[T. V] 
T, Vj a’ =0, 
[T. V] 


which leads to the conclusion (as in the nondegenerate case) that both pi!) = Wal!) and þf = Yal2) are 
eigenvectors of T with eigenvalue Agp. But this time we can’t say that pil) is a constant times ll) since any 


linear combination of a{!} and 4/2) is an eigenvector of T with eigenvalue Ay. All we know is that 


bP — Ya = ¢ al) 4+ eoa” 
m as a i: 
b® = Va’ = cpa + ena? 


for some constants ij. So ai!) and a2) are not eigenvectors of Y (unless the constants €12 and €21 just happen 


to vanish). But suppose we choose a different basis of eigenvectors 4, 
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a) — dyah + dja” (A.88) 
agi fa is ese 
a =dya +dya, 


for some constants dj ;, such that a1) and 4{?) are eigenvectors of \: 
Val) = pā”. (A.89) 


The gs are still eigenvectors of T, with the same eigenvalue jg, since any linear combinations of gi!) and (2) 
are. But can we construct linear combinations (A.88) that are eigenvectors of V—how do we get the 


appropriate coefficients dj j? Answer: We solve the eigenvalue problem*® 


en en) (di \_ i (ati (A.90) 
ce) m } \ do fo \ dy J 


i el 


C 


Pll let you show (Problem A.24) that the eigenvectors 4(/) constructed in this way satisfy Equation A.88, 
completing the proof.’ What we have seen is that, when the spectrum contains degeneracy, the eigenvectors 
of one matrix aren't automatically eigenvectors of a second commuting matrix, but we can always choose a linear 


combination of them to form a simultaneous basis of eigenvectors. 


x Problem A.18 The ? x 2 matrix representing a rotation of the xy plane is 


sin ë cosé 


(se ð —sin 4 (A.91) 


Show that (except for certain special angles—what are they?) this matrix has no 
real eigenvalues. (This reflects the geometrical fact that no vector in the plane is 
carried into itself under such a rotation; contrast rotations in hree dimensions.) 
This matrix does, however, have complex eigenvalues and eigenvectors. Find them. 


Construct a matrix S that diagonalizes T. Perform the similarity transformation 


(STS- ) explicitly, and show that it reduces T to diagonal form. 


Problem A.19 Find the eigenvalues and eigenvectors of the following matrix: 


M= (o i) 


Can this matrix be diagonalized? 


Problem A.20 Show that the first, second, and last coefficients in the 


characteristic equation (Equation A.73) are: 


CG, 2 Cl! 6,23 (ly Te), and Ci det (T) (A.92) 


For a 3 x 3 matrix with elements T; j, what is C1? 
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Problem A.21 It’s obvious that the trace of a diagonal matrix is the sum of its 
eigenvalues, and its determinant is their product (just look at Equation A.79). It 
follows (from Equations A.65 and A.68) that the same holds for any 


diagonalizable matrix. Prove that in fact 
det CL) = Ajia ---An;, T(= A] Hiat- tin, (A.93) 


for any matrix. (The }’s are the 7 solutions to the characteristic equation—in the 
case of multiple roots, there may be fewer linearly-independent eigenvectors than 
there are solutions, but we still count each }, as many times as it occurs.) Hint: 


Write the characteristic equation in the form 
(A] Deen A) (A2 za A) rgi Pr (An = A) = 0, 


and use the result of Problem A.20. 


Problem A.22 Consider the matrix 


(a) Is it normal? 


(b) Is it diagonalizable? 


Problem A.23 Show that if two matrices commute in one basis, then they 


commute in any basis. That is: 


[Ti T5] =0 > ete | = 0. (A.94) 


Hint: Use Equation A.64. 


Problem A.24 Show that the 4 computed from Equations A.88 and A.90 are 


eigenvectors of VY. 


Problem A.25 Consider the matrices 


1 4 i ee eal 
Role Aaah Ba we = 
Ia i "e 1 


(a) Verify that they are diagonalizable and that they commute. 
(b) Find the eigenvalues and eigenvectors of Ą and verify that its spectrum is 


nondegenerate. 
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(c) Show that the eigenvectors of Ą are eigenvectors of B as well. 


Problem A.26 Consider the matrices 


al er ae 
B=[{-1 5 -1 


(a) Verify that they are diagonalizable and that they commute. 


(b) Find the eigenvalues and eigenvectors of Ą and verify that its spectrum is 
degenerate. 


(c) Are the eigenvectors that you found in part (b) also eigenvectors of B? If 


not, find the vectors that are simultaneous eigenvectors of both matrices. 
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A.6 Hermitian Transformations 


In Equation A.48 I defined the hermitian conjugate (or “adjoint”) of a matrix as its transpose-conjugate: 
Ti = f”. Now I want to give you a more fundamental definition for the hermitian conjugate of a /inear 
transformation: It is that transformation 77 which, when applied to the first member of an inner product, gives 


the same result as if T itself had been applied to the second vector: 


A + E A.95 
l= kefn) os 
(for all vectors |œ} and |8)).2 I have to warn you that although everybody uses it, this is lousy notation. For a 
and P are not vectors (the vectors are |œ} and | HY), they are names. In particular, they are endowed with no 
mathematical properties at all, and the expression “Jp” is literally nonsense: Linear transformations act on 
vectors, not labels. But it’s pretty clear what the notation means: T B is the name of the vector T |8} and 


( Tia | 8) is the inner product of the vector Tt læ} with the vector |8}. Notice in particular that 


(at |cB) = c (ar|B}, (A.96) 
whereas 
(ca|B} =c" {ap}, (A.97) 


for any scalar c. 
If youre working in an orthonormal basis (as we always do), the hermitian conjugate of a linear 


transformation is represented by the hermitian conjugate of the corresponding matrix; for (using Equations 


A.50 and A.53), 


(A.98) 





(alf p) =a Tb = (Ta) t =la): 


So the terminology is consistent, and we can speak interchangeably in the language of transformations or of 
matrices. 

[n quantum mechanics, a fundamental role is played by hermitian transformations (Ti — Ti The 
eigenvectors and eigenvalues of a hermitian transformation have three crucial properties: 


1. The eigenvalues of a hermitian transformation are real. 
Proof: Let 4 be an eigenvalue of f: T Jæ) = Ala), with |æ} # |0). Then 
(a|7 a = {a| = A fala). 
Meanwhile, if 7 is hermitian, then 


la 


But (œ |æ} 4 0 (Equation A.20), so } = }*, and hence å is real. QED 





Fa) — (Fala) = (hala) = A* (ala). 





2. The eigenvectors of a hermitian transformation belonging to distinct eigenvalues are 
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Proof: Suppose Tja) = }.|a} and T |B) = |p), with A Æ m. Then 


(o|7B) = (alu) = u (al), 
and if f is hermitian, 
(a|7B) = (To|B) = (ral) = 2* (al) 
But } = 4* (from (1)), and A. Æ ju, by assumption, so {œ| 8} = 0. QED 


3. The eigenvectors of a hermitian transformation span the space. 
As we have seen, this is equivalent to the statement that any hermitian matrix can be diagonalized. 
This rather technical fact is, in a sense, the mathematical support on which much of quantum 
mechanics leans. It turns out to be a thinner reed than one might have hoped, because the proof does 


not carry over to infinite-dimensional vector spaces. 


Problem A.27 A hermitian linear transformation must satisfy {| T f) = (Tal B) 
for all vectors |œ} and |8}. Prove that it is (surprisingly) sufficient that 
(y|Ty) — (Tyly) for all vectors |y }. Hint: First let |y} = |æ) + |6}, and then 
let|y} = |æ} + ilp}. 


x Problem A.28 Let 


o] Fei 
Palaia ep) 


(a) Verify that T is hermitian. 

(b) Find its eigenvalues (note that they are real). 

(c) Find and normalize the eigenvectors (note that they are orthogonal). 

(d) Construct the unitary diagonalizing matrix S, and check explicitly that it 
diagonalizes T. 

(e) Check that det(T) and Tr(T) are the same for T as they are for its 


diagonalized form. 


kK Problem A.29 Consider the following hermitian matrix: 
2 I | 
Tl 2 FTI 
l —i 2, 


(a) Calculate det {T} and Tr(T). 
(b) Find the eigenvalues of T. Check that their sum and product are 
consistent with (a), in the sense of Equation A.93. Write down the 


diagonalized version of T. 
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(c) Find the eigenvectors of T. Within the degenerate sector, construct two 
linearly independent eigenvectors (it is this step that is always possible for 
a hermitian matrix, but not for an arbitrary matrix—contrast Problem 
A.19). Orthogonalize them, and check that both are orthogonal to the 
third. Normalize all three eigenvectors. 

(d) Construct the unitary matrix S that diagonalizes T, and show explicitly 
that the similarity transformation using S reduces T to the appropriate 


diagonal form. 


Problem A.30 A unitary transformation is one for which Yọ — 1. 
(a) Show that unitary transformations preserve inner products, in the sense 
that (Ual UB) = {æ |B for all vectors |æ}, |B}. 
(b) Show that the eigenvalues of a unitary transformation have modulus 1. 
(c) Show that the eigenvectors of a unitary transformation belonging to 


distinct eigenvalues are orthogonal. 


Kk Problem A.31 Functions of matrices are typically defined by their Taylor series 


expansions. For example, 


eM 14 M+ OM is, (A.99) 
(a) Find exp (M), if 
3\ | 
N 5 4]: di) M=(“, o) 
000 i 
(b) Show that if M is diagonalizable, then 
det (eM ) — pTM) (A.100) 


Comment: This is actually true even if M is ot diagonalizable, but it’s 
harder to prove in the general case. 


(c) Show that if the matrices M and N commute, then 
M+N _ „M N (A.101) 


Prove (with the simplest counterexample you can think up) that Equation 
A.101 is nof true, in general, for non-commuting matrices. 


(d) IfH is hermitian, show that „iH is unitary. 





1 For our purposes, the scalars will be ordinary complex numbers. Mathematicians can tell you about vector spaces over more exotic fields, but 
such objects play no role in quantum mechanics. Note that a, B, y ...are mo¢ (ordinarily) numbers; they are names (labels)—“Charlie,” for 


instance, or “F43A-9GL,” or whatever you care to use to identify the vector in question. 
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That is to say, these operations are always well-defined, and will never carry you outside the vector space. 

It is customary, where no confusion can arise, to write the null vector without the adorning bracket: |0} — 0. 

This is funny notation, since q is not a number. I’m simply adopting the name “—Charlie” for the inverse of the vector whose name is 
“Charlie.” More natural terminology will suggest itself in a moment. 

A set of vectors that spans the space is also called complete, though I personally reserve that word for the infinite-dimensional case, where 
subtle questions of convergence may arise. 

In this chapter PI use a hat (^) to denote linear transformations; this is not inconsistent with my convention in the text (putting hats on 
operators), for (as we shall see) quantum operators are linear transformations. 

Notice the reversal of indices between Equations A.30 and A.33. This is not a typographical error. Another way of putting it (switching 

i +> jin Equation A.30) is that if the components transform with T; b the basis vectors transform with Ti i. 

IIl use boldface capital letters, sans serif, to denote square matrices. 

IIl use a boldface lower-case letters, sans serif, for row and column matrices. 

The commutator only makes sense for sguare matrices, of course; for rectangular matrices the two orderings wouldn’t even be the same size. 
Note that the left inverse is equal to the right inverse, for if AT — |and TB = J, then (multiplying the second on the left by A and 
invoking the first) we get B — A. 

I assume you know how to evaluate determinants. If not, see Mary L. Boas, Mathematical Methods in the Physical Sciences, 3rd edn (John 
Wiley, New York, 2006), Section 3.3. 

In a real vector space (that is, one in which the scalars are real) the hermitian conjugate is the same as the transpose, and a unitary matrix is 
orthogonal: ® — œ l. For example, rotations in ordinary 3-space are represented by orthogonal matrices. 

Notice, however, the radically different perspective: In this case we’re talking about one and the same vector, referred to two completely 
different bases, whereas before we were thinking of a completely different vector, referred to the same basis. 

Note that &— l certainly exists—if § were singular, the | f; }s would not span the space, so they wouldn’t constitute a basis. 

This is zo¢ always true in a real vector space (where the scalars are restricted to real values). See Problem A.18. 

It is here that the case of rea/ vector spaces becomes more awkward, because the characteristic equation need not have any (real) solutions at 
all. See Problem A.18. 

You might worry that the matrix Ç is not diagonalizable, but you need not. The matrix Ç is a 2%2 block of the transformation | written in 
the basis afi}; it is diagonalizable by virtue of the fact that W itself is diagonalizable. 

I’ve only proved it for a two-fold degeneracy, but the argument extends in the obvious way to a higher-order degeneracy; you simply need to 
diagonalize a bigger matrix Ç. 

If you’re wondering whether such a transformation necessarily exists, that’s a good question, and the answer is “yes.” See, for instance, Paul 
R. Halmos, Finite Dimensional Vector Spaces, 2nd edn, van Nostrand, Princeton (1958), Section 44. 

See Problem 3.29 for the more general “Baker-Campbell—Hausdorff’ formula. 
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antiferromagnetism 193, 345 








Al 
124 


antisymmetric matrix 471 


anti-hermitian matrix 47 
r 


anti-hermitian operato 
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anti-unitary operator 274 

Aspect, A. 451 

associated Laguerre polynomial 150 

associated Legendre function 135, 137, 192, 439 
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coherent radiation 414 
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continuum state 145 

contour integral 390 
Copenhagen interpretation 5 
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d (diffuse) 213 
D4232 
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i 
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doping 223-224 

dot product 466 

double-slit experiment 7—8 
double well 70, 79, 372-374 
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Dyson’s formula 434 


E 

effective nuclear charge 335-336 
effictive mass 326 

effective potential 138 


eigenfunction 96 


angular momentum 162-164 


continuous spectra 99—102 
determinate states 96 
Dirac notation 117-123 
discrete spectra 98—99 
hermitian operators 97—102 
incompatible observables 107 
momentum 99-100 
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eigenspinor 169 

eigenvalue 96, 475—482 


angular momentum 157-160 





determinate states 96 


generalized statistical interpretation 102—105 
hermitian transformations 483 
eigenvector 475—484 
Einstein, A. 5 
A and B coefficients 416—417 
boxes 448 
EPR paradox 447—448, 452 


mass-energy formula 362 








temperature 89 
electric dipole radiation 411 
electric dipole transition 438 
electric quadrupole transition 438 
electromagnetic 

field 181-182, 411 

Hamiltonian 181 


interaction 181-18 


wave 411 
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electron 
configuration 213-215 
gas 216-220 
g-factor 301, 311 
in magnetic field 172-176, 430-43 








interference 7—8 
magnetic dipole moment 300-301 
volt 148 

elements 213-216 

energy 
binding 148 
cohesive 84—85 
ionization 148, 333, 336 
photon 155 
relativistic 296 
second-order 284—286 


energy-time uncertainty principle 109-11 








ensemble 16 

entangled state 199, 448 
EPR paradox 447-448, 451 
ethereal influence 453 


Euler’s formula 26 


even function 30, 33, 71-7 














event rate 378 
exchange force 203-205 
exchange integral 339 
exchange operator 207 
exchange splitting 344 
excited state 33 
helium 211-212 
infinite square well 33 
lifetime 418 
exclusion principle 202, 213, 218, 223 


exotic atom 313 














expectation value 10, 16—18 


effect of perturbation 323-324 

generalized Ehrenfest theorem 110 
generalized statistical interpretation 103—104 
Hamiltonian 30 

harmonic oscillator 47—48 

stationary state 27 

time derivative 110 


extended uncertainty principle 127—128 
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F 

f (fundamental) 213 

Fermi, E. 423 
energy 218, 225 
Golden Rule 422—426 
surface 218 
temperature 219 


fermion 201-208, 218 


ferromagnetism 345 








Feynman diagram 396 


Feynman—Hellmann theorem 316, 318-319 





fine structure 295—304 
constant 295 
exact 304 
hydrogen 295-304 


relativistic correction 295—299 


spin-orbit coupling 295-296, 299-3 





finite spherical well 143 
finite square well 70-76 

shallow, narrow 72 

deep, wide 72 
first Born approximation 391-395 
flux quantization 184 
forbidden energies 223-224 
forbidden transition 246, 421, 43 
Foucault pendulum 426—428 


OO 











Fourier series 34 


E 


Fourier transform 56, 69-70, 104 


= =) 





inverse 56 
Fourier’s trick 34, 100-102 
fractional quantum Hall effect 209 
free electron density 221 
free electron gas 216—220 


frustration 193 


fundamental theorem of algebra 476 


fusion 349—350 


G 
Galilean transformation 272 
Gamow, G. 360 

theory of alpha decay 360-361 
gap 223-224 
gauge invariance 182 
gauge transformation 182-183 


gaussian 108—109 














com 


www.urdukutabkhanapk.blogspot.com 


generalized Ehrenfest theorem 110 
generalized function 63 

generalized statistical interpretation 102—105 
generalized symmetrization principle 207 


e 

generalized uncertainty principle 105-108 
generating function 54 
generator 

rotations 248—249 

translations in space 235 

translations in time 263 
geometric phase 429—430 
g-factor 301 

deuteron 320 


electron 301, 311 
Landé 306 








proton 311 
Golden Rule 422—426 
“good” quantum number 298, 305-308 
“good” state 287—295 
Gram-Schmidt orthogonalization 98, 468 











graphical solution 72 
Green’s function 388-391, 397 
ground state 33, 327 
delta function well 329 
elements 214—215 
harmonic oscillator 328 
helium 332-336 
hydrogen atom 148 
hydrogen ion (H7) 336, 349 
hydrogen molecule 341-346 














i 


hydrogen molecule ion 337-34 


infinite spherical well 139 

infinite square well 33, 329-331, 346 
lithium atom 212 

upper bound 327, 332 


variational principle 327-332 

















group theory 180 
group velocity 58-59 


gyromagnetic ratio 172, 300, 305 
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half harmonic oscillator 77, 368, 371 
half-integer angular momentum 160, 164, 201 
half-life 361, 420 
Hamiltonian 27—28 

atom 209 

















discrete and continuous spectra 102 
electromagnetic 181 

helium 210, 333 

hydrogen atom 143 





hydrogen molecule 341 

hydrogen molecule ion 337 

relativistic correction 296—297 
Hankel function 381-382 
hard-sphere scattering 376-378, 384 
harmonic chain 229—230 
harmonic crystal 229-230 








algebraic solution 48—54 
allowed energies 44 

analytic solution 39-48 
changing spring constant 432 
coherent states 44, 126-127 
driven 441-442, 444 

ground state 328, 332, 346-347 
half 368, 371 








relativistic correction 298 
radiation from 419—420 
stationary states 46, 52 
three-dimensional 187, 315 
two-dimensional 287-288, 322-323 
WKB approximation 370 
heat capacity 89 
Heisenberg, W. 462 
picture 264-267, 434 
uncertainty principle 19-20, 107, 132 
Heitler—London approximation 341-342, 344 
helium 210—212 
electron-electron repulsion 210, 325 
excited states 211, 325, 336 
ground state 325, 332-336 
ion (Hj) 211, 336 
ionization energy 336 
ortho- 211-212 
para- 211-212 
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“rubber band” model 348—349 
helium-3 220 
Helmholtz equation 388, 391 








Hermite polynomial 52 


=R 


52-54 
hermitian conjugate 45, 95, 161, 4 








hermitian matrix 471 


hermitian operator 94—95, 297, 299 





continuous spectra 99—102 
discrete spectra 98—99 
eigenfunctions 97—102 
eigenvalues 97—102, 483 
hermitian transformation 482—485 


hidden variable 5—6, 449, 454 





hole 223-224 

Hooke’s law 39 
Hund’s rules 214-215, 34 
hydrogen atom 143 




















allowed energies 1 r 149. 194 
binding energy 148 
degeneracy 149, 253, 270-272 











fine structure 295—304 
ground state 148, 312, 347 
hyperfine structure 295-296, 311-313 











in infinite spherical well 194 
muonic 200, 313 

potential 143 

radial wave function 144, 152-154 
radius 147 

spectrum 155-156 

Stark effect 319-320, 322, 374 
variational principle 347 

















wave functions 151 


Zeeman effect 304-310 
155-1 


hydrogenic atom 155-156 
hydrogen ion (H7) 336, 349 
hydrogen molecule 341-346 





hydrogen molecule ion 337—341 


I 

idempotent operator 119 

identical particles 198-231 
bosons 201, 205 
fermions 201, 205 
two-particle systems 198-207 
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identity matrix 472 
identity operator 118, 121-122 








impact parameter 376 

impenetrable walls 216, 230 

impulse approximation 395 

incident wave 66—68, 379 

incoherent perturbation 413—415 
incompatible observables 107—108, 15 
incompleteness 5, 446, 449 











OO 











indeterminacy 4, 452 
indistinguishable particles 201 
infinite cubical well 132, 216-217, 294 
infinite spherical well 139-142, 194 
infinite square well 31-39 
moving wall 428—429, 432, 440 
perturbed 279-286, 323 


rising barrier 440 


























rising floor 436 

two particles 202-203, 205 
variational principle 329-331, 346 
WKB approximation 356-357 


240 


infinitesimal transformatio 


n 
inner product 92—93, 466—468 














inner product space 467 
interaction picture 434 
intrinsic angular momentum 166 
insulator 223 

integration by parts 17 
interference 7—8 

inverse beta decay 228 
inverse Fourier transform 56 
inverse matrix 472 

inversion symmetry 243—244 
ionization 148, 336, 422, 425 


J 


Jordan, P. 5 
K 
ket 117-118 





kinetic energy 18, 296-297 
Kramers’ degeneracy, 275 





Kramers’ relation 319 
Kronecker delta 33—34 
Kronig—Penney model 221-222 
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Laguerre polynomial 150 
Lamb shift 295—296 
Landau levels 182 

Landé g-factor 306 
Laplacian 131, 133 


Larmor formula 41 





Larmor frequency 173 


173 
172 


Larmor precession 
laser 412—413 


Laughlin wave function 208 


LCAO representation 337 


Legendre function 135, 137 
Legendre polynomial 90, 135-136, 138 

















Levi-Civita symbol 171 
Lie group 235 
excited state 418—420 
lifting degeneracy 287 
linear algebra 464—485 
changing bases 473—475 
eigenvectors and eigenvalues 475—484 
inner product 466—468 
matrices 468—473 
vectors 464—466 


linear combination 28, 465 





linear independence 465 
linear operator 94 


linear transformation 91, 94, 468 





lithium atom 212 
lithium ion 336 
locality 447 

Lorentz force law 181 
luminosity 378 
Lyman series 155-156 


M 

magnetic dipole 172 
anomalous moment 301 
electron 301, 311 
energy 172, 299, 304 
force on 174 





proton 311 


transition 438 
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magnetic 


field 172-176, 300, 430 
flux 183-184 
frustration 193 











quantum number 149 

resonance 436—437 

susceptibility 226 

magnetization 226 

Mandelstam—T'amm uncertainty principle 111 


many worlds interpretation 6, 462 


matrix 91, 468-473 


adjoint 471 

antisymmetric 471 
characteristic equation 476 
column 476 

complex conjugate 471 
density 455—459 
determinant 472 

diagonal 478 

eigenvectors and eigenvalues 475—482 
element 115, 120, 126, 469 
function of 485 

hermitian 471, 483-484 








hermitian conjugate 471 
identity 472 

imaginary 471 

inverse 472 

normal 479 

orthogonal 472 

Pauli 168, 171 

real 471 

row 470 

similar 474 


simultaneous diagonalization 479 





singular 472 

skew hermitian 471 
spectrum 476 

spin 168, 171-172, 191 
symmetric 471 
transpose 470—471 
tri-diagonal 444 
unitary 472, 474 

zero 476 








mean 9-11 


cat paradox 461-462 
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destructive 459 

generalized statistical interpretation 102—105 
indeterminacy 96, 452 

repeated 6, 170 

sequential 124, 194-195 


simultaneous 





uncertainty principle 107—108 
median 9-10 
Mermin, N. 5, 453 
meson 180, 447 
metal 84, 223 
metastable state 421 








minimal coupling 181-182 


minimum-uncertainty 108—109, 193 


mixed state 456—458 


momentum 16-18 


angular 157—165 








canonical 18 


beck 


conservation 240-24 


de Broglie formula 19, 23 


eigenfunctions/eigenvalues 99—100 
generator of translations 235 
mechanical 197 
relativistic 296—297 
transfer 392 

most probable configuration 9 

Mott insulator 223 

muon 313, 349 


muon catalysis 349-350 








muonic hydrogen 200, 313 


muonium 313 


N 

nearly-free electron approximation 314 
Neumann function 140-141 

neutrino oscillation 117 

neutron diffraction 397-398 

neutron star 228 

no-clone theorem 459—460 

node 33, 140-142, 146 

nomenclature (atomic) 213-215 
nondegenerate perturbation theory 279-286 
noninteracting particles 198-199 


nonlocality 447, 451-452 
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non-normalizable function 14, 56, 
norm 467 


normal matrix 479 


normalization 14-16, 


Z 
Ss 


box 424 

free particle 56, 424 
harmonic oscillator 45—46 
hydrogen 150 

spherical coordinates 136 
spherical harmonics 191-192 
spinor 169 


three dimensions 131 


ie) 


two-particle systems 198, 20 








variational principle 327 
vector 467 


wave function 14—16 


nuclear fusion 349—350 


nuclear lifetime 360-362 
nuclear magnetic resonance 437 
nuclear motion 200-201, 209 
nuclear scattering length 398 
null vector 96, 464 


O 





observable 94-97, 99 


determinate state 96—97 


hermitian operator 94—95 


incompatible 107—108 


observer 461—462 
odd function 33 
operator 17 


anti-unitary 274 





7, 163 








angular mometum 1 
anti-hermitian 124 
commuting 40—41 
differentiating 121 
Dirac notation 120 
exchange 207 
Hamiltonian 27—28 
hermitian 94—95 
identity 118, 121-122 
incompatible 252-253 


ladder 41-47, 158-159, 161-163 


momentum 17, S 
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ie) 


noncommuting 252—253 


parity 233-234, 243-248 
position 17, 101 








product rule 121 
projection 118, 121-122, 314 
raising 41—47, 159, 161-163 




















scalar 250 

vector 249-250 
optical theorem 397 
orbital 213, 337 


orbital angular momentum 165 





orthodox position 5, 446 
orthogonality 33 
eigenfunctions 98—99 
functions 93 
Gram-Schmidt procedure 98, 468 
1 


hydrogen wave functions 151 





spherical harmonics 137 
vectors 467 
orthogonal matrix 472 
orthohelium 211-212 
orthonormality 33, 46, 467 
Dirac 99-102, 118 


eigenfunctions 100 











functions 93 

vectors 467 
orthorhombic symmetry 321 
overlap integral 339 


P 

p (principal) 213 
parahelium 211-212 
paramagnetism 196, 226 
parity 233-234, 243-248 








hydrogen states 234 

polar coordinates 234 

spherical harmonics 234 
partial wave 380-387 
Paschen-Back effect 307 
Paschen series 155-156 
passive transformation 236-237 


Pasternack relation 319 
Pauli, W. 5 
exclusion principle 202, 213, 218, 223 


paramagnetism 226 
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spin matrices 168, 171 








periodic boundary conditions 

Periodic Table 213-216 

permanent 206 

perturbation theory 279-326 
constant 281-282 
expectation value 323-324 
first order 279-284, 332 
higher order 285, 317 
nondegenerate 279-286 
second order 279, 284—286 











ON 


time-independent 279-326 
time-dependent 402, 405—411 
phase 
Berry's 185, 430-433 
dynamic 429—430 
gauge transformation 183, 18 
geometric 429—430 
wave function 18, 32, 38, 185 
phase shift 385-387 
phase velocity 58-59 
phonon 230 
photoelectric effect 422, 425—426 
photon 7, 155, 412, 417 
Plancherel’s theorem 56, 60, 69-70 
Planck formula 155, 312 
Planck’s blackbody spectrum 416—417 


Planck’s constant 3 











Sal 




















polar angle 133 
polarization 411, 414 
polarizability 324 








population inversion 413 

position 
eigenfunctions/eigenvalues 101 
generalized statistical interpretation 104—105 
operator 17, 265-265 


space 





position-momentum uncertainty principle 19-20, 107 


==) 





position space wave function 104, 121-123 
positronium 200, 313 
potential 25 

Coulomb 143 

delta-function 61—70 

Dirac comb 221 

effective 138 
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finite square well 70—76 
hydrogen 143 

infinite square well 31-39 
Kronig—Penney 221-222 
power law 371 
reflectionless 81 

scalar 181 

sech-squared 81, 371, 375 














spherically symmetrical 132, 371, 393-394 


step 75-76 

super- 129 

vector 181 

Yukawa 347, 351-352 
power law potential 371 
power series method 40, 49-50, 14 


Wn 





principal quantum number 140, 147 
probability 8—14 








Born statistical interpretation 3-8 
conservation 22, 188 
continuous variables 11—14 


current 22, 60, 187-188 


density quad 12-13 


discrete variables 8—11 


generalized statistical interpretation 102-105 


reflection 67, 375 

transition 409 

transmission 67, 359 
projection operator 118, 121-122, 314 
propagator 267—268, 396 


proton 




















g-factor 311 

magnetic moment 311 

magnetic field 300 
pseudovector 245-247, 250 
pure state 455—456 





Q 


quantum 
computation 460 
cryptography 460 
dot 350-351 
dynamics 402—445 
electrodynamics 181, 301, 412, 417 
Hall effect 209 


information 460 
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jump 155, 402 
Xerox machine 459—460 


Zeno effect 442—443 


quantum number 





angular momentum 160, 166 
azimuthal 147 
“good” 298, 305-308 
magnetic 147 
principal 140, 147 

quark 180 




















R 

Rabi flopping 410, 414 

radial equation 138-143 

radial wave function 138, 144, 152 
radiation 411—418 


radiation zone 381 














radius 

Bohr 147, 298 

classical electron 167 
Ramsauer- Townsend effect 74 
Rayleigh’s formula 383 
realist position 5, 170, 446 








reciprocal lattice 399 


recursion formula 50-52, 148 





reduced mass 200 

reduced matrix element 256 
reflected wave 66—68 
reflection coefficient 67, 375 





reflectionless potential 81 

relativistic correction 296—299 
harmonic oscillator 298 
hydrogen 295-299 

relativistic energy 296 

relativistic momentum 296 

resonance curve 437 

revival time 76 

Riemann zeta function 36-37 

rigged Hilbert space 100—101 

rigid rotor 165 

Rodrigues formula 54, 135 

“roof lines” 351 

rotating wave approximation 410 

rotations 233-234, 248-262 
generator 248-249 
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infinitesimal 248—251 
spinor 269 
row matrix 470 
Runge—Lenz vector 270-272 
Rutherford scattering 379, 394 
Rydberg constant 155 


Rydberg formula 155 








S 

s (sharp) 213 

scalar 464 
pseudo- 246, 250 
“true” 246, 250 


scalar multiplication 465 








scalar operator 250 
scalar potential 181 
scattering 376—401, 424-425 
amplitude 380 
angle 376 


Born approximation 380, 388-3 





classical 376—379 
cross-section 377—378 


hard-sphere 376-378, 384, 38 








identical particles 400—401 
length 398 

low energy 393 

matrix 81-82 


one dimensional 


partial wave analysis 380-387 


phase shift 385-387 
Rutherford 379, 394 
soft-sphere 393, 395, 397 
two dimensional 399—400 


Yukawa 394-395 

















delta function 66—70 
finite square well 73—76 


Schrodinger, E. 188 





Schrodinger equation 3, 131-13 


electromagnetic 181 
helium 348 

hydrogen 143 

integral form 388-391 


momentum space 130 


normalization 14—16 
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radial 138 

spherical coordinates 133 

three-dimensional 131-132 

time independent 25-26, 132 

two-particle systems 198—200 

WKB approximation 354-375 
Schrodinger picture 265, 434 
Schrédinger’s cat 461—462 
Schwarz inequality 92, 106, 467—468 
screening 213, 335-336 
sech-squared potential 81, 371, 375 
selection rules 246, 420—422 

parity 246-248 

scalar operator 255-258 

















vector operator 258-262 
self-adjoint matrix 471 
self-adjoint operator 130 
semiclassical regime 358 
semiconductor 223 
separable solution 25—31 
separation of variables 25-26, 133-134 
sequential measurements 194—195 
shell 213 
shielding 335-336 


shooting method 194 





similar matrices 474 
simple harmonic oscillator equation 31 
simultaneous diagonalization 479 


singlet configuration 177, 206, 312 








singular matrix 472 


— 


sinusoidal perturbation 408—41 


sinusoidal wave 56 


m 


skew-hermitian matrix 124, 47 








skew-hermitian operator 124 
Slater determinant 206 
S-matrix 81-82 
solenoid 183—184 
band structure 220-224 
free electron model 216—220 
Kronig—Penney model 221-222 
Sommerfeld, A. 216 
span 465 
spectral decomposition 120 


spectrum 96, 476 
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blackbody 416—417 
coincident lines 190 
degenerate 96, 476 
hydrogen 155-156 
matrix 476 
spherical Bessel function 140-141, 381-382 











spherical coordinates 132-134 
angular amie 134-138 
radial equation 138-154 
separation of variables 133 


nee Hankel function 381-382 


spherical tensor 258 
spin 165-180, 191 
commutation relations 166 
down 167 
entangled states 177, 199, 447 
matrix 168, 191 
one 172 
one-half 167-171 
singlet 177 
statistics 201 
three-halves 191 
triplet 177 
up 167 
spinor 167, 247 
spin-orbit coupling 295, 299-304 

















spin-spin coupling 312, 344 





spontaneous emission 412—413, 416—422 
hydrogen 439 
lifetime of excited state 418—420 
selection rules 420—422 
square-integrable function 14, 92-93 








square well 
double 79 
finite 70—76 
infinite 31—39 
standard deviation 11 
Stark effect 286, 319-320, 322, 374 
state 
mixed 456—458 
pure 455—456 
stationary states 25-31, 324-325 





delta-function well 66 
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free particle 55—56 
harmonic oscillator 44 
infinite square well 31-32 
virial theorem 125 
statistical interpretation 3—8, 102—105 
statistics (spin and) 201 
step function 69, 330 
Stern—Gerlach experiment 174-175, 196 


stimulated emission 412—413 











Stoner criterion 227 
subsystem 459 
superconductor 184 
superluminal influence 452 
superpotential 129 
supersymmetry 40, 129 





symmetric matrix 471 


symmetric state 201, 206 





symmetrization principle 201, 207 








symmetry 232-275 
continuous 232 
cubic 321 
discrete 232 


inversion 243 


orthorhombic 321 


rotational 250-251, 269-270 


spherical 132-134. 371, 393 














tetragonal 321 


NO 


translational 238-24 


T 

Taylor series 39 

Taylor’s theorem 49 

tensor operator 250 

tetragonal symmetry 321 

thermal energy 219 

theta function 330 

Thomas precession 302 

three-particle state 225 
Golden Rule 422—426 
two-level systems 403—411 


numerical solution 443—445 
time evolution operator 262—268 


time-independent perturbation theory 279-326 
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nondegenerate 279-286 
time-independent Schrodinger equation 25-26 
bouncing ball 332, 369 
delta-function barrier 440 
delta-function well 63-70 
finite square well 70-74 
free particle 55—61 
harmonic oscillator 39—54 
helium atom 210 
hydrogen atom 143 
hydrogen molecule 341 
hydrogen molecule ion 337 


infinite square well 31-39 
stationary states 25—31 
three dimensions 132 
two-particle 198—200 
time-ordered product 434 
time reversal 272—275 
time translation 266—267 
total cross-section 378, 383-384 
trace 474 


transfer matrix 82-8 








transformation 
active 236-237 
hermitian 482—484 
infinitesimal 240 
linear 91, 468 
of operators 235—237 
unitary 484 
transition 155, 402 
allowed 438 
electric dipole 438 








electric quadrupole 438 
forbidden 421, 438 
magnetic dipole 438 
passive 236-237 
transition probability 409 
transition rate 414—415 
translation 232-233 
generator 235 
infinitesimal 240—241 
symmetry 238-242 
time 262-268 
transmission coefficient 67, 75, 359, 370 








transmitted wave 66—68 
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transpose 470—471 

triangle inequality 468 
tri-diagonal matrix 444 
triplet configuration 177, 312 
“true” vector 245—247, 250 





two-fold Mads 286-294 
two-level system 403—411 
two-particle systems 198—200 


U 
uncertainty principle 19-20, 105-11 





angular momentum 132, 158 








energy-time 109-113 
extended 127—128 
generalized 105-108 
Heisenberg 132 


position-momentum 19-20, 13 





minimum-uncertainty wave packet 108—109 
unitary matrix 472, 474, 484 
unitary transformation 484 
unit vector 467 


unstable particle 23 


y 
valence electron 216 
van der Waals interaction 315-316 
van Hove singularity 229 
variables 

continuous 11-14 

discrete 8—11 

hidden 5—6, 449, 454 

separation of 25-26, 133 


variance 11 








variational principle 327-353 
bouncing ball 332 
delta function well 331 
excited states 331-332 
harmonic oscillator 328, 331-332 
helium 332-336 
hydrogen 347 
hydrogen ion (H7) 336 
hydrogen molecule 341-346 








hydrogen molecule ion 337-341 
infinite square well 327-332 
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quantum dot 350-351 

Yukawa potential 347 
vector 91, 464—466 

addition 464 

changing bases 473—475 

column 470 

Dirac notation 


inverse 464 














null 464 

operator 249-250 
pseudo- 245-247, 250 
row 470 

“true” 245—247, 250 
unit 467 


zero 464—465 
vector potential 181 
vector space 464 
velocity 17 

classical 56, 58—59 

group 58-59 

phase 58-59 
vertex factor 396 


virial theorem 125, 187, 298 











W 


wag the dog method 51, 83-84, 194 








watched pot phenomenon 442—4 
wave function 3-8, 14—16 
free Te 55-61 
hydrogen 151 
infinite square well 32 
Laughlin 208-209 
normalization 14—16 
position space 104, 121-123 
radial 138, 144, 152 
statistical interpretation 3-8 
three dimensions 131-132 
two-particle 198—200 





unstable particle 23 
wavelength 19, 155 

de Broglie 19, 23 
wave number 379 


wave packet 36 56-61 
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minimum-uncertainty 108—109 
wave-particle duality 446 
wave vector 217 
white dwarf 227 
wiggle factor 26, 29 
Wigner, E. 462 
Wiegner—Eckart theoren 255-262, 307 
WKB approximation 354-375 


“classical” region 355, 3 











connection formulas 362 a: 
double well 372—374 
hydrogen 372 
non-vertical walls 368-369 
one vertical wall 367-368 
radial wave function 371 
tunneling 358-362, 374-375 
two vertical walls 356-357 
Wootters, W. 459 
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Young’s double-slit experiment 7—8 
Yukawa potential 347, 351-352, 394 
Yukawa scattering 394 











Z 

Zeeman effect 304—310 
intermediate-field 309-310 
strong-field 307—308 
weak-field 305-307 

Zener diode 362 

Zener tunneling 362-363 


Zeno effect 442-44 


zero matrix 476 
zero vector 464—465 


Zurek, W. 459 
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